Galilean geometry of motions

Mehdi Nadjafikhah and Ahmad-Reza Forough

Abstract. In this paper we show that Galilean group is a matrix Lie group
and find its structure. Then provide the invariants of special Galilean
geometry of motions, by Olver’s method of moving coframes, we also find
its corresponding {e}—structure.
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1 Introduction:

In 1998-1999 M. Fels and P.J. Olverin [1] and [2], gave a practical method for finding
the invariants of the equivalence problem via moving frames. The interest therefore
is to find an applicable method in lieu of predecessors, G. Darbouz, E. Cartan and
R.Gardner. By using this method, we find all differential invariants of special Galilean
SGal(3), in the theorems [16], [17], and [18], then the necessary condition will be

explained. Let us itemize the basic steps of moving coframes method.
The basic steps are:

(i) Determine the moving frame of order zero, by choosing a base point and solving

for Galilean group action.

(ii) Determine the invariant forms in this case (the finite dimensional), they are
the Maurer-Cartan forms, which computed by direct use of the transformation

group formulae and not the matrix method.

(iii) Use the invariant lift to pull-back the invariant forms, leading to the moving

coframe of order zero.

(iv) Determine the lifted invariants by finding the linear dependencies among the

restricted to horizontal components of the moving coframe forms.

(v) Normalize any group-dependent invariants to convenient constant values by

solving for some of the unspecified parameters.

(vi) Successively eliminate parameters by substituting the normalization formulae

into the moving coframe and recomputing dependencies.
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(vii) After the parameters have all been normalized, the differential invariants will
appear through any remaining dependencies among the final moving coframe
elements. The Invariant differential operators are found as the dual differential
operators to a basis for the invariant coframe forms.

From now on, we define some basic prerequisites from Galilean group. Explanatory

details are found in [3, 4, 9].

Definition 1. The Galilean group is defined as

1 0 s
(1.1) Gal(3) := v R y ||seER,y,veR? RecO(3)
0 0 1

with a natural closed Lie subgroup structure of GL(5;R) as

1 0 s 1 0 s

vi R oy, | .| va Re yy | =

0 0 1 0 0 1
i 1 0 S1 + s2

(1.2) = v1 + Riva RiRy y; + s2v1 + Riys

0 0 1

10 s]°" 1 0 —s

v Ry = -R™ ' R7! R l(sv—y)

0 0 1 o0 0 1

This is a 10—dimensional Lie group. The special Galilean group is defined as connected
component of e in Gal(3) and denoted by SGal(3).

Definition 2. Let we identify the R* by

t x
(1.3) R* = z ||teR,z=|y | eR?
1 z

with the natural 4—manifold structure. Then, we can define naturally the smooth
action of Gal(3) on R? as

1 0 s t t+s
(1.4) v R y|le| x| :=| Re+tv+y
0 0 1 1 1

By elementary algebraic computations, we find the structure of special Galilean
group,

Theorem 1. Let

Gy = veR? ReO3) <GL(4R)

o =
oo
_ O O
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be the group of uniformly special Galilean motions,

1 0 s
(1.5) Gy = 0 Iy y||seR,yeR®y = (R +)
0 0 1
be the group of shifts of origin,
1 0 0
(1.6) Gs = 0 R O R €S0(3) p 2S0(3)
0 0 1

be the group of rotations of reference frame, and

(1.7) veR?} = (R 4)

Q

N

I
oS =
oSt o
= O O

be the group of uniformly frame motions. Then, G2 <SGal(3), SGal(3) = G; x Ga,
G4 <Gy, G1 2 G3 x Gy, and SGal(3) = (SO(3) x R3) oc R%.

