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Abstract. It was proved in [25] that for a contact Riemannian manifold
with non-integrable almost complex structure, the Yamabe problem is
subcritical in the sense that its Yamabe invariant is less than that of the
Heisenberg group. In this paper we give a complete proof of the solvability
of the contact Riemannian Yamabe problem in the subcritical case. These
two results implies that the Yamabe problem on a contact Riemannian
manifold is always solvable. By constructing normal coordinates on a
contact Riemannian manifold, we can osculate the contact Riemannian
structure at each point by the standard structure on the Heisenberg group.
This osculation makes the machine of singular integral operators work
on general contact Riemannian manifolds. We apply it to obtain the
regularity of the SubLaplacians and the Yamabe equation, which allow us
to solve the contact Riemannian Yamabe problem in the subcritical case
by Jerison-Lee’s approach in the CR case. We also clarify two claims in
their proof.
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1 Introduction

Let M be a (2n + 1)-dimensional contact manifold, i.e. it is equipped with a real
1-form 6, called a contact form, such that OAdO™ £ 0 everywhere on M. There exists
a unique vector field T, called the Reeb vector field, such that 6(T) = 1 and irdf = 0,
where 4 is the interior product. It is known that given a contact manifold (M,8),
there exist a Riemannian metric h and a (1, 1)-tensor field J on M, called an almost
complex structure, such that

(1.1) (X, T) = 60(X), JP=-1d+ 0T, do(X,Y) = h(X,JY),
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for any vector field X,Y (cf. p. 278 in [4]). Given a contact form 6, h is uniquely
determined once J is fixed and vise versa. (M, 0, h, J) is called a contact Riemannian
manifold. H(M) := Ker(0) is the horizontal subbudle of the tangent bundle T M.
Tanno [20] constructed a canonical connection for a contact Riemannian manifold,
called the Tanaka-Webster-Tanno connection now (or TWT connection briefly). In
the CR case, this is exactly the Tanaka-Webster connection. Recently, people are
interested in geometric analysis of contact Riemannian manifolds (cf. [3] [4] [9] [10]
[24] [25] and references therein).
Under the conformal transformation

(1.2) o=ro

for some positive function f, the contact Riemannian structure (6, J, T, h) is changed
to (é\,j,fﬁ) (cf. (2.28)). The contact Riemannian Yamabe problem is to find 7
conformal to 6 such that its scalar curvature is constant. This problem was formulated
by Tanno [20] as an analog of the CR Yamabe problem. Denote by s¢ and s; the

scalar curvatures of the TWT connection for (M, 8, h, J) and (M, 0,h,J ), respectively.

If we write the conformal transformation (1.2) with f = uﬁ, the scalar curvatures
transform as
4(n+1)

(1.3) bnNgu + sgu = s§u2**1, b, = ——=,
n

exponent, Q = 2n—+2 is the homogeneous dimensionf)f MQand Ay is the SubLaplacian
(2.18). (1.3) is the contact Riemannian Yamabe equation. When J is integrable, the
manifold is CR. The CR Yamabe problem was solved by Jerison and Lee [17] [18]
[19] for non-spherical CR manifolds with dimension > 3, while the remaining cases
were solved by Gamara and Yacoub [13] [14].

Denote by ¢y be the volume element associated to the metric b, which is 0 A (df)™
up to a constant. Let d, = wod, where 7 be the projection from T* M to H*. Asin the
Riemannian and CR cases, (1.3) is the Euler-Lagrangian equation for the constrained
variational problem

(cf. Proposition 2.2), where 2* = QZ—?Q =2+ %, je. £ =1— é, is the critical Sobolev

(1.4) M) = inf{Ag(u): By(u) = 1),
where
(15) Ap(u) = / (aldlf + 50000, Bolu) = /M ul? .

We prove the following result for the contact Riemannian Yamabe problem.
Theorem 1.1. Suppose that (M,0,h,J) is a compact contact Riemannian manifold
with dim M = 2n + 1. Then,

(1) A(M) < A(H™), where H™ is the Heisenberg group with standard contact Rieman-
nian structure;

(2) If \(M) < AX(H™), then the infimum of (1.4) is achieved by a positive C> solution
u to (1.8), i.e. the contact form 6 = w@ 70 has constant scalar curvature sg = AM).
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We proved in [25] that for a contact Riemannian manifold (M, 8, h, J) with non-
integrable almost complex structure J, we have A(M) < A(H™). This result together
with Theorem 1.1 implies that the contact Riemannian Yamabe problem is solvable.
To make the solvability of the contact Riemannian Yamabe problem in [25] have a
solid basis, we need a complete proof of Theorem 1.1. Note that in [1] the authors
sketched a proof of Theorem 1.1 for a different connection on a contact Riemannian
manifold. Although it is possible to use [1] to give a proof by proving several analytic
assumptions, we here give a detailed proof along the approach of Jerison and Lee [17]
in the CR case. Geometry and analysis involved in this proof might have applications
to other problems on contact Riemannian manifolds. We also clarify two claims in
their proof. The compactness of the imbedding of the Folland-Stein space S (M)
into L" (M) for > 1 — 2n1+2 (cf. proposition 5.6 of [17]) plays a key role in solving
the CR Yamabe equations with subcritical exponents. They used the calculus of
pseudodifferential operators on the Heisenberg group to prove this compactness, but
details have not been published so far. We give a simple proof of this compactness for
the case s = 2 in Proposition 4.15, which is sufficient for our purpose. The other claim
is the regularity of the Yamabe equation and Harnack inequality, which is uniform
under the small perturbation of the pseudohermitian structures (details have not been
published yet so far). We use Darboux’s theorem to avoid the uniform estimates (cf.
Remark 5.1).

In Section 2, we recall the standard contact Riemannian structure on the Heisen-
berg group and give the expression of the SubLaplacian, and show the contact Rie-
mannian Yamabe equation (1.3) under a conformal transformation. In Section 3,
we prove that the contact Riemannian structure at any given point ¢ can be oscu-
lated by the standard structure of the Heisenberg group, and construct local normal
coordinates, which depend on the point & smoothly. This kind of coordinates were
originally constructed by Folland and Stein [12] for strictly pseudoconvex CR mani-
folds, and the smooth dependence is very important to make the machine of singular
integral operators work. The method of harmonic analysis on CR manifolds can also
be adapted to contact Riemannian manifolds, in particular the theory of singular in-
tegral operators. Many aspects of harmonic analysis has already been generalized to
spaces equipped with smooth vector fields satisfying the Hérmander’s condition (see,
e.g. [6]), and the Harnack inequality and Poincaré-type inequality in such setting are
known. We obtain the regularity of the SubLaplacians and the Yamabe equation on
contact Riemannian manifolds in Section 4. The main theorem is proved in the last
section.

2 Some basic facts
2.1 The standard contact Riemannian structure on
the Heisenberg group

The multiplication of the Heisenberg group H™ can be written as

2n

(21) (ZC,t) : (ya S) =|lz+yt+s+ Z Babxayb s
a,b=1
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where 2 = (21,...,%2,),y = (Y1,.-.,%2n) € R?*", t,s € R, and B = (By) is the
antisymmetric matrix

(U
" (05
Here I, is the n x n identity matrix. The group of automorphisms of H" is generated
by the following transformations: (1) dilations: Ds : (x,t) — (dz,8°t), for (x,t) €
H",0 > 0; (2) translations: T(zy) : (y,5) — (x,t) - (y,5), for (z,1),(y,s) € H"; (3)
rotations: (xz,t) — (Ux,t), for U € U(n); (4) the inversion R, which is defined on
3\ {0} by R : (,) — (

ﬁ, W) . The following vector fields

0 B
(2.3) Vo= g+ ;Babxa&,

are left invariant on the Heisenberg group by the multiplication law (2.1) of the
Heisenberg group, and

0
2.4 Yo, Ys| = 2Bap—,
(2.4) [Ya, Y3 by
for a,b =1, -+ ,2n. Then the horizontal subspace Hy := spang{Yi,---,Ya,} gener-
ates the corresponding Lie algebra of the Heisenberg group. Denote
2n
(2.5) Oy :=dt — Z Bapxdzy.
a,b=1

It is obvious that 0y(Y,) =0 for a =1,--- ,2n and

2n
(2.6) by = — > Bapdza A day.
a,b=1

Define the standard Riemannian metric hg on H"™ by
(2.7) ho(T,T)=1, ho(Y,T) =0, ho(Ya,Ys) = 20ap, a,b=1,---,2n,
for any Y € Hy, and the standard almost complex structure Jy as a transformation
given by
2n
(2.8) JT =0, JoYs = ByaYa,
a=1

for b=1,...,2n. It is easy to see that Jy satisfies the second identity in (1.1) and
(2.9) d0o(Ya,Yy) = —2Bap = ho(Ya, JoYs),

by (2.6) and the definition of wedge products: for 1-forms w and ',

(2.10) wAW(X)Y) =w(X)' (V) —w¥)w'(X)

for any vector fields X and Y. (H, ho, 6o, Jo) is the standard contact Riemannian
structure on the Heisenberg group.



