Harmonic vector fields on vertical rescaled
generalized Cheeger-Gromoll metrics

Abderrahim Zagane, Hichem El Hendi

Abstract. In this paper, we introduce the vertical rescaled generalized
Cheeger-Gromoll metric on the tangent bundle T'M over an m-dimensional
Riemannian manifold (M, g), as a natural metric on 7M. We establish a
necessary and sufficient conditions under which a vector field is harmonic
with respect to the vertical rescaled generalized Cheeger-Gromoll metric.
We also construct some examples of harmonic vector fields.
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1 Introduction

The geometry of the tangent bundle 7'M equipped with the Sasaki metric has been
studied by many authors such as Sasaki [22], Yano and Ishihara [24], Dombrowski
[8], Salimov and Gezer [19], [20], etc. The rigidity of the Sasaki metric has incited
some geometers to construct and study other metrics on TM. Musso and Tricerri
have introduced the notion of Cheeger-Gromoll metric [17], which has been studied
also by many authors (e.g., see [12], [21], [23]).

Consider a smooth map ¢ : (M™,g) — (N",h) between two Riemannian mani-
folds. The energy functional of ¢ is defined by

(L1) E(¢) = /K e(6)dv,,

where K is compact subset in M, where

(1.2) e(¢) = %tracegh(dgb, do),

is the energy density of ¢.
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A map is called harmonic if it is a critical point of the energy functional E. For

d
any smooth variation {¢;}rer of ¢ with ¢g = ¢ and V = Egﬁ)t o we have
—

(1.3 GEG|_ == [ 1) V),
Here
(1.4) 7(¢) = trace,Vdo

is the tension field of ¢ and Vd¢ is the second fundamental form of ¢. Then ¢ is
harmonic if and only if 7(¢) = 0. One can refer to [10], [9] for background on harmonic
maps.

The main idea of this note consists of the study of harmonicity with respect to
the vertical rescaled generalized Cheeger-Gromoll metric on the tangent bundle T'M
[2]. We establish necessary and sufficient conditions under which a vector field is
harmonic (Theorem 4.3 and Theorem 4.4). We also construct examples of harmonic
vector fields and we give a formula for the construction of non trivial examples of
vector fields (Theorem 4.7 and Corollary 4.9). We further study the harmonicity of
the map o : (M,g) — (TN,h’) (Theorem 4.11 and Theorem 4.12) and the map
¢: (TM,g') — (N,h) (Theorem 4.14 and Theorem 4.15).

2 Basic notions and definitions on 7'M

Let (M™, g) be an m-dimensional Riemannian manifold and let (T'M, 7, M) be its tan-
gent bundle. A local chart (U, z*);_1; on M induces a local chart (v~ (U), 2", y*),_17
on T'M. Denote by l"fj the Christoffel symbols of g and by V the Levi-Civita connec-
tion of g. Let C°°(M) be the ring of real-valued C* functions on M and let T'(T'M)

be the module over C*° (M) of C*-vector fields on M.

We have two complementary distributions on T'M, the vertical distribution ¥ and
the horizontal distribution H, defined by:

V(m,u) = Ker(dﬂ-(z,u)) = {azaiy-l(z,uﬁ a' € R}a

; 0 i g 9 i
H(gc,u) = {a @kx,u) —a ujrfjw‘(x,uﬁ a € R} y
where (z,u) € TM, such that T, .\ TM = Hgzu) © Vizu)-

Let X = X* ozi be a local vector field on M. The vertical and the horizontal lifts

of X are defined by

.0
(2.1) XV = XxX'_=,
oy’
) [ 0 4 3]
2.2 Xt = X' —=X' ) N/
(22) ozt {8:# Yty 3yk}
Consequently, we have (aii)H = 62“ (aii)v = 8%7-,, and (52“ azi>izm is a local

adapted frame on TT M.
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Ifw=w 82@' + Ej% € T(z,uyT'M, then its horizontal and vertical parts are

defined by

; 0 iy 0
(2.3) wh =w pcia u-Tfja—yk € Hizu)>
v — i, 0
(2.4) w’ = (@ +w uﬂFi-“j)W € Vis,u)-

Lemma 2.1. [2/] Let (M, g) be a Riemannian manifold and R its curvature tensor.
Then for all vector fields X, Y € T'(TM), we have:

1 [XHYH], = [X, Y] — (Ro(X,Y)u)Y,
2. [XH YV], = (VxY)),

3. [XV7YV]P = 07

where p = (z,u) € TM.