In the following theorem, we explain the algebraic structure of the infinitesimal
group action Gal(3) induced by the action SGal(3) on R*,

Theorem 2. The Lie algebra of infinitesimal group action 6\a[(3) = SpanR{)?l, e ,)?10}
induced by the action SGal(3) on R*, has infinitesimal generators:

R Xy = Oy, )A(5 =10, )?8 =y 0y — 20y,
(1.8) Xy =0 X3:=0, X¢:=t0,, Xg:=x0,—20,,
X4 = 02, X7 ::tc')z, X10 = zﬁy—yaz,
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with the following structure:

2 Computation of Maurer-Cartan forms

Definition 3. By multiplying 3 rotations

cos 03 sinf3 0 cos 0 0 sinfy 1 0 0
—sinf3  cosf3 0 |, 0 1 0 , 0 cos6 sin 61
0 0 1 —sinfy 0  cosfg 0 —sinf; cosf]

respectively about z, y and x—axis, we define R as

cos g cos 03 cos 67 sin O3 — sin 01 sin g cos §3  sin 67 sin 63 + cos 61 sin 65 cos O3
— cosfg sinf3  cos 6] cos 63 + sin 61 sin 63 sin 3  sin 67 cos O3 — cos 61 sin 6 sin 63
— sin 6y —sin 67 cos 6y cos 61 cos O

which is an arbitrary element of SO(3).

In order to determine the Maurer-Cartan forms, we would rather use the direct
method, more details found in page 10 of [1].
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Theorem 3.

M1
2
H3
Ha
s
He

K7

M8

H9

H10

The independent Maurrer-Cartan 1—forms of SGal(3) are

ds,

sin 05 df; — dfs,

cos 05 cos 03 df; — sin 03 df,

cos 5 sin 03 dfy + cos 03 db,

cos 61 cos Oy dvy — sin 07 cos 05 dvy — sin 05 dvs,

(cos 01 cos Bav1 — sin 01 cos Bav5 — sin 02113) ds

— cos 01 cos 05 dyy + sin 01 cos 05 dys,

- ( sin 01 sin 03 + cos 64 sin 5 cos 93) dvy

+( sin @1 sin #5 cos 63 — cos 0 sin 93) dve — cos 65 cos 03 dvs,
( cos 01 sin 65 sin 63 — sin 67 cos 93) dvq

- ( sin 64 sin #5 sin 63 + cos 01 cos 03) dvg + cos 65 sin 03 dvs,
((Sin 01 sin 03 + cos 0 sin 65 cos 03) v1 + (cos 07 sin O3

— sin 0 sin 65 cos 03)vg + cos O cos 93113) ds

—((cos 6y sin 65 cos B3 + sin 6y sin O3) dy;

—|—( — cos 01 sin O3 + sin 07 sin 05 cos 93) dyo — cos 65 cos 03 dys,
((sin 0 cos 03 — cos 01 sin O, sin 03) v; + (cos 07 cos O3

— sin 61 sin 63 sin O3)vy + cos b5 sin 931)3) ds

— ( cos 61 sin 65 cos 03 + sin 0 sin 93) dyr

—|—( sin 01 sin 05 cos 03 — cos 0 sin 03) dys — cos 05 cos 03 dys.

Proof. Given g € SGal(3), and 2z € R* we explicitly write the group transformation
Z = g - z in coordinate form:

H'(z,9)=t+s

H?(z,9)

v1 t 4 (cos b cos01)x1 + (cos O3 sin fy — sin O3 sin O cos 01 )z
+(sin O3 sin 01 + cos O3 sin 05 cos 01)x3 + Y1

H?(z,9)

vat — (cos by sin 61 )x1 + (cos b5 cos 61 + sin b5 sin O3 sin 0 )xo
+(sin O3 cos 01 — cos O3 sin b, sin 01 )x3 + Yo

H'(z,9)

v3t — sinfaxq — (sin O3 cos O2) o + (cos O3 cos O2) x5 + 3.

We then compute the differentials of the group transformations:

4

dzizz

k=1 Jj=1

OH O oH
d E ~dg’ p=1,--- .4
aZk Zk + : ag] g’ 1 ) s Ey
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or more compactly
(2.1) dz = H,dz+ H,dg.