On the existence of the Yamabe problem on contact Riemannian manifolds 105

2.2 The sub-Laplacian on a contact Riemannian manifold

On a contact Riemannian manifold (M, 6, h, J), there exists a unique linear connection
V such that

V=0, VI=0 Vh=0,
(2.11) 7(X,Y) =2d0(X,Y)T, X,Y € (HM),
7(T,JX) = —Jr(T,X), X eT(TM),

(cf. (7)-(9) in [4]), where 7 is the torsion of V, i.e. 7(X,Y) =VxY - Vy X — [X,Y]
for X, Y € T'(TM). This connection is called the TWT connection. The Tanno
tensor is the (1, 2)-tensor field @ defined by Q(X,Y) := (Vy J)X, for X,Y € T'(TM).
Tanno prove that a contact Riemannian manifold is a CR manifold if and only if
Q@ = 0 (cf. proposition 2.1 of [20]). The curvature tensor of the TWT connection is
R(X,Y) = VxVy — VyVx — Vixy]. The Ricci tensor is defined by Ric(Y,Z) =
tr{X — R(X,2Z)Y} for any X,Y,Z € TM. The scalar curvature is s9 = tr(Ric).
Let £ be an arbitrary point of a contact Riemannian manifold (M, 6, h, J) and U be
a sufficiently small neighborhood of £&. Now choose a local real horizontal vector field
{X1} over U such that h(X;y,X;) =2 and set X, 41 := JX;. Note that the metric h
restricted to the horizontal subbundle is invariant under J, i.e. h(JX,JY) = h(X,Y)
for any horizontal vector fields X and Y by the third identity in (1.1). Then we get

W(X1, Xni1) = h(X1,JX1) = dO(X1, X1) =0,
M X i1, Xns1) = h(JX1, JX1) = h(X1, X1) = 2,

i.e., Xp41 is orthogonal to X;. We can choose X, orthogonal to spang{Xi, JX;}
with norm /2 and define X, 4o := JX5. Repeating the procedure, we find a local

orthogonal frame {Xi,--- , Xo,} of the horizontal subspace H|y = ker 8|y with norm
V2 and
(2.12) JXo = Xetns  JXopn=-Xa, a=1,...,n

Here we choose the local frame with norm /2, because the standard frame (2.7) on
the Heisenberg group has the norm v/2. Let {#',...,6?" 6} be the local coframe dual
to {X1,---, Xopn, T}, Namely 0%(T) = 0,0(Xp) = 0,0(Xp) = 6f,a,b =1,...,2n.
Then we have

(2.13) d9(X o, Xp) = h(Xa, JXy) = —2Bap,
by (2.12), where B is given by (2.2). (2.13) is equivalent to the structure equation:
2n
(2.14) df =— Y But*A0’,  mod 0,
a,b=1

by the definition (2.10) of wedge products. Applying the formula of exterior derivative:
for a 1-form w,

(2.15) dw(X,Y) = X(w(Y)) - Y (X (w)) — w([X,Y])
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for any vector fields X and Y, we see that the dual of (2.13) is
(2.16) [Xa, Xp] = 2B T, mod H,

where T is the Reeb vector. Then the volume element vy associated to the metric h
is locally as

(2.17) Vg =2"ONO A N O,

since {7, %X Tyeens %Xgn} is a local orthonormal frame on the Riemannian manifold
(M, h). It is direct to see that 1 is equal to §A(d#)™ up to a constant by the structure
equation (2.14).

The metric h restricted to H induces a dual metric on H*. We denote it by (-, -)s.
Define a norm |w|? = (w,w)y for w € H*. Tt induces an L? inner product on I'(H*)
by (w,w’) == [,,(w,w)ers. We define the SubLaplacian as the differential operator
Ay satisfying

(2.18) /M Dof - ge = /M<dbf, dvg)eve

for any f,g € C§°(M). This definition is convenient for handling the variational
problem (1.4). The SubLaplacian Ay also depends on the almost complex structure
J. But under a conformal transformation, the action of J on the horizontal subspace
H is unchanged (cf. (2.28)). So we omit the subscript J for the notations of the
SubLaplacian and the norm on H*, etc..

Since the TWT connection V preserves H by V6 = 0, there exist 1-forms w,’ €
['(H*) such that Vy X, = w,’(Y)X, for Y € T'(H). Write w,*(X}) = I',,¢. Then
Vx,Xa =I',,°Xc. The SubLaplacian Ag has the following expression.

Proposition 2.1. On a contact Riemannian manifold M, let {X,}?", be a local
orthogonal frame of the horizontal subspace H with norm /2. Then for f € C®(M),
we have

2n 2n
1 a

(2.19) Nof = 52 (XaXaf+Zrbb Xaf>.

a=1 b=1
Proof. Let {0%}2", be a dual basis of {X,}2", for H* and §%(T) = 0 for each a.
Recall that for a 1-form w € QY(M), (Vxw)(Y) = Vx(w(Y)) —w (VxY). Since the
TWT connection V preserves H* by VT = 0, we find that
(2.20) Vx, 0% = —I,%6°.

Let X be the formal adjoint operator of the differential operator X,, i.e. fM Xof-

gve = [y, [ X kg for any f,g € C3°(M). We claim that

2n
(2.21) Xi=—Xo+ Y Ty
b=1
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By definition dyf = Ziil Xof -0 and (0,6")9 = 5. It follows from the definition
(2.18) of the SubLaplacian that

2n 2n 2n
1 N 1 Z Z a
(222) Ag = 5 aEZI XaXa = 5 2 <XaXau + - be Xau> .

It remains to prove the claim (2.21). Note that X f = ixdf, where ix is the
interior operator. By Stokes’ formula, we get

/ Xof - g5 = / gdf Nix, g = — / fdg Aix, o — / Fod (ix, bo)
(223) M M M M

—— [ fXoguo~ [ sodix, )
M M
with ¢ as in (2.17). By the standard exterior differentiation formula,

(2.24) dp(X,Y) = (Vxo)(Y) — (Vyo)(X) + o(7x,v)

for a 1-form ¢ € QY(M), where the torsion 7xy = 2d0(X,Y)T for X,Y € H by
(2.11), and using (2.20), we find that d6®(X., X4) = —T',.> + T’ Thus we get

12n

(2.25) de® = 5 > (-Ty +T.0)6°A 0% mod 6.
c,d=1
Note that
(206)  dix, o) =(~1)"2"d0 A O" A A 0r N NGR4T dBP A, ix, o

b#a

The first (2n 4 1)-form in the right hand side of (2.26) vanishes since it annihilates
the Reeb vector T: ipdf = 0. Inserting df® = o (—Fbab + Fabb) 64 NG° + - by
(2.25) into the second sum in the right hand side of (2.26) and using antisymmetry
r,.*=-T,2», which follows from the fact that the TWT connection V preserves the
metric h, we find that

2n
(2-27) d(iX(ﬂ%) = Z (_Fbab + Fabb) Yo = — Zrbba¢9 == Z beaw%
b#a b#a b=1

Here T',,* = 0 by antisymmetry. The claim (2.21) follows from (2.23) and (2.27). The
proposition is proved. ([l
2.3 The Yamabe equation on contact Riemannian manifolds

Under the conformal transformation (1.2), the contact Riemannian structure (6, J, T, h)
is changed to (6, J, T, h) with

—_

~

o~

(2.28) h=fh—fll@w+web)+f(f—1+]|C|P)Ix0,

~ 1
J=T+g508 (Vf-T(f)T),
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(cf. (12) in [4] or Lemma 9.1 in [20]), where ¢ = %JVf and w satisfies w(X) = h(X, ()
for X e TM.

Proposition 2.2. Under the conformal transformation 0 =ua—> 0, the scalar curva-
tures of the TWT connections transform as (1.3).

