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Abstract. The goal of this paper is to study the regular projective repre-
sentations of a discrete group G on a Hilbert space H ([9]). We describe
the commuting algebras of the right, respectively left regular projective
representations and present the existence theorem for infinite tensor prod-
ucts of projective representations proved by E. Bédos and R. Conti in [2].
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1 Introduction and preliminaries

In the first part of this paper we remind the basic notions of a multiplier on a discrete
group, a projective representation of a discrete group and a left, respectively right
regular projective representation. In Section 2 we present the description of the
commuting algebra of the regular projective representation with the multiplier w given
by Kleppner in [9]. Bédos and Conti initiated the study of infinite tensor products of
projective representations of a discrete group in [2]. In Section 3 we prove Bédos and
Conti’s existence theorem for infinite tensor product of projective representations of
a discrete group.

Definition 1.1. ([9]) Let G be a discrete group and let T be the group of complex
numbers of modulus one. A multiplier w on G is a function w: G x G — T with the
properties:

i) w(z,e) =w(e,z) =1 for all z € G;
il) w(z,y)w(zy, 2) = w(z, yz)w(y, 2) for all z,y,z € G.
If w(x,z71) =1 for all z € G, then the multiplier w is called normalized.
Remark 1.1. ([9]) If w is normalized, then w(z,y)™' = w(y=t,271) for all z,y € G.

Definition 1.2. ([9]) A projective representation of G on a Hilbert space H with
the associated multiplier w (more precisely, a unitary w-representation) is a map
m: G — U(H), where U(H) is the group of unitary operators on H, such that
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1) m(x)w(y) = w(z, y)m(xy) for all z,y € G;

i) w(e) = Iy, where Iy is the identity operator on H.
Definition 1.3. ([9]) Let w be a multiplier on G. The map R*: G — U(I*(G)) defined
by R f(z) = w(x,s)f(zs) for all z € G and f € I?(G) is an w-representation of G
called the right reqular w-representation of G. The map L*: G — U(I*(G)) defined
by LY f(z) = w(z™t,s) f(s7'x) for all z € G and f € I*(G) is an w-representation of
G called the left reqular w-representation of G.

2 The commuting algebra of regular projective
representations

In this section we consider that w is a normalized multiplier on G and 6, is the charac-
teristic function of the point z, for each x € G. In what follows we shall be interested
in the right regular w-representation and the left regular w™!-representation, which
we shall denote by R and L respectively. We have:
Rsf(‘r) = w(:r, s)f(xs)
Lif(z) =w(@™s) " f(sTla) =w(s™h 2) f(s7 )
(2.1) Ry0, = w(ws™, 8)0,1 = w(w,s1) 0,1 = w(s, 2™ )01
(2.2) Lol =w(@ s 8)00 = w(z™, s )05 = w(s, ) 0,,.
Note that R and L commute for
LR f(z) =w(t™ )R f(t™ ) =w(t™ ! o)w(t ™z, s)f(t ws) =
=w(@,s)w(t™! 2s) f(t ws) = w(z, s)Le f(25) = RsLe f(x).
In general, the left and right regular w-representations do not commute.

Definition 2.1. ([9]) Let T be a linear operator [?(G) and let fr be the function
xr — (T6.,0,) = Ty ¢, where (T ,) is the matrix of the operator T' with the entries

Ty, = (T6,,0,) such that 70, = ZT:W(%.
zeG

Lemma 2.1. ([9]) Let T be a bounded linear operator on I*(G). Then:

a) T € R(R,R) (the commmuting algebra of the right regular w-representations) if
and only if

(23) Tr,y = w(‘rvyil)fT(l‘yil)a V:c,y e G.

b) T € R(L,L) (the commmuting algebra of the left regqular w™!-representations) if
and only if

(2.4) Ty =w(y ' o) friy '), Yo,y € G.

Proof. Suppose that T' € R(R, R). By Definition 1.1, relation (2.1) and Remark 1.1,
we obtain:

Ta:7y = (T9y79w) = (Tw(evy)_leeyvzv) = (TRyflaeaew) = (Ry*IT‘geaew)
= TgeaRyeaf) = (Teeaw(yaxil)exyfl) = (Taevw(xayil)ilemyfl)
= w(,y ") (Te,0py-1) = wlw,y~ ") fr(zy™?).
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Conversely, if a) is satisfied, then, by relation (2.1), for each s € G, we have:
(25) (TRs)zy = (TRsly,00) = (Tw(s,y™")0ys-1,0z) = w(s,y~ " )(T0y-1,0a)
=w(s,y ), yer = wis,y (e, sy ") fr(zsy™).
By relation (2.1) and Definition 1.1, we obtain:
(RsT)zy = (RsTOy,0,) = (T0y, Ry—10,) = (T0,,w(x,s)  0,s)
(2.6) = w(z,8)(T0y,045) = w(z,8)Ths,y = w(z, s)w(ws,y= ) fr(zsy™t)
= w(@, sy Hw(s,y™ ") fr(zsy™).