Then, set dz = 0 in (2.1), and solve the resulting system of linear equations for the
differentials dz;. This leads to the formulae

—dz=Fdg=(H;' H,)dg,

or, in full detail,

10

j=1

Then, for each k and each fixed zo € R*, the one-form
10
po = Ff(z0,9)dg’
j=1

is a left-invariant Maurer-Cartan form on the group SGal(3). Alternatively, if one
expands the right hand side of (2.2) in power series in z,

10 00
ZFf(z,g) dg’ = Z Zi M

j=1 i=0

then each coefficient p; also forms a left-invariant Maurer-Cartan form on SGal(3).
O

3 Zero order moving coframes

Throughout this paper, we remind you that SGal(3) is a 10—dimensional Lie group
and M is a 4—dimensional manifold.

Definition 4. A smooth map p(®) : M — SGal(3) is called a compatible lift with
base point zq if it satisfies

pO(2).z0 =2  z€M.

Now, let p(® : M — SGal(3) be a compatible lift with base point zo = [0,0,1]7 €
R*, then we have, s = ¢t and y = x. Thus,

Theorem 4. The most general zero order compatible lift has the form

1 0 ¢
POt z0,0)=| v R z
0 0 1
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The next step is to characterize the group transformations by a collection of dif-
ferential forms. In the finite-dimensional situation that we are currently considering,
these will be obtained by pulling back the left-invariant Maurer-Cartan forms g on
SGal(3) to the zero order moving frame bundle By using the compatible lift.

The resulting one-forms ( ©) = p 0% will provide an invariant coframe on By,
which we name the moving coframe of the zero order. The moving coframe forms ¢ ©
clearly satisfy the same Maurer-Cartan structure equations. Thus

Theorem 5. The zero order moving coframe is

§O) = dt,
O = sin6,do, — dbs,
§0) :=  cos By cosfszdf; — sin b3 dbs,
io) :=  cosfssin b3 df; + cos O3 dbs,
E(,O) := cos fq cos Oy dvy — sin 01 cos 05 dvgy — sin 5 dvs,
éo) = (cos 01 cos Bav1; — sin 0 cos Bav9 — sin 92113)) dt
— cos 6 cos Oy dxy + sin 61 cos 05 dxo,
éo) = — ( sin A1 sin 03 + cos 01 sin 65 cos 93) dvy
+ ( sin 01 sin 65 cos 63 — cos 67 sin 93) dvg — cos 04 cos 05 dus
éo) = (cosfy sin by sin 65 — sin 6y cos b3) dvy,
- ( sin 01 sin 05 sin O3 + cos 0 cos 93) dvo + cos 05 sin 03 dvs,
éo) = ((sin 61 sin @5 + cos 1 sin 65 cos f3) v1 + (cos b sin O3
— sin 04 sin 05 cos 03 ) vy + cos O3 cos 03113) dt
- ( cos 01 sin 0 cos 03 + sin 64 sin 93) dxq
+( — cos 1 sin #3 + sin #; sin 05 cos 03) dxo — cos s cos 03 dxs,
§8) = <(sin 01 cos 03 — cos 0 sin 6, sin 03) v1 + (cos 0y cos O3
— sin 0y sin 6 sin 63 ) vy + cos O sin 93113) dt
—(cos 0y sin 65 cos B3 + sin 6y sin 03) dxy
+ ( sin 0 sin f5 cos #3 — cos 61 sin 93) dxy — cos by cos O3 drs,
which forms a basis for the space of one-forms on By := R* x G 0.

4 First order moving coframes

Definition 5. A motion is a curve coincides with the graph of a function z = z(¢) :
R — R3.

We restrict the moving coframe forms to the motion (curve), which amounts to
replacing the differential dx by its "horizontal” component x; dt. If we interpret the
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derivative x; as a coordinate on the first jet space J! = J!(R!;R?) = R7 of curves
in R*, then the restriction of a differential form to the curve can be reinterpreted as
the natural projection of the one-form dx on J! to its horizontal component, using
the canonical decomposition of differential forms on the jet space into horizontal and
contact components. Indeed, the vertical component of the form dx is the contact form
dx — xy dt, which vanishes on all prolonged sections of the first jet bundle J!(R!; R?).
Therefore,