Proof. Tanno considered (cf. [20], p. 363) the second order differential operator A g
given by Agu = Apu—T(Tu), u € C°(M), where Ay, is the Beltrami-Laplacian of
the Riemannian manifold (M, h). Tanno proved that the scalar curvature sz of the
TWT connection of (M, 5,%, j) satisfies the equation

4 1
(2.29) fwAHujL sp = syulti
n

(cf. (10.10) in [20]). See also [4], p. 336-337, for a simpler proof by a different
technique. It remains to show Ay = —Apg.

It is known that the TWT connection can be expressed in terms of the Levi-Civita
connection V} for the Riemannian metric h as

(2.30) VxY = VLY +0(X)JY - 6)ViT + [(Vie) Y] T,

(cf. (6) in [4]). Let {%Xa}gil be a local orthonormal frame of the horizontal
subspace H as before. Then {T, %Xl,...} is a local orthonormal frame on the
Riemannian manifold (M, h). Recall that the Beltrami-Laplacian of the Riemannian

manifold (M, h) has the following form: Apu = T2u—|—% Ezil (XaXau — V&a Xau> ,
since

(2.31) ViT =0

by lemma 1.1 of [20]. This together with the relationship (2.30) between the TWT
connection and the Levi-Civita connection for h implies that

2n 2n

(2.32) Apgu= %Z (XoXou — Vi, Xou) + % 3 [(v}ae) Xa] Tu.

a=1 a=1

Note that V}H =h (~, VE(T) by (1.1) and the Levi-Civita connection preserving the

metric A. So we have

i (VL,0) (Xa) = ih (X, Vi, T) = 2din(T) =0,

by (2.31) again. Here the vanishing of the divergence of T with respect to the Rieman-
nian metric h is given again by lemma 1.1 of [20]. Consequently, we get Agu = —Agu
by the expression of the SubLaplacian in Proposition 2.1. (1.3) follows from substi-
tuting this identity into (2.29). O
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3 Osculating the Riemannian contact structure by
the Heisenberg group

3.1 Normal coordinates

The purpose of this subsection is to define normal coordinates to approximate the
contact Riemannian structure at each point of a contact Riemannian manifold M
by the standard structure on the Heisenberg group. Let {Xi,---,X2,} be a local
orthogonal frame of H with norm /2 under h constructed in section 2.2. As in the
CR case in Folland-Stein [12], for each £ € M, we define the exponential map E¢ at &
based on the local frame {Xg := T, X1, -+, Xo,}. For v = (v, v1," -+ ,v9,) € R
we define E¢(v) € M to be the endpoint of integral curve n(s),0 < s < 1, of the
vector field Z?"O v;X; with (0) = £. Then E¢ is a smooth mapping of a star shaped
neighborhood Ug of 0 € R?"*! into M. It is clear that E¢, (52 o = Xjle. So E is

a diffeomorphism of a smaller neighborhood of Ug of 0, denoted also by Ug, onto a
neighborhood V¢ of M. Let

(3.1) Q={(&n) € M x M;n e Ve}
be a neighborhood of the diagonal of M x M. Denote by ©¢ the coordinate mapping
Egl : Ve — R?"F and O(&,n) := O¢(n). We also write (z(n; &), t(n;€)) or v(n; &)
for the coordinates of ©¢(n). Define a norm on R*"*1 by

(32) ol = ((F++03) +8)"  and  p(&m) = OE NI

A function f on V¢ is said to be OF if f(n) = O(p(&,n)*) as n — €.

Proposition 3.1. In the coordinates x(-;§),t(+; &), we have

2 8
1 2 = PRI
Xo= 8xa + E_ Bbaxb + E O 8% +O a=1, ,2n,
(3.3) -

)
+201 5

In this proposition, we identify O, X, with X,. We need the following lemma (cf.
Lemma 14.2 and Lemma 14.5 in [12], p. 472-474; see also Lemma 3.2-3.3 in the book
[10]) to prove Proposition 3.1.

Lemma 3.2. Suppose that vector fields {Zﬂ _1 satisfy the condition that they span
the tangential space at each point of a star shaped neighborhood U of 0 € RN. Write
Z, = v Fl“,(v)a%. Let (A,.) be the inverse transport matric of (Fy,). Then,

v=1
(1) If v e U, |s] <1, we have Zu:l A (sv)v, = vy,
(2) Define real functions ¢y, on U by

N
(3.4) 20, Z) =Y CuunZn,
k=1
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and matrices D(s,v) = (sAu,(sv)) and I'(s,v) with entries Ty, (s,v) = 25:1 Crovp (SV) U,
forvelU, |s| <1. We have

oD
(3.5) 5o =1-TD.

Proof of Proposition 3.1. Apply this lemma to vector fields Xy := T, ... X5, over
a neighborhood U of £ € M. Write X, = 2520 Fab(v)a%b, a=0,1,---,2n. We have
Fop(0) = 0gp by Eg*(a%)\o = X,le. By Taylor’s theorem, we have the expansion
F(sv) = F(0) + sFM(v) + s2F®(v) + --- , where F(0) = I and F(V, F®) ... are
certain matrices. Similarly, write

A(sv) = T+ sAD (0) + s2AD () + -+, D(s,v) = sl + AV (v) +

Since FA! = I, we have F(Vt = — A Write T'(s,v) = T (v) + sV (v ) +---. The
above equation (3.5) implies that 2F ™) (v)* = T©)(v). Since Fl(w (v) = Zd 0 cdcb( Y4
by definition and vy =t = O?, we find that

2n 2n
1
(3.6) FiY ) = 2rg%>f = chaQ(O)vd =5 2 cao(0)up + O°.
— b=1
To determine cpq0(0) for a,b =1,--- ,2n, note that
2n
(3.7) Zc,m e =[Xp, Xa] = 2By, T mod H,

by the structure equation (2.16) and the definition of coefficients ¢, in (3.4). It follows
that at the origin

(3.8) cba0(0) = 2Bpa,
for a,b=1,---,2n. Now in the coordinate chart Ug, for a = 1,...,2n, we have
2n o 9 KD
X, = ZFab@)a—vb = gu * Faol0) -+ ;0187%
(3.9) + Zcbao Ubi +Z()17 +028?)
0
9 9 9 )

ava +ZBbavb6 —i—zoli J,-OQavO

by using (3.6) and (3.8).

For T, note that T = 5~ + S Féi)(v)% + 30 0?32 and FYw) =
1 Zizl cpoo(0)vp+0O? by (3.6). On the other hand, we have df(X,, T) = —ipdf(X) =
0, which implies [X;,T] € H. It is equivalent to cyoo(0) = 0 for b =1,...,2n. Then
(3.3) for T follows. The lemma is proved.



On the existence of the Yamabe problem on contact Riemannian manifolds 111

3.2 Osculating the contact Riemannian structure by
the Heisenberg group

Theorem 3.3. In the normal coordinates constructed in section 3.1, we have
(1) ©¢(n) = —6,(¢) € R*H;
(2) ©:Q — R 45 O
(3) ©F(2"dvg - - - dvzp)|¢ is the volume element on M at &;
(4) Suppose (§,1),(&,€), (¢,n) € Q and p(&,n) < £0,p(¢,n) < €0 for some sufficiently
small constant g > 0. Then, there exists a constant C > 0 such that
|0 m) — Bl < € (p(6,0) + pl& ¥ e m)?)
p(¢;m) < C(p(&¢) + p(&m)) .-

(3.10)

Namely, p(-,-) is a local pseudodistance on M.

Proof. (1) follows from the definition of exponential map E¢. (2) follows from the
well known theorem on smooth dependence on parameters of solutions to an O.D.E..
(3) follows from ©¢, mapping X,|¢ to 8%0, a=0,1,---,2n. For (4), we regard ( as
a function of £ € M and v € Ug by the equation {( = E¢(v). We write ©(¢,n) =
f(n,&v) € R with f(n,£,0) = O(&,n). We expand f in Taylor’s series of the
variable v about 0 to get

2n

(3.11) 0u(C,n) = Oul&,n) + D Aan(n, vy + O([v]?),

b=0

a=0,---2n, where v, = 0,(§,(), Aap(n,§) = %ﬂ’f’o). Using (3.11) for n = &, we
get

Vo = 04(6,0) = =0a((, &) = = Y Aap(&,E)vy + O([v]?).

b=0
Hence Agp(§,€) = —0ap and |Agp(n,€)| = O(p(n, €)) for a # b. It follows that

©0(&;m) = ©o(¢,m)| < Clp(&,0)* + p(n,€)p(€, ),
‘ea(faﬁ)—Ga(Caﬁ)‘ SC,O(E,C), (1:17"'27’1,.