3 Vertical rescaled generalized Cheeger-Gromoll
metric

Definition 3.1. [2] Let (M, g) be a Riemannian manifold and f : M —]0, 4+o00[ be a
strictly positive smooth function. We define a vertical rescaled generalized Cheeger-
Gromoll metric g7 on the tangent bundle TM by

2. gf(XHayv)(L,u) = Oa
3. ¢ (XY, YY) (wu) = F(@)wP [92(X,Y) + 492 (X, 1) g (Y, 1)),

for all vector fields X,Y € I'(TM), (x,u) € TM and r = |ju|| = v/g(u,u), where

1 »
w = W, p,q € R, and ¢q positive ensures non-degeneracy.

Theorem 3.1. [2/ Let (M,g) be a Riemannian manifold and let (TM,g”7) be its
tangent bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric.
If V (resp. V) denote the Levi-Civita connections of (M, g) (resp (TM,g')), then we
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have:
1. (VxaY) = (VXY)H—%(R(X,Y)u)V,
2.(VxuYV) = gwp(R(u,Y)X)H + )(;fﬂy‘/ +(VxY)V,
3.(VxvYH) = ng(R(u,X)Y)H—i— YQ(J{)XV,
4. (VevYV) = _ ) XV, uVyYY +4/(vV UV)XV}
(Vv = O+ a2 g ) g )
(pw + q)w™P

+ g (xV.yVyuv

f(1+qr?)
q2w72p

2L+ gr?)?

—%gf(XV7YV)(97’ad HHE,

for all vector fields X, Y, U € TN(TM), U, = u € T,M and (z,u) € TM, where R
denotes the curvature tensor of (M, g).

gf(XV,UV)gf(YV, UV)UV

4 Vertical rescaled generalized Cheeger-Gromoll
metric and harmonicity.

4.1 Harmonicity of a vector field X : (M,g) — (T'M, g7)

Lemma 4.1. Let (M,g) be a Riemannian manifold. If X,Y € T'(TM) are vector
fields on M and (z,u) € TM such that Y, = u, then we have:

d.Y (X2) = X(b oy + (VXY) (-

Proof. Let (U,z*) be a local chart on M in z € M and 7 1(U), 2% y?) be the induced
chart on TM. If X, = Xi(x)%u and Y, = Yi(x)%h = u, then

oy* 0

ox ox y

and thus the horizontal part is given by:

, 0 ) 4 0
h i i k
_ h
- (z,u)>
and the vertical part, by:
v NG % ; , . P
@y o) = {05 XV} e
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Lemma 4.2. Let (M™, g) be an m-dimensional Riemannian manifold and let (T M, g7)
be its tangent bundle equipped with the vertical rescaled generalized Cheeger-Gromoll
metric. If X € T(TM), then the energy density associated to X is given by:

Jw?

(4.1) e(X) = % + Ttraceg [9(VX,VX)+q9(VX, X)?],

where w = and || X||? = g(X, X).

b
1+ [|X]]?
Proof. Let (z,u) € TM, X € I'(TM), X, = u and let (Eq,---,E,,) be a local
orthonormal frame on M. Then:

e(X), = <traceyg’ (dX,dX)

(zu)

N = N =

> gl (dX(E;), dX (E:)) (o)
i=1
Using Lemma 4.1, we obtain:

gf(EzH+(VEZX)V’E1H+(VE7X)V)

M| —
&Mg

&
Il
-

e(X) =

I
N =
AMS

[(¢" (BT, E) + ¢ (Ve X)Y, (VEX)Y))]

o
Il

1
DO =
.MS

[9(Ei, E;) + fuPg(VE, X, VEX) + q9(VE X, X)?]]
1

-
I

P
+ f%traceg [9(VX,VX)+g(VX, X)].