Theorem 6. The restricted (or horizontal) moving coframe forms are defined on
7—dimensional manifold {J'x := (t,x(t),x,(t))} x G1 C J By and explicitly given by

772(0) = Ci(o), fori=1,2,3,4,5,7,8, and their linear dependencies are 77((30) =71 7750)7

0 . 0 0 . 0
né = jon? and 7750) = jan'”, where

J1 = —cosbcosbyvi + sinbq cos by vy + sin Oyvs

+ cos 01 cos O + sin 01 cos Oaxly, — sin Oy,
Jy = ( cos 07 sin 65 sin 65 — sin 6 cos 03) U1

— ( cos 01 cos 03 + sin 64 sin 9 sin 93)v2 + cos 65 sin f3v3
sin 0 cos 03 — cos 6 sin O sin 03) 7}
sin 6 sin 0 sin 03 + cos 61 cos O3) xh, — cos O sin O32%,

+ )
+ )
—( sin #7 sin 03 + cos 64 sin 05 cos 93)1}1
)vz — cos 5 cos O3v3
)
)

(
(
(
( sin 64 sin A5 cos O3 — cos 0 sin O3
(sin 6 sin @3 + cos 6y sin 65 cos B3)x
(

+
_|_
+

!

1
cos 0y sin 03 — sin 6 sin 6 cos 03) x5 + cos O3 cos 3.
By assumptions J; = Jo = J3 = 0, we have v = x;. Thus,

Theorem 7. The first order compatible lift has the form:

1 0
p(l)(tvx;xtvo) = Tt R
0 0

— 8 o

The resulting one-forms ( 1) = p(M* 1 will provide an invariant coframe on By,
which we name the moving coframe of the first order. By substituting the map p(*) in
¢(® and restricting to the first prolongation or jet of the curve, namely z = x(t) ,z; =
x'(t) we have,
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Theorem 8. The first order moving coframe is

fl) = dt,
(D = sinfdf — dbs,
él) :=  cosfy cosf3df; — sin b3 dbs,

il) :=  cos by sinf3 df; + cos O3 dbs,

1 . .
é )= cosf cos by dr'y — sin 6y cos 03 dx!, — sin 0, dxt,

él) = (cos b cosfax] — sin by cos Oty — sin baxfy)) di

— cos 61 cos by dx1 + sin 61 cos 05 dao,
51) = — ( sin 01 sin 03 + cos 61 sin 65 cos 93) dr’

+( sin 6 sin 05 cos O3 — cos 0 sin 93) dxly, — cos Oy cos 03 dr’y
él) = ( cos 01 sin 05 sin 63 — sin 67 cos 93) dx’y,

—(sin 6y sin 6, sin B3 + cos 6 cos O3) daty + cos 0, sin O3 dx’s,
él) = <(sin 01 sin 03 + cos 0 sin O cos 03) x| + (cos 6y sin O3

— sin 0y sin 03 cos 3) x5 + cos O cos 03x§> dt

— ( cos 1 sin 0 cos 03 + sin 64 sin 93) dry

—|—( — cos 01 sin 03 + sin 67 sin 65 cos 93) dxo — cos O cos O3 dxs,
S)) = ((sin 01 cos 3 — cos 0 sin Oy sin 03) x| + (cos 61 cos O3

— sin 6 sin 63 sin 03) x5, + cos O, sin ngg) dt

- ( cos 01 sin 0 cos 03 + sin 64 sin 93) dxq

+( sin A1 sin 05 cos 3 — cos 64 sin 93) dxo — cos s cos 03 dxs,

which is an invariant coframe on

By = {(t,x,x¢,0)} = JHR; R?) x G3 2 R” x SO(3). O

5 Second order moving coframes

By restricting () to the second prolongation J?x x G, which is a four dimensional
manifold, we have

Theorem 9. The restricted (or horizontal) moving coframe forms are explicitly
given by

n =,
1 _ 6 df, — db
M5 = Sinvq 1 3
ngl) = cosfycosfsdf; — sinbsdbhs,

cos 5 sin 03 dfy + cos 63 dbo,

)
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and their linear dependencies are, nél) = J177§1), ngl) = Jgnﬁl), nél) = Jgng), and
W _ 0 _ W g
Mg~ = Mg = Mo =V, where

Ji = (cosb sinfysin O3 — sin 0y cos O3)z!