Now the first inequality of (3.10) follows from (3.12). The second inequality of (3.10)
easily follows from the first one and definition of p(-,-). O

(3.12)

For the standard contact Riemannian structure on the Heisenberg group in section
2.1, its TWT connection coefficients vanish, and so does its curvature. For f €
CHH™), df = 32" Yof -0+ %0y and dpf = 320, Yof - 0%, where 0% = dz,.
Recall that (0%,6%)g, = 2645, a,b=1,---,2n. Hence,

2n
1
(3.13) (dyp.f,dbg)e, = 3 ;Yaf -Yag
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if f and ¢ are real valued. ¥y, = 2"dt Adx1 A --- A dxa, is the Lebegues’ measure on
R2"*+! up to a constant. The SubLaplacian on the Heisenberg group is

2n
1
(3.14) Ny = -3 az::l Y,Y,.

Corollary 3.4. Let {X1, -+, Xo,} be a local orthogonal frame of H with norm /2
under h as before. Then in the normal coordinates constructed in section 3.1, we have

(1) (©1) 0 =0+ O'dt + 0%

(2) (65") w0 = (1+0")u,;

(3) (@gl)* h=ho+ O

(4) Oelg = No+E(0y) +OLE(0; 02) + O*E(Dy - Or) + O3E(0?). Where OFE indicates
an operator involving combinations of the indicated derivatives with coefficients in OF.

Proof. (1) follows from the expansion of X, in Proposition 3.1. (2) follows from
(1). Since I' ;¢ bounded, I',,° X, = £(9,) + O'E(d;) by expansion (3.3). (4) follows
from the expression of the SubLaplacian Ay in (2.19) and the expansion of X, in
Proposition 3.1. (]

4 The Regularity of /Ay and the Yamabe equation

4.1 Singular integral operators on contact Riemannian
manifolds and the regularity of Ay

In this subsection, let U be a relatively compact open subset of a normal coordi-
nate neighborhood of some point ¢ in a contact Riemannian manifold M, and let
{X1, -, Xon} be a local orthogonal frame of H with norm v/2 under h as before.
Define the Folland-Stein norm as

Sy = Z HXLUHLS(U)
ILI<k

(4.1) [[ul

for u € C°(U), where Xt = X, ---X,, for a multiindex L = (a1, -+ ,a;) with
ar, - ,ar € {1,...,2n}, |L| = I. The Folland-Stein space S;(U) is the completion of
C>(U) with respect to this norm. Define

U
(4.2) ||u||pB(U) = sup,ep|u(z)] + Supw,y€U| , for 0 < 8 <1,

and I'g(U) is the completion of C*°(U) with respect to this norm. For k < 8 < k+1,
keZ,,

(4.3) Is(U)={uce C(U); X*u € Ty, for any multiindex L with |L| < k}
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with the norm

(4.4) ullrs @) = e X ully, , @)

Now fix an open covering {Uq,---,U;} of M such that each U; is a relatively
compact open set of a normal coordinate neighborhood Q¢ C M for some £ € M. Let
{xj}j=1 be a unit partition of M such that suppx; C U;. Define

(4.5) Sp(M) = {u; xju € S;(U;) for all j},

and the norm of u to be the sum of ||x;ulls: (v,)-
Theorem 4.1. Let U be a relatively compact open subset of a mormal coordinate
neighborhood of some point £ in a contact Riemannian manifold M. For 1 < s < oo
and k=0,1,..., there exists a constant C > 0 such that for uw € C§°(U), we have

)-

[[ul

sp.(0) < C(

For strictly pseudoconvex CR manifolds, such estimates for [J, were proved by
Folland and Stein in theorem 16.6 of [12]. We need the machine of singular integral
operators to prove this theorem. A smooth function k defined on R?"* 1\ {0} is said
to be of type A (A > 0) if k(Ds(v)) = 69 k(v), for any v € R?"+1\ {0}, where Dj
is the dilation. k is said to be of type 0 if the above holds for A = 0 and the mean
value of k vanishes, i.e. fa<|\v\|<ﬂ E(v), (v) =0 for any «, 8 > 0. A function K(&,n)
on M x M is said to be a kernel of type X if for each positive integer m, we can write

(4.6) =Y (kP (©,())bi(n) + Em(&,n),

=1

for some positive integer L and any (£, n) in the neighborhood 2 of the diagonal M x M

n (3.1), with (1) E,, € C™(M x M), a;,b; € C§°(M); (2) for each I, functions kg,l)(-)
defined on R?"*1\ {0} is of type > )\ and depends smoothly on 7. An operator T
is said to be of type X (A > 0) if Tf(&) = [,, K (n)e(n) for some kernel K of
type > A, and an operator T is said to be of type 0 1f

e—0

T(\) = lim / o KE DS + a5

for some kernel K of type 0 and a € C5°(M). The kernel with kg)(-) replaced by
k:él)(-) in (4.6) is also a kernel of type A by the following argument (4.9).

Proposition 4.2. On a compact contact Riemannian manifold M,
(1) If S is an operator of type 0 < A\ < @, then S is bounded from L*(M) to L™ (M)
with%:%—% and 1 < s <r <oo.

(2) If S is an operator of type A > 1 and X be a horizontal vector field, then XS and
SX are operators of type A — 1.
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(3) Given a normal coordinate neighborhood ¢ for some & € M, if S is an operators
of type 0, there exist operators Sy, S1,...,S2, of type 1 such that

2n
(4.7) Sf=SaXaf +Sof

a=1

for f € S{(M) and supported in Q.

(4) The operator of type X for A =0,1,2,--- is bounded from S;(M) to S; (M) for
k=0,1,--- ;1 <s <.

(5) The operator of type A for X = 0,1,2,--- is bounded from L*(M) to T'g(M) if
Bz)\—Q"é—,”>Oandszl.

For strictly pseudoconvex CR manifolds, these results are theorem 15.11, theorem
15.15, theorem 15.19 and theorem 15.20 of Folland-Stein [12], respectively. With the
osculation by the Heisenberg group and the pseudodistance in Theorem 3.3, the ma-
chine of singular integral operators works on contact Riemannian manifolds without
modification as on strictly pseudoconvex CR manifolds. This is because that har-
monic analysis is a theory of real variables and the almost complex structure is not
involved. The proof is exactly the same and so we omit the details.

It is well known that the fundamental solution of the SubLaplacian Ay on the
Heisenberg group is given by Go(x,t) := H(z,tc;% for some constant C'g > 0. For
fixed n € M and coordinates defined by ©,(£) = v, we have Ag = AJ + R" where

AJ =150 V.Y, by (3.14) with Y, = 52 + 57", Brav 5, and

2n a . a 2n . 62 2n ) a 5 82
R = O(l)— +0"— 0] 0] 0°—
; ( )8vb + Ovg + a;l Ovg,Ovp + ; OvpOvg + o

s

by Corollary 3.4 (4). For n € M and v = (x,t) € H™, we have AlGy(v) = do(v) by
definition. Let (&, n) be a real C§° function supported in QN {(&,n); p(&,n) < 1}
with ¥(&,n) = ¥(n,€), and ¥(£,n) = 1 on a neighbourhood of the diagonal in M x M.
Now define an operator B by

(4.8) B(§) = (&) — Do Ad(§),

where A is the operator of type 2 given by A¢(§) = fM P(&,1)Go(0,(8))P(n)e(n).
Proposition 4.3. B is an operator of type 1.

Since Gy is of type 2, it is easy to see that Y,Gy is of type 1, TGy is of type 0,
and so R"Gy is a kernel of type 1. The proof is exactly the same as proposition 16.2
of Folland-Stein [12] for strictly pseudoconvex CR manifolds.

Proof of Theorem 4.1. For functions k,(u) of type A > 1 smoothly depending on
n € M, by Taylor’s expansion in terms of v = ©,(§), we have

/UOL

(4.9) ke () = ky(v) + Y ki (v) 7 + Bm(v,n,€),
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where k‘g,a)(v) denotes the appropriate derivatives of k,(v) with respect to n as we do
n (3.11). If k,(-) is of type A, then so is k%a)() k%a)(v)va is therefore of type > A
and for L sufficiently large, R, (v,1,&) € C™(R?*" T x M x M). Thus, ke¢(O¢(n)) =
ke(—©,(€)) is a kernel of type A by the above argument. Note the adjoint 7™ of the
operator T of type A with kernel K(&,n) in (4.6) has the kernel

K*(&,n) = K(n, & Zaz ) k& (©¢(m)bi(€) + Em (1, €),

which is also a kernel of type A by the above result. So T is also an operator of type
A. As the adjoint of (4.8), we get

(4.10) I=A"Ng+ B

with A* and B* operators of type 2 and 1, respectively. Set APl .= Zp_l(B*)jA*
Then, I — ANy = T — Y PZ((B*)I(I — B*) = (B*)P. Note that ||B*¢| i <
Csrllollsg, 1A%0lls;,, < Csilldlls; for some constant Csp > 0 for fixed pos1t1ve
integers k and s by Proposition 4.2 (4). Then we get

9]

The theorem is proved.