From (2.5) and (2.6), it results that (TRs)s.y = (RsT)ay, Y2,y € G,s0 T € R(R, R).
Suppose now tat T' € R(L, L). Using (2.2) and Definition 1.1, we obtain:

Ty = (Tayaaw) = (Tw(e,y)719y670x) = (TLyoaear)
— (LyT00,0,) = (T6., Ly10,) = (T0,w(y~",2)~20,1,)

=w(y™ " 2) (T, 0,1,) = w(y™ ) fr(y'a),

so we proved (2.4). Conversely, assume that (2.4) is satisfied. For each s € G, using
(2.2), we infer:

(TLS):E’y = (TLseyaew) = w(87y)_1(T98y79$)
(2.7) =w(s,y) Tasy = w(s,y) " w((sy) ™ 2) fr((sy) ')
=w(s,y)twly s ) frly~ts T ).
By Definition 1.1 and (2.2), we obtain:
(LsT)zy = (LsTO,,0,) = (T0,,L,-10,) = (T, w(s™,2)"10,-1,)
= w(s_lvx)(Tayv es—lz) = w(s_lax)Ts—lw,y

(2.8) =w(sha)w(y™ sTa) fr(ytsT )
=w(y s ey tsTha) fr(yTtsT )
=w(s,y) twly~tsTh o) fr(y~ s ).
From (2.7) and (2.8), it results that (LT3, = (I'Ls)s,y, so T € R(L, L). O

Theorem 2.1. ([9]) Let w be a normalized multiplier on the discrete group G. The
commuting algebras of the right reqular w-representation and the left reqular w™'-

representation are the commutants of each other.

Proof. Because R and L commute, R(R, R)’ C R(L,L). Suppose T' € R(R, R) and
S € R(L,L). Then, by Lemma 2.1 and Definition 2.1, we have

(TS)z,y = ZTm,zSz,y = Zw(xaZﬁl)w(yilvZ)fT(xzil)fS(yilz)

z€G z€G
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and

(2.9) (8T ),y = ZSLZTz,y = Zw(z_l,x)w(z,y_l)fs(z_lx)f:p(zy_l).

zeG zeG

In (2.9) we take z = xz~'y and we obtain:

(ST)ay = S wly 2o~ whlaz"y,y ) fs (= a) fr(zy)
zeG

(2.10) =Y wly lz w(ez T fs(y s ) fr(az T yy T

= wly e a)wlez Y,y ) fe(y ) fr(zz ).

On the other hand, by Definition 1.1 and Remark 1.1, we have
(2.11)

wy tza7l pw(zz "y, y ) =w(@™t 2z ly) Tlo(y, y Tz T
=w(@ o) tw@ e, 27 y) " tw(r, 27 y)w(y,y )
=w(z o) twle, 27 y) tw(r, 2 y)w(y, vy tw(e, za7 ) Ttw(y L 2ot
=w(z™ o) w2 yw(y,y ) ey 2T
=w(z, z Y wytze Hw(™! 2)w(y,y™ )
TywlyhzaTh) =w(r e yw(y T zaT ez yw(z T y) T
Yoz~

1

v, 2w yw(y ™!

yzr w(y™h 2)

2,2 Dyl zo 1))

Il
S

w(y~

Using (2.11) in (2.10), we obtain:

(ST)x,y = Zw(mvZﬁl)w(yilaZ)fT(xzil)fS(yilz) = (TS)x,y

zeG

Hence T and S commute and we have R(L,L) C R(R,R)’.

3 Infinite tensor products of projective representations

33

For i = 1,2, let m; be an w;- representation of G on a Hilbert space H;. The tensor
product representation m; ® 7o is an wjws-representation of G on the Hilbert space

H, ® Ho.

In the case of ordinary unitary representations of a group, it is known a classical
result of Fell that the left regular representation acts in an absorbing way with respect
to tensoring (up to multiplicity and equivalence). In the projective case we have the

following analogue:
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Proposition 3.1. (/2]) Let w1,ws two multipliers on the discrete group G and let
m be an wso- representation of G on a Hilbert space H. Then the tensor product
representation L¥t Q@ w is unitarily equivalent to L“*“? ® I .

Proof. In the same way as in the nonprojective case the unitary operator that gives
the unitarily equivalence is

U:1*(G)® H(~1*(G,H)) — I*(G,H)
defined by U(f ® h)(z) = f(z)m(z~1)h. O

Let H = (H;) denote a sequence of Hilbert spaces and let £ = (§;) be a sequence of
13
unit vectors where & € H; for each i > 1. We denote by H¢ = ® H; the associated

K3
infinite tensor product Hilbert space of the H;’s along the sequence &.

Theorem 3.1. ([2]) Let (m;) be a sequence of w;-representations of G acting respec-
tively on the Hilbert spaces H; and let £ = (&;) be a sequence of unit vectors where
each & € H;. Assume that @;m;(z) exists on H, for each x € G. Then:

i) the map x — () 1= @;m;(x) is an w = Hwi- representation of G on H¢;
i
i) if there is one k such that Ty is unitarily equivalent to L%, then 7¢ is unitarily
equivalent to LY ® Iy, for some Hilbert space H;
i) L' @ 7 is unitarily equivalent to L¥ @ Iye, where L' is the left regular repre-
sentation of G.

Proof. 1) We have

mé(2)r(y) = (@imi(2)(@imi(y)) = @imi(2)mi(y) = Qiw; (2, y)mi(2y)
= Hwi(z,y) ®; mi(zy) = w(z,y)ns (zy), Va,y € G

7

The assertions ii) and iii) follow from Proposition 3.1. O
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