—(sin @ sin 6, sin 03 + cos 01 cos O3)xy + cos O sin Oz,
Jo = —(sinf; sinfs + cos b3 sin b cos 01 )x
+(sin 0y sin B cos B3 — cos 6 sin 03)xl — cos O3 cos O3,

J3 = —cosfycosbir] + cosbysin bz + sin Oaxl.

If we assume (Jy, J2,J3) = (—a,0,0), where the length of acceleration ||z is
denoted by a , then we have Rxy = (a,0,0), and by simple computations, have

1" 1
01 = — arctan (&) and 0, = arcsin (x73>
T (2|

It can be also easily seen that a is an invariant.

Now we choose a cross section K = {t = 0,x = 0,x; = 0, ||x]| = a,0 = 0}. By
recomputing the forms (¥ = p®@*, we have
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Theorem 10. The second order moving coframe is

B =a

) _ 40 bzl daff afxf dxl

2 3+ 72 //2 - 172 I/2
a(@® +23%)  a(2)® +25%)

(2)  x{xfsinb3 + axh cos b3

xhy sin 03 + az! cos O3

_ " 7z
= > - dzy — - > dxy
a?y/z)” + xf a?y/z)” + xf
} "2 "2
erm O3/ " + ) .
x
a? 3
(2) xlxl cosO3 + axlsinfs , xixfcosls + axisinfs
2 2 2 2
a?y/ x4+ xf a?y/ !+ xl
cos 03 ”2—1—33”2
1
+ e dzs,
1" 11 /I
2 X x
& x’l——zdx; ‘3de7
a a
2)  @hal +zhay + xsa ! !} zh
— 1 T2 33dt7—1dz1——2dx27—3d1:3,
a a a a
Y/
(2) _ awysinfs — x)xs cos b d ax! sin 05 + x4 cos O3 d
= Xrq1 — o

[ 2 2 [ 2 2
ay/ "+l ay/x" +af

2 2
o+ xf” cos O3
- dm?))
a
9 axl cos Oz — xt'z¥ sin 05 —ax" cos 03 + x4zl sin O3
(2) _ 442 143 dr, + 1 243 dis
72 12 172 72
ay/x]” + xy ar/x7" + xg
2 2.
Y7+ x"sinbs
dxg”
a
2 2\ .
2) _ a(xha —xhah) cos O3 — (vhasey +xirye! +rsa)” +azry”) sin s it
[ 12 2
ay/ 2"+l
axy cos s + xfz sin O3 azt cos b3 — xxl sin O3
dazl — d.]?g
2 2 2 2
// + a,;// a x&/ + //
. 2 2
sin @s4/x)” +
+ dxs,
a
. 1ol o / / 172 12
(2) _ a(xpa) —xyxy) sin O3+ (vor5wy +2yx3v] +o32)” +a305”) cos O3 it
0 =

[ 2 2
ar/ x| + xf

o3 "0
azy sin O3 — xf x5 cos O3 de ax’ sin O3 + x4 cos O3 d

[ 12 2 e [ 2 2 2
ar/ "+ xf ar/x” + Y
2 2
cos B3 // +x //
— dl’g.
a
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For any constant a > 0, these forms serve as a coframe on

By, = {(t7Xa XtaXthH) S R0 x SO(S) ‘
/! 7

61 = — arctan (23),92 = arcsin (x73>7 lIxeell = a}
x [

1

6 Third order moving coframes

By restricting to the third prolongation .J3By which is a 2-dimensional manifold, we
have,

Theorem 11. The restricted (or horizontal) moving coframe forms are explicitly

given by nf) = dt,

R AN
= (@ + 247) 10— dos,
1 2
their linear dependencies in this step are n§2) = J1n§2), 774(12) = J2n§2), néQ) = —aniz)

and 77((52) = 77;2) = 772(;2) = 77g()2) = 77%) =0, Where

1
J, = —{a(xgg)xg — 2827 cos b5
ay/2}? + af?
(@ + o at)aly — @ 4 f)al?) sindy .
1
Jo = —{a(x?)xg - x?)x'l') sin 63
2 "2 72

a“y\/x7" + x5
(2 + Pl — (2P + xgg)xg)mg) cos 03}.