Ss

< C ([l 209]

SZ+2 k+2 + ”( ) k+2 Sy LS) :

Theorem 4.4. (The Sobolev embedding) (1) The inclusion Si(U) C L™(U) is con-

tmuousfor%:%—% and 1 < s <r < oo.

(2) Suppose that B =k — 22 > 0. The inclusion Si(U) C T#(U) is continuous
if B is mot an integer.

Proof. (1) For strictly pseudoconvex CR manifolds, this is theorem 5.5 of Jerison-Lee
[17]. Now apply Proposition 4.2 (3) to the identity operator to get that given a normal
coordinates neighborhood ¢ for some & € M, there exist operators Sp, S1, ..., S, of
type 1 such that

2n
(4.11) F=Y"SaXaf +Sof,

a=1

for f € S7 and supported in §2¢. Since S, is bounded from L* to L™ with % = % — %
by Proposition 4.2 (1), we get the result for k = 1. For higher k, we just substitute
(4.11) into itself repeatedly as in Folland-Stein [12].

(2) The proof is exactly the same as that of theorem 21.1 of Folland-Stein [12] if

we use the above representation formula repeatedly and Proposition 4.2 (5). ]

The following regularity can be proved exactly as theorem 16.7 of Folland-Stein
[12].

Theorem 4.5. Suppose that f,g € Li, . (U) and Ngf = g in the sense of distributions
on U. Then, for any n € C(U), we have

(1) if g € L*(U) withn+1 < s < oo, then nf € Ig(U) with § =2 — 2242,
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(2) if g€ Sp(U) with 1 < s <oc and k=0,1,..., thennf € S;_ ,(U);

Harmonic analysis on strictly pseudoconvex CR manifolds has already generalized
to general smooth vector fields Zi,...,Z,, on U C R¥ satisfying the Hérmander’s
condition for hypoellipticity: the rank of Lie [Z1,...,Z,,] = N, at every point x € U.
See e.g. [6] for the theory of singular integral operators in this general setting, in
particular for results corresponding to our Theorem 4.1-4.4 and Proposition 4.2.

A piecewise C! curve v : [0,7] — U is said to be subunitary if for every & € RY
and t € (0,7), (7/(t) - §)* < 371, (Z;(7(1)) - €)*. A natural distance associated to the

vector fields 71, ..., Z,, is defined as follows. Given two points x,y € U, the distance
from z to y is defined by
(4.12)

d(x,y) := inf{r > 0;there exists a subunitary 7 :[0,7] = U, with v(0) = z,v(r) = y}.

For x € U and R > 0, let B(z, R) := {y € U;d(z,y) < R} be the ball of radius R
respect to this distance.

Denote by Dyu = (Zyu, . .., Zypu) the subelliptic gradient of u. Given an open set
U C RY, denote by S;(U) the completion of C*(U) under the norm (4.1) with the
vector fields X;’s replaced by Z;’s. We also need the following subelliptic estimates
for operators more general than the SubLaplacian.

Theorem 4.6. (Theorem 0.1-0.2 in [6]) Let Z1, . .., Z,, be smooth vector fields on U C
RY satisfying Hormander’s condition and £ = ZZ}ZI a;j(x)Z;Z;. The coefficients
a;;(x) are real valued bounded measurable functions defined in U belonging to the
class VMO(U); the matriz a;;(x) (not necessarily symmetric) is uniformly elliptic:

(4.13)  plEPr < Z aij(7)&6; < pléf, for any EeR™ ae zeU

ij=1

for some positive constant u. Then, for every s € (1,00), any U' CC U, there exists
a constant ¢ depending on the vector fields Z;’s, the numbers N, m,s, u, the VMO
moduli of the coefficients a;j, U',U such that for every u € S5(U),

(4.14) [l

sy < CUlLullpswy + llullLsw))-
Moreover, the following estimate holds: for every u € Si_ ,(U),

(4.15) [[ul

SiL(U) = C([| Lul

s:) +lullze@))

for every positive integer k such that a;; € Sp°(U). The dependence on the VMO
moduli of the coefficients a;; is replaced by the Sp°(U) norm of a;;.

4.2 Harnack inequality, Poincaré inequality and the regularity
of the Yamabe equation

Let us recall the Harnack inequality and Poincaré-type inequality (See [7] [8] for
example). For smooth vector fields Zi,...,Z,, on U C R" satisfying Hérmander’s
condition, consider the equation

m
(4.16) Z Z}Aj(x, Uy Z1y . .., Ip) = F(x,u, Z1u, ..., Zypu),

J=1
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where Z;T is the formal adjoint of Z; with respect to the Lebegues’ measure, with
measurable functions A = (Ay,..., Ay) : RN xRxR™ — R™, F : RV xRxR™ — R
We assume that A;’s and I satisfy the following structural conditions: There ewist
p € (1,00), ¢; > 0, and measurable functions F}, Fy, F3, g2, 93, hs on RN such that
for a.e. x € RN, u e R and ( € R™, we have

|A(z,u, )] < el¢Ph + ga () [ulP~" + g3(2),
(4.17) |F(2,u, Q)| < Fi(2)[C]P~ + Fa(z)ulP~" + Fs(x),
A(a:,u, C) ' C > ‘C'p - F2($)|u|p_1 - h3(.’E)

Since the problem is local, we may assume A and F' only defined over a fixed open
subset U of RY. The integrability requirements on the functions Fj,,g;, h; in the
structural assumptions are

(i) 92,93 € L], .(U), with r = % ifp<@, andr > % ifp=Q;

(ii) Fy, Fs, hs € L}, (U), with s > <;

(iii) Fy € Lt (U), with t > Q.

loc

Theorem 4.7. (Theorem 3.1 of Capogna-Danielli-Garofalo [7]) Let u € S7(U) be
a nonnegative solution to the equation (4.16). Then there exist constant C > 0,
only depending on U, p, || Fi|rt, ||F2llLs and ||g2||rr, and Ry > 0 such that for any
Br = B(z, R) with B(x,4R) C U and R < Ry, we have

(4.18) ess supp.u < C(ess infg,u+ Kg).

Here,

1

p—1

1
(419)  Kni= (1Bal® 1Bl e + lgslrmn) " + (1Bl E hsllzesr))

with r,s as in (i), (ii) above.

See [7], p. 783, for the dependence of the constant C' on U, p,.... This makes the
constant in the following Harnack inequality (4.20) not depend on w. It is better than
the constant of the Harnack inequality in proposition 5.12 of Jerison-Lee [17], which
depends on [|uf| 2+ ()

Proposition 4.8. (Harnack inequality) Let U be a relatively compact open set of a
normal coordinate neighborhood of a point in a contact Riemannian manifold M. Sup-
pose f € L=¥(U), u € L* (U), u >0 and (Ng + f)u = 0 in the sense of distributions
on U. Then, for any K CC U,

(4.20) ess sup, c pu(r) < Cess inf,cpu(z),
where the constant C' depends only on U, K, ||f|[1w) and the choice of the frame.

Proof. Note that Agu = —fu € L? (U) C L*(U) by Hélder’s inequality since U is
bounded. Then u € S?(U’) for an open subset U’ such that U’ CC U by the regularity
Theorem 4.5. Note that if we write 1y = Vdv locally for some positive function V',
where dv is the Lebegues’ measure, then we have X! = X! — X,V, where X and
X[ are the formal adjoint operators of X, with respect to the measure 1)y and the



118 Wei Wang, Feifan Wu

Lebegues’ measure, respectively. So the equation Agu = % 2211 X Xou=—fu can
be written as 2211 XIXou = Zizl X,V - X,u — 2fu. Now we apply Theorem 4.7
to this equation with 77 = X4, ..., Zy, = X9, and

2n
p:27 A(SC,’Z,L,C) :Ca F(ZL‘,U,C) :ZXGV'Cafzf(x)ua

a=1
in the equation (4.16). In particular, we have

2n

F1=Z|XQV\€L°°, F, =2|f| € L™, =0, =1, g2 =g3 = h3 =0.

a=1
Then Kr = 0 by (4.19). The result follows from Theorem 4.7. ]

Proposition 4.9. (Poincaré-type inequality) Suppose that vector fields Zy, ..., Zm
satisfy Hormander’s condition. Let B C U be a ball of radius R with respect to
the natural distance (4.12) associated to the vector fields. Then, for each u with
|Deul? € LY(U) with 1 < g < oo, we have

(4.21) / = |7 < OR"/ Dol

Br Br
for some constant C' only depending on U and the choice of the frame, where up, =
[5,, u/|Brl|. the average of u.