SE

O

Theorem 4.3. Let (M™,g) be an m-dimensional Riemannian manifold and let
(TM, g%) be its tangent bundle equipped with the vertical rescaled generalized Cheeger-
Gromoll metric. If X € T(TM), then the tension field associated to X is given by:

(4.2) T(X) = [tracegA(X)}H + [tracegB(X)]v7
where A(X) and B(X) are the bilinear maps defined by:
Y
AX) = fo"R(X,VX)x —"[9(VX,VX) +q9(VX, X)*]grad ,
B(X) = VX + [%df(*) — 2pwg(VX, X)|VX
pw+q pbw 2
+ o359 (VX,VX) + — 5 9(VX, X)" | X,
TPV V0 eV ]
1
where w = T X and | X]|? = g(X, X).

Proof. Let (z,u) € TM, X € I(TM), X, = u and let {E;},_7 be a local orthonor-
mal frame on M such that (Vf‘éf E;); = 0. Then
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T(X)e = Y {(VEAX(E)). — dX (VY E).}
=1
- Z{?dX(Ei)dX(Ei)}(x,u)

i=1
m —

= > AVeriwe B+ (Ve X)) aw
=1

= Z{?EflEiI{—i_?Ef(inX)v+?(VEiX)V(Ei)H

i=1

+?(inX)V (VEiX)V}(m,u)-

Using Theorem 3.1, we obtain

7(X)

(Ve B — LR(EL B XY + L (B X, V530 B)
=1

(2

g BUNTEX)Y + (VETeX) + Lor (RO Ve ) B

1 2pw(*17+1)
—E; Ve, X)V —
+2f (Ve X) f(1+q|X]?)
-p
+m9f<(inX)V,(VEiX>V>XV
2, ,—2p
s (V50 XXV

~37 (Ve X) (Vi)Y ) grad )7

9 (VeX), XV)(VEX)Y

1
[FP (RO Vi X)B) T + LB DV X) + (VT8 X)Y
i=1
+4
(Vi X, X) (Vi X)V 4+ 229
peg(Ve X (Ve X)" 4+ 1
2

q 2 vV
9V X, X)XV — —————g(VE, X, X)?X
( e e Dk )

g(vK‘,Xv VEzX)XV

(pw + q)q
1+ g X2

_%” [9(VEX,VEX)+q9(VE X, X)?] (grad f)H}

H
trace, [prR(X, VX) * —%p [9(VX,VX)+q9(VX, X)?*]grad f”

+ |traceg {V2X + [ldf(*) — 2pwg(VX, X)|VX

f

pw+q

J’_ -
T axp

\%
pw 2
VX, VX ———g(VX, X)*| X .
9 )+1+q||X||29< V] H



146 Abderrahim Zagane, Hichem EIl Hendi

Theorem 4.4. Let (M™,g) be an m-dimensional Riemannian manifold and let
(TM, g%) be its tangent bundle equipped with the vertical rescaled generalized Cheeger-
Gromoll metric. If X € T(TM), then X is a harmonic vector field if and only the
following conditions are verified:

D
(4.3)trace, ( FWPR(X,VX) f% [9(VX,VX) + qg(VX, X)*]grad f) —0,
and

tracegy (VQX + [%df(*) — 2pwg(VX, X)|VX

pw +q bw
(VX YY) + oV, X)Z]X) -0,

4.4 + |
(44) T ax) X

1
where w = ———— and || X||? = ¢(X, X).
T e IXIE = (X X)
Proof. The statement is a direct consequence of Theorem 4.3. O

Corollary 4.5. Let (M™,g) be an m-dimensional Riemannian manifold and let
(TM, g%) be its tangent bundle equipped with the vertical rescaled generalized Cheeger-
Gromoll metric. If X € T(TM) such that X is a parallel vector field (i.e, VX =0),
then X 4s harmonic.