HXtt ><2Xttt|| and
a

3 3
a(ai” ey — oVt
(@5 + ay?)ay? — (afe)” +ay) )

If we assume J; = 0, then we find that Jy =

f3 = arctan (

thus,

Theorem 12. The most general third order compatible lift has the form

1 0 0 0 t
(3) . — tt Xt XXete Xt X (Xet XXett)
Pt T3 T, Tet, Teee) Xt el Teeexxeee]l  Toee X (xee Xxeee)]
0 1

Now by substitution, we have
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Theorem 13. The third order moving coframe §(3) = p®)* s
¢? =

¢ =
aHXtt X Xttt||2

C(3) Xt - Xttt
3

Xt X Xt

: ((Xtt - Xypr) dXep + a? dXttt>7

= IR (v od
a”Xtt > Xttt” (Xtt Xttt) Xtty

X X
£3) _ _Xtt2 (Xtt Xttt) - dxyy,
a HXtt X Xttt”
3
5( ) = ——X¢t - dxy,
a
. 1
6(3) = w dt — —Xtt dX,
a a
(3) Xpp X (Xet X Xygt) d
= —_— . X
“ al|xer X Xege| b
(3)  _ Xu X Xy d
= o7 dx
8 ||Xtt X Xttt” v
C(3) _ X (Xee X Xper) Xt X Xept
? HXtt | HXtt X XtttH ’
3 _ (Xt X Xyp) - (Xep X Xttt) dt — Xpp X (Xer X Xygp) dx
0 allxee X Xeee| al[xee X Xpee |
For any constant a > 0, these forms serve as a coframe on
By = {(t:xxxu.0) € R x SO(3) ‘
1" 1"
01 = — arctan (x—,z/), 6o = arcsin (xi?’), Ixe|| = a,
Ty (|

a(ai” ey — o)

(a}* + 25)af” — (afal + m“>x> }

03 = arctan (

Theorem 14. The restricted (or horizontal) moving coframe forms are explicitly

. 3 3 l[xee X xeell (3 3 3 3 3 3 3
given by (" =dt,n§)=7a2 s =0l =l =0 =i =y =0,
775(;3) = —an§3), and 7753) = J77§3); where J = a((Xtt X Xttt) 'Xtttt)/HXtt X Xttt||2-

d . ‘ ‘ ;
Theorem 15. — is a differential operator and the functions a1 := ||xul|, az =

[Ixtt X xeze]l and az := (Xt X Xppt) - X ave differential invariants.

7 Dimensional considerations

In this section, we use the conventions of chapter 5 of [8].
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If we use the coordinates (¢, x, x¢, Xy, - - - ,X(”)) for J"IR*, then the prolonged group
action SGal(n) on J"R* can be written as t =t + s, X = Rx+tv+y, Xz = Rx; + v,
and x(™ = Rx(™ for n > 2.

It is recommended that the dimension of J*"R* is p4+¢™ = 3n-+4, and the dimension
of SGal(n) is 10.

Theorem 16. The following functions are differential invariants:
1) I, := |[|x™)]|| forn > 2.
2) Jnm = xM . x(M) forn >m > 2.
3) Ky =[x x x| forn >m > 2.

4) Lipm = (x(l) X x(”)) x(") forl>n>m>2.

Proof. If n,m > 2, then since X" = Rx(", (™) = Rx(™) and R € SO(3), therefore
z(M) . x(m) = x(n) ~x(m); hence I, ,, is an invariant.