The inequality (4.21) was proved by Jerison [16] for all f € C°°(Bpr). The general
case is a consequence. The following interpolation inequality for the space S} is
a simple corollary of the above Poincaré-type inequality as in proposition 5.14 of
Jerison-Lee [17].

Proposition 4.10. (Interpolation inequality for the space Sj) If u € LY(U) and
S22 | Xqul* € LNU) with 1 < r < oo, then u € S§(U) and

2n

Z | Xaul®

a=1

(4.22) lulls; @y < C + lullzrwy |

L'(U)

for some constant C only depending on U and the choice of the frame.

Proposition 4.11. Let U be a relatively compact open set of a normal coordinate
neighborhood of a point in a contact Riemannian manifold M. Suppose f € L1 (U),
uwe L2 (U), u>0 and

(Do + flu=0
in the sense of distributions on U. Then, for any n € C*(U), nu € L*(U) for each
0<s<oo0.

This proposition is the contact Riemannian version of the higher integrability in
proposition 5.10 of [17], a variant of results of Yamabe [26], Trudinger [22] and Brezis
and Kato [5] for the original Yamabe equation. Its proof is the same as the CR case
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given in the Appendix of [17]. We need the following lemma A.1 of [17]: Let U’
be an open set such that U’ cC U, then with the hypotheses in this proposition
we have u € S?(U’). The proof of this lemma is similar to that of lemma A.1 of
[17] if we use the representation formula (4.8), (4.10) and the regularity of singular
integral operators of type 0, 1,2 on contact Riemannian manifolds given in §4.1. The
remaining part of proof is exactly the same as in the Appendix of [17].

Proposition 4.12. With the hypotheses of Proposition 4.11 and the additional as-
sumption f € L°(U) with s > n+ 1, then u € T'g(U) for some § > 0 and for any
KccU,

lullr,x) < C

for constant C' depending only on K, || f||Ls ), ||ull L2+ ) and the choice of the frame.
It can be simply proved as proposition 5.10 of Jerison-Lee [17], without modifica-

tion, by using the regularity of the SubLaplacian Ay in Theorem 4.5 and the Sobolev
embedding Theorem 4.4.

Theorem 4.13. Let U be a relatively compact open set of a normal coordinate neigh-
borhood of of a point in a contact Riemannian manifold M. Suppose f,g € C=(U),
u>0onU,ue L*(U), s> 2" and

Ngu+ gu = fu?™!

in the sense of distributions on U for some 2 < q < 2*. Then, u € C*°(U) and u > 0.
If K CcC U, then ||U||Ck(K) depends only on K, ||u|| sk, Hf”ck(K), ||g||ck(K), the
choice of the frame, but not on q.

Proof. Tt is similar to theorem 5.15 in Jerison-Lee [17]. The equation can be written
as Agu = hu with h = fu?=2 — g € L2 (U). By Holder’s inequality, h € L"(U) with
r=ats > % =n+1 and ||k, depends only on the stated bounds. Then choosing
K’ with K cC K' cC U, we see that u € I'g(K’) for some § > 0 by Proposition
4.12. Note that h is bounded by the continuity of I'3(K”) functions. So we can use
Harnack inequality in Proposition 4.8 to obtain that u is bounded away from zero by a
constant depending on the stated bounds. Apply subelliptic regularity in Theorem 4.5
to Ngu = ful™! —gu € L"(U) to get u € S5(K). Since u is bounded away from zero,
ud~! € S7(K) with the norm depending only on the stated bounds. Thus, replacing
K with a smaller set that we still denote K, we conclude from subelliptic regularity
in Theorem 4.5 that u € S} (K). Repeating this procedure, we get u € S, ,(K) for
any positive integer k. Obviously u € I's;(K) by Sobolev embedding Theorem 4.4
(2). We have I'a;,(K) C C¥(K) because [X,, Xp] = 2ByT mod H locally. O

Corollary 4.14. Under the assumptions of Theorem 4.13, but s > 2* replaced by
s = 2%, we still have uw >0 in U and u € C*(U).

Proof. The equation can be written as Agu = hu with h = fu?=2 — g € L"TY(U)
as above. Proposition 4.11 grantees u € L*(U’) with s > 2* for any open subset
U'ccU. a

Proposition 4.15. On a compact contact Riemannian manifold, the unit ball in the
space S3(M) is compact in L*(M) for 1 < s < 2* .
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To prove this proposition, we need the Sobolev space over the Euclidean space
L5 (R = {f € LY (R¥"H1); (14 [€]2)5 £(€) € L*(R**1)} for 0 < o < o0, where f
is the Fourier transformation of f. As before, we choose an open covering {Uy,--- , U, }
of M such that each Uj is a relatively compact open set of a normal coordinate
neighborhood Q¢ C M for some & € M. Let {Xg} ', be a unit partition of M such
that suppx; C U;. Define L5 (M) = {u; x;u € L} (U ) for all 5}, and the norm of u
to be the sum of ||Xju||Lg(Uj)~

Proposition 4.16. For a compact contact Riemannian manifold M, we have the
continuous inclusion S7(M) C L% (M).
2

This is a special case of theorem 5.4.7 of Folland-Kohn [11] for general smooth
vector fields satisfying Hormander’s condition. See also section 19 in Folland-Stein
[12] for results over CR manifolds.

Proof of Proposition 4.15. See also proposition 4.10 of [23]. By Proposition 4.16,
we have continuous inclusion S?(M) C L2 (M). Now the usual Sobolev imbedding

theorem guarantees that the inclusion L(H_K(M) C L2(M) is compact for k > 0,
0 < o < oo (cf. proposition 3.4 in the book [21]). In particular L% (M) C L?*(M) is
2

compact. Recall that we have obviously continuous inclusion L?(M) C L'(M) for a
compact manifold M by Hélder’s inequality. Consequently, the inclusion S?(M) C
L'(M) is compact by Proposition 4.16. Now suppose that {u;} is a bounded sequence
of S#(M). Then, there exists a subsequence, which is still denoted by w;, converging
to u in L'(M). Note that for 1 < s < 2*,

(4.23)
1_ 1
||ul—ul/\Ls(M) < ||Ulful/||%1(M)Hul7ul/||1L;fl(]V[), for O0<a= i_i < ].,

(cf. proposition 3.62 of [2]) by applying Holder s inequality to [lui—ur [ 5y = = [|u—

s(l a) -1

up |5 uy — Ul’| (1— “)wg with exponents (1 a) > 1, which satisfy sa +

Note that [u; — uy|| 2= (ar) is bounded by its SF(M) norm by the Sobolev embedding
Theorem 4.4 with the critical exponent 2*. We see that {u;} is also a Cauchy sequence
in L®. The compactness is proved. O

5 The existence of extremals

The extremal problem (1.4) on H™ is

2n
1 *
5.1 A(H™) = inf f/ by Yauzw(ﬁ/ ul* g, =1¢.
(5.1) (H™) {2 " ;I %o Wll o

It is known that 0 < A(H") < oo
Lemma 5.1. A\(M) < A\(H™) for any compact contact Riemannian manifold M.

Proof. Its proof is similar to that in [17]. The class of test functions defining A(H")
can be restricted to C§° functions. For each £ > 0, choose u € C§°(H™) such that
By, (u) =1 and Ag, (u) < A(H™) + . Let

us(C) ==~ “T u(Dy1Q), CeI", and  f5(n) = us(Oc(n)),
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for fixed {£ € M. For ¢ sufficiently small, supp us is contained in ©¢(Q¢). So fs
has compact support in €)¢, and can be extended to a C* function on M. It is
easy to check that By, (us) = Bg,(u) = 1 and Ag, (us) = Ag, (1) < A(H™) + ¢ by
rescaling. Also, [1., [us|*thg, = 6% [5.. [u|*tg, —> 0 as & — 0. By Proposition 3.1
and Corollary 3.4, we have

(5.2)
CaE D(;)* 0 = 5200 + 63O dt + O%dx), CaE Dé)* h = 6%hy + 630,

(65" 0 Ds) iy = 39(1+ 60"y,
(Ds-100¢), Xo =6 (Y, +60E(0,) + 6*O%*E(9y)), a=1,---,2n,

where (Y7,---,Ys,) are left invariant vector fields on the Heisenberg group in (2.3).
For any fixed R > 0, Ds-10¢(Q¢) D Bpg for sufficiently small §. Therefore,

Bo(fs) = [ Tus(®@cn)* vo = [ 570 (65" 0 D5)
(5.3) "
_ / Juf2" (1 + 60 )ig, —> By, (u) = 1.