By (1), (2) and formulas ||u x v||? = |lu?||v||* = (u - v)?, we find that K, , =
1,1, — J?_ is an invariant.

n,m
Since (u1 X ug) - uz = /det(u; - u;), then L, », is a function of J,, ,,,’s, and this
complete the proof. O

By usual computations, we find that the maximal dimension of prolonged action
are: sg =4, s1 =7, 89 =9, s, = 10 for n > 3. Therefore, the order of this group
action is s = 3.

Therefore, the i, functionally independent differential invariants of order at most
n are: i9g =i =0, i = 1 and i, = 3(n — 2) for n > 3.

By the theorem 5.31 of [8], we have

Theorem 17. The complete system of 3'¢ order differential invariants of special
Galilean group action are |[xu||, |[Xeeell and x4 - x41s. Locally, every 37 order differ-
ential invariant of SGal(3) can be written as a function of these differential invariants.
a

Corollary 1. ay = 12, as = J3727 as = L4,372/K§72. (Il
Theorem 18. FEvery differential invariant of special Galilean group action is a func-
tion of a = ||x¢t]|, b:= ||xetl|| and their derivatives with respect to t.

Proof. According to Theorem 17, it is enough to show that x4 - x4 can be written

1d
as a function of HXttH and HXttt”' But §£||Xtt”2 = Xt * Xttt U
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8 Conclusions

The necessary condition for the local special Galilean equivalence of two given mo-
tions, is that the corresponding invariants are the same. These produce a large amount
of necessary conditions.

For the sufficiecy condition of the equivalence for coframes (, we can rewrite
2—forms d¢; in terms of wedge products of the 1—forms (;. These produce the struc-
ture functions, which are our original invariants, by differentiating, we have derived
invariants, whose functional interrelationships provide a necessary condition for equiv-
alence. By introducing the structure invariants, we can define the components of the
structure map. The s—order classifying space and the fully regularity condition on
s—order structure map leads us to the definition of s—order classifying manifold C*)
due to chapter 8 in [8]. In view of the Proposition 8.11 in [8], the necessary conditions
for the (local) equivalence of coframes state that for each s > 0, their s—order classi-
fying manifolds overlapp. The full regularity conditions provide that these necessity
conditions are also sufficient.

References

[1] M. Fels and P.J. Olver, Moving coframes. I. A practical algorithm, Acta Appl. Math.
51 (1998) 161-213.

[2] M. Fels and P.J. Olver, Moving coframes. II. Regularization and theoretical foundations,
Acta Appl. Math. 55 (1999) 127-208.

[3] F.Bullo and A.D. Lewis, Geometric Control of Mechanical Systems Modeling, Analysis,
and Design for Simple Mechanical Control Systems, Springer-Verlag, New York, 2004.

[4] A.D. Lewis, Lagrangian Mechanics, Dynamics and Control, Math 439, Course notes,
URL: http://penelope.mast.queensu.ca/math439/notes.shtml.

[5] M. Nadjafikhah and A.R. Forough, Classification of cubics up to affine transformations,
Differential Geometry - Dynamical Systems, 8 (2006) 184-195.

[6] M. Nadjafikhah and A.R. Forough, Time-fized geometry of 2nd order ODEs, TUST
International Journal of Engineering Science 18, 1-2 (2007) 13-18.

[7] M. Nadjafikhah and A.R. Forough, Self-equivalence 3rd order ODEs by time-fized trans-
formations, Applied Sciences 10 (2008), 176-183.

[8] P.J. Olver, Equivalence, Invariants, and Symmetry, Cambridge University Press, Cam-
bridge, 1995.

[9] M. Nadjafikhah and A. Mahdipour Sh., Affine classification of n—curves, Balkan Jour-
nal of Geometry and Its Applications 13, 2 (2009), 66-73.

Authors’ addresses:

Mehdi Nadjafikhah,

School of Mathematics, Iran University of Science and Technology,
Narmak, Tehran 16846 -13114, Iran.

E-mail: m_nadjafikhah@iust.ac.ir

Ahmad-Reza Forough,

Department of Mathematics,

Azad Islamic University, Tehran, North-Unit, Iran.
E-mail: a_forough@iust.ac.ir