Similarly, Ag(fs) — Ag,(u) < A(H™) +¢. Since € is arbitrary, the lemma follows. [

For each 2 < ¢ < 2%, consider the following variational problem,
(5.4)

Ag(M) := inf{Ag(u);u € S§(M), Bp 4(u) = 1}, where By 4(u) = /M |ul9g.

Theorem 5.2. For each 2 < q < 2%, there exists a positive C* solution u, to the
equation

65) b oty + satty = Ny (M)
satisfying Ag(uq) = Ng(M) and By 4(uq) = 1.

Proof. The proof of this theorem is the same as that of theorem 6.2 of [17]. Choosing
a minimizing sequence u; for (5.4), namely, Ag(u;) = A\g(M) and By q(u;) = 1. We
may assume u; > 0 after replacing u; by |u;|. Since {u;} is bounded in S?(M), there
exists a subsequence converging weakly in S?(M) to u € S7(M). By the compactness
in Proposition 4.15, we can assume a subsequence converges in L?, and so By 4(u) = 1.
Applying Holder’s inequality we see that fseug — [ seu?, and so Ag(u) < \g(M).
Consequently, Ag(u) = Ag(M) since Ay (M) is the minimum. By a standard variational
argument, v satisfies the equation (5.5) in the sense of distributions. Moreover, u €
L* (M) by Sobolev embedding in Theorem 4.4. So w is strictly positive and smooth
by Corollary 4.14. O

To prove Theorem 1.1, it is enough to prove the following theorem.

Theorem 5.3. If \(M) < A(H"), then there exists a sequence q; tending to 2* from
below such that ug; converges in C™ (M) for any m to a function u € C>°(M) such
that u > 0 and

(5.6) b Dot + sgu = AN(M)u® 1,
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with Ag(u) = M(M) and Bg 2+ (u) = 1.
The following behavior of A, can be proved exactly as lemma 6.4 of [17].

Proposition 5.4. Suppose that 0 is normalized, i.e. fM g = 1. Then

(1) If \q(M) < 0 for some q, then \y(M) < 0 for all ¢ > 2. A, is a nondecreasing
function of q.

(2) If \y(M) > 0 for some (hence all) ¢ > 2, then Ay is nonincreasing of ¢ and is
continuous from left.

Proof of Theorem 5.3. We assume that 6 is normalized.
Case 1. AM(M) < 0. For each 2 < ¢ < 2%, let u, be a positive C°° solution of
equation (5.5) given by Theorem 5.2. For ¢ € S?(M), we have

(5.7) / (dyg, dyd)g + Sotigd) o = / Agud™ iy
M M

Let ¢ = ud~'. Since \y(M) < 0, we have

5:8) [ ta=vug sl < [ fsougive
M M
It follows that

(5.9) / |dywq|* e < C/ wihg = C | ulipg =C
M M M

for wy = uq% and some constant C' > 0 independent of 2 < ¢ < 2*. By Sobolev
embedding Theorem 4.4 and [|wg|| 5257y uniformly bounded, we get [, wg*@/;g < (' for
some positive constant C’ independent of g. Now choose go > 2 and set r = 92* > 2*,
Then for ¢ > qo, |lug| z-(ary is uniformly bounded. It follows from regularity result in
Theorem 4.13 that ||ug||cx(ar) is uniformly bounded, and there exists a subsequence
ug; converging in C*(M) to u for any k. The limit u satisfies b, Agu + sgu = Au2 1
with A = Ap(u) = lim Ay, (M) and Byo-(u) = 1. We also have A < A(M) by
proposition 5.4 (1). Consequently, A = A\(M) by the definition of A(M).

Case 2. A(M) > 0.

Case 2i. For some sequence q; — 2%, supM|dbqu lo is uniformly bounded. Note
that ug, € L% (M) C L*(M). By the interpolation inequality (4.22), ug, are uniformly
bounded in S7(M) for any s. In particular, u,; are in L*(M) for any s. The result
follows as in the case 1.

Case 2. supyr|dyuglg — 0o as ¢ — 2*. Choose &; € M such that |dyu(&y)|o =
sups|dpuglg.  Let ©¢, be the normal coordinates constructed in section 3.1. If
necessary by passing to a subsequence {¢;} (we omit the subscript j), we can as-
sume that there is a fixed neighborhood U of the origin of H" contained in the
image of O¢, for all ¢, and §, — § € M. We will identify U with a neigh-

borhood of §; by (z,t) = O¢ (n) for n € U. Define (Z,t) := Déq_l(x,t). Then
0o :=di — Y, BapFadi, = 5;%(Dj 0o). Define

~ 2 ~
(5.10)  fq(@, 1) := 84 ug(64,8.1), on the open set Uy := Dy —1U C H",
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where J, > 0 is so chosen that |d,f,(0)[5, = 1, where 0 is the origin. Note that

1+-2%5
(5.11) 1= |dyfo(0)lg, = 0q " ldvuq(&q)le

since 6|y = Oolo = §0|0 by (5.2). We have §; — 0 as ¢ — 2* and Ds U — H".
Define
(5.12)
Og) =0, 2D5.0, Dy :=06,2D5h,  JgY =D5 [J(DsY)] on  Ugy.

By (5.2) we see that

(5.13) Oalo=los  Pwlo=holos  Jwlo= olo

where 0 is the origin. It is direct to check that (Uy,0(q), h(q),J(q)) is a contact
Riemannian manifold, i.e. (1.1) holds. For example, its Reeb vector field is T(4) =
g D5 T and

) (X, Y) = hig)(X, JY)  on  Ug).

Since the conformal factor in (5.12) is a constant, it is easy to show that the pull back
connection ngV defined by

(ngv)x Y= D31 [Vi,,.x (Ds,Y)]

is the TWT connection for (Ug),0(q), h(q); J(g)) Dy the uniqueness of the TWT con-
nection and checking (2.11) for it.
We claim that on the contact Riemannian manifold (U, 0(q), hqg)» J(q))

o~ 2+ 25 U U
(5.14) Doy fo(Z,1) =g 77 (Doug) (Ds, (%,t)) , for (Z,t) € Ugy.

Let (X{,---,XJ,) be the local orthogonal frame of the horizontal subspace H|y with
norm /2, which is used to define O¢,. We may assume it converging to (X1, -+, X4n)
as ¢ — 2*. Let

(5.15) Vi .= 5qD521X37 a=1,---,2n.

Then (Y{,---,Y3)) is a horizontal orthogonal frame for (Uy),0q),h(q), J(q)) With
norm v2, i.e. we have h(y (Y}, Y,!) = h(X;, Xi) = 204, and so

2n 2n
1 T a
(5.16) Bogyv=3 ; (—Y;Ya% + I; Ty YJ’U)

by the expression (2.19) of the SubLaplacian in Proposition 2.1, where feba is the
connection coefficients of ngV with respect to this frame, i.e.

T,V = (ngv> YA = D5 [vDéq*qu (Déq*ycq)} = 62D; [vxgxg} .
b

Thus

(5.17) L% (%,t) = 640, *(Ds, (2,1)).
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Now applying (5.16) to v = f; = &ijgquq and using (5.17), we get (5.14). Apply
(5.14) to the equation (5.5) satisfied by u, to get the equation for f:

(5.18) b o o + Ds 50 - 05 fg = Xg(M) fIF on Ug).

By using (5.2), we see that the frame Y? := {Y}!,--- Y31} in (5.15) converge in
C*(BR) to the standard frame Y := {Y7,---,Ya,} on the Heisenberg group for any
fixed k, R > 0 as ,, — 0. Here and in the sequel Bp is the ball in the Heisenberg
group, centered at the origin with radius R with respect to the norm (3.2). Obviously
U(q) D Br when ¢, sufficiently small. Similarly, Ay converges uniformly in C*(Bg)
to Ag for each k, R > 0 by using (5.16) since the connection coefficients converges
uniformly to zero by (5.17). 6(4) and h(g) converge uniformly to 6y and hg, respectively,
in the same way by (5.2).

Noting that

1425
(5.19) |dbfq|9(q) = dq |dbuq|e )
we see that |dy fq|9(q) bounded in Bpg since it attains its maximum 1 at the origin by
(5.11), and

. g
(5.20) / G / g (2, )| "4
[(Z,t)|<R |(z,t)| <84 R

When ¢ < 2%, we have that % — @ > 0 since % is decreasing in g for ¢ > 2, and
so the right side of (5.20) is uniformly bounded. Moreover, v, = (1 + d,0")1g, on
Bpr by (5.2). We find that f, € LY(Bg) is uniformly bounded. Here and in the sequel
the L? norm is taken with respect to the standard volume on the Heisenberg group.
Consequently, f, € L'(Bg) with a uniform bound. This fact together with |dyfyls,,,
uniformly bounded by 1 implies f, € S;(Bgr,Y9) for each s < oo by interpolation
inequality (4.22). Here S;(Bg,Y?) denotes the Folland-Stein space with the norm
defined by the frame Y9. Consequently, nf, € L*(M) for each s > 1 by the Sobolev
embedding Theorem 4.4. We see that nf, € C°(M) by applying Theorem 4.13 to
Ay, for any fixed g, but we can not obtain a uniform C* bound from this theorem
directly. We claim that

(5.21)

when q is close to 2%, nf, is uniformly bounded in C4/3(BR) for any fixred R > 0.

Now taking a subsequence g; — 2* if necessary, we find a function f on H" by
first choosing a subsequence f,. convergent in C1(B); then choosing a subsequence
of fg, convergent in C'(By), ete. Note f >0, f € C'(H™) and f is not zero since
|dpf(0)]g, = 1. Since 04,y — 0o and Ay, (M) — A(M) by the continuity of \,(M)
from left in ¢ in Proposition 5.4, by letting ¢; — 2* in (5.18), we get that for
¢ € CG° (H™),

(522 [ (vo ot iy, = 2007 10, =0

Since ¢, — g, by (5.2) again, (5.20) implies fBR |£|? g, < 1 for each R > 0.
Hence,

(5.23) | <1,
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On the other hand,
s b

2 . 2 .
(5.24) /B 115, v, = tim /B Ndotufa,, Vo, < 1o st <o

Thus f € S7(H™).
By taking a subsequence ¢; € C§°(H™) to approximate f in (5.22), we find that

(5.25) b / 1ds f13, 00, = A(M) / P .
Hn J(n
Now taking g = Hf]\clz* , we get
(5.26) by [ |dugly, e, = M) 272 S AM) < NH™), gl =1,

Hn

by (5.23), which contradicts the definition of A({™). Thus case 24 is impossible.
Let us prove the claim (5.21) now. By Darboux theorem, there exists a differential
diffeomorphism Z; : Bg — H" for each ¢ such that

(5.27) =264 = fo.

Such diffeomorphisms can be constructed by using Moser’s trick as follows (See section
2.5.1 in [15]). Suppose that 6 is a contact form close to the standard 1-form 6y on
H™ in the C*(Bgr) norm for any fixed k, R > 0, and 6|¢ = 0|0, where 0 is the origin.
Consider a family of contact 1-forms

0, = (1 —u)by + ub, u € [0,1].

We can construct a time dependent vector field X,, such that =, is the flow of X,
and =50, = 6p. The differentiation of =70, = 0y with respect to v implies that

(5.28) 0, + d(0.,(X.)) + ix,db, =0,

where 9u is the derivative of 0, with respect to u. Write X,, = H, R, + Y., where R,
is the Reeb vector field of 6,,, H,, is a function and Y,, € ker#,,. Then R, is close to
p)

£ if 0 closes to 6y in the C*(Bg) norm. Inserting R, into (5.28) gives

(5.29) 0.(Ry) + dH,(R,) = 0.

This an ODE of H,: R,(H,) = —éu(Ru). Note that the integral curves of the Reeb
vector field R, exist in Bg since R, is close to % in the C*(Bg) norm. So we can
integrate this ODE along the integral curves of R, to get the solution H,(z,t) with
H,(z,0) = 0. We may require H,(0) = 0 and dH,|o = 0 since 9u|0 =0. Once H, is
chosen, Y, is uniquely determined by (5.28), i.e. by

(5.30) 0, + dH, + iy, df, =0,

which also have small C*(Bg) norm. Now we get the vector field X, with small
C*(Bg) norm and X, (0) = 0. Then we can integrate it to get diffeomorphisms =,
close to the identity in C*(Bg) norm with =,(0) = 0. Then =, satisfying Z;6 = 6,.
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Now applying this construction to 6, we get a family of diffeomorphisms =,
satisfying (5.27) such that for any fixed k, R > 0, E, is close to the identity mapping
in the C*(Bg) norm uniformly for ¢ sufficiently close to 2*. Hence there exists small
no > such that B _y,)r C E¢(Br) C B(i4ne)r- Thus
(5.31)

the frame Y9 := {: vy ,...7:(1_*1Y2qn} is close to the standard frame Y on H"
in the C*(Bgr) norm uniformly for q. Then by pulling back, (Bg, 6o, Erhg), Z5d(q) 18
a contact Riemannian structure with Z7h(,) and =7 .J(,) close to hg and Jy uniformly
in the C*(Bg) norms. It is easy to see that Y4 is a frame for the horizontal subspace
Hy of the Heisenberg group, and = f € S{(Bgr,Y) if f € S{(B1n,)r,9?). Note

that Z'Y =Y + S ¢}, Yy, for some functions cf; with small Ck (Bg) norms uni-
formly, and the coefﬁments of TWT connection of (Bg, 6y, = Ejhg), = J(q)) is obviously
uniformly bounded. By the expression (5.16) of the SubLaplaman we see that

2n
Er (Do, fo) = Z al,YiY;E; fo + ) bIY;E0f, on Bp
4,j=1 i,j=1

for some af;, b9 with uniformly bounded C*(Bg) norm and af; satisfying uniformly
elliptic condition (4.13) with some absolute constant u > 0, for ¢ sufficiently close to
2%,

Write fq := =3 fq, which is C*°. Since ﬁz € S§(Bpg) are uniformly bounded for
any fixed s > 1, so are :fvg’l. Now pull back the equation (5.18) by =, to get

(5.32) Lofg =04  where L= alY;Y;+) b1y,

with g, := )\q(M)fgfl - E;(D}‘qsg)égfq. Obviously g, € S;(Bgr,Y) uniformly for ¢
close to 2* > 2 for any fixed s > 1. Now applying the uniform estimate in Theorem
4.6 to the operator angin for smooth f,, we get

(5.33)

Folssczn o < € ([ o]

SC1(’£ .

q .
S{(B3r/4,9)

+ | fallzeca, )
¢ (Banya¥) ” lZ” (B3r/4)
[

and by using the uniform estimate in Theorem 4.6 again,

+|7| )
S (Bsr/a:Y) L3(Bgrya)

(5.34)

i

<afi]

S$(Bsry4,Y9) S5(Bsry/a,9)

< o0 (HZ%YY 7

Wl )

LS(BR)) '

s(Br,Y
<act (|, fo Jo

|
L#(Br) S7(Br)
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Here C1, C}, Co and C} are all constants only depending on n, s, R, u and the C3(Bg)

norms of agj, b;l-, but not on ¢q. Consequently, we get

(5.35) qu‘

< ¢ (1l |7 |
< (gq|sl(BR,‘d)Jr Ja S3(Br,Y)

S35(Bry2,Y
So :qu € S3(Bg/2, ) uniformly bounded for each s > 1. Then f; € I~ %(Bp/,Y) uni-
formly for any fixed ¢y > 0 by Sobolev embedding Theorem 4.4 (2). Consequently, we
have fq eCs (Bg/2) uniformly bounded by the embedding I's(U) < Ag/2(U) on the
Heisenberg group by theorem 20.1 of Folland and Stein [12], where Ag/; is the usual
Lipschitzian space of order §/2. Hence f, € Cs (Brys)- The claim is proved and so is
the theorem.

Remark 5.1. We cannot apply the regularity Theorem 4.13 to the equation (5.18)
directly to obtain a uniform bound of nf, in C¥(Bg) for each k. This is because
we have a family of contact Riemannian structures, while Theorem 4.13 can only be
applied to a fixed contact Riemannian structure. Note that in general, horizontal
subspaces ker f,) and the Folland-Stein spaces S} (Br,Y?) may be different. This
phenomenon does not happen in the Rienannian case. The advantage of the diffeo-
morphisms =, in (5.27) is that they transform 64 to the standard one, and so do the
horizontal subspaces and the Folland-Stein spaces.
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