Example 4.1. Let R3 be endowed with the cylindrical Riemannian metric given by:
g = dr? 4+ r2d6* + dt®.

The non-null Christoffel symbols of the Riemannian connection are:

1
F%2:F§1:;7 F%QZ_T'
Then, we have
d o 19 d o 19 d d
#or =" Véog oo VEar " Vhor roe VHo0 or
0 0 0
V%EZ(LV%E:O,Vat(%‘:O,V%a:O,

0 1 g 0
the vector field X = sin #— + — cos 6 — + — is harmnic because X is parallel, indeed,

or r 00 Ot

. 0 1 0 1 0 0
V%X = SIHGV%E—rfzcobe%—‘r;COSGV%%ﬁ-V%a—O,
0 . 0 1. 0 1. 0 o
V%X = cos@aJrsmf)V%af;smﬁﬁqt;smGV%%JrV%&70,
. 1 0 0
V%w = SIHQV%E-F;COSQV%%—FV%&:O,

i.e, VX = 0, which yields that X is harmonic.
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Theorem 4.6. Let (M™, g) be a compact m-dimensional Riemannian manifold and
let (TM,g%) be its tangent bundle equipped with the vertical rescaled generalized
Cheeger-Gromoll metric. A wvector field X € T'(TM) is harmonic if and only if X
is parallel (i.e, VX =0).

Proof. If X is parallel, from Corollary 4.5, we infer that X is a harmonic vector field.
Conversely, let ¢; be a compactly supported variation of X, defined by:

p:RxM — T,M
(tx) — p(t,z)=pi(z)=(t+1)X,

From Lemma 4.2, we have:

1+t 1+t
e(p) = %—I—( —;) fwPtraceag(VX,VX) + ( —;) fwPgtrace,g(VX, X)?
2
E(py) = mVol(M)—i—@/ fwPtraceag(VX,VX)dy,
M
+ 1+t / fwPqtrace,g(VX, X)*dv,

If X is a critical point of the energy functional, then we have:

0
0 = ot E(pt)li=0
0 1+t »
= 8t[ Vol(M) + / fwPtracesg(VX, VX)dng .
+g{+(l+t) / prqtmcegg(VX,X)deg}
at M t=

= /prtracegg(VX,VX)dvg—l—Q/ prqtracegg(VX,X)deg
M M

/ fwPtraceg(9(VX,VX) +2q9(VX, X)?)dv,
M
which gives
g(VX,VX)+ +2¢9(VX, X)? =
Hence VX = 0. -

Example 4.2. The Riemannian compact manifold S' can be equipped with the
metric:
g = e*dx?.

The only Christoffel symbol of the Levi-Civita connection is given by:

1 41,0011 n 0911 _ 3911) _ 1

Iy == ==.
1 29 (8(E1 5‘x1 5‘x1 2
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d

The vector field X = h(x)d—, with h € C*°(S'), is harmonic if and only if X is
x

parallel,

1
VX=0 & h'(z)+ fh(x) =0

< h(x )—kexp(—§) keR

d
= szexp(—g)@, k eR.

Remark 4.3. In general, using Corollary 4.5 and Theorem 4.6, we can construct
numerous examples of harmonic vector fields.

Theorem 4.7. Let (R™,go) be the real Euclidean space and let (TR™,gf) be its
tangent bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric.
If X = (X,---,X™) € T(TR™), then X is harmonic if and only if the following
conditions are verified

(4.5) X = constant or f = constant,

and
+
;[ e ze} 1+q||XH2,»Z Z; W
0X7 0X* | (pw +q)X* 09X\,
46 - 2pw X’ =0
PR st st i
— c 1
for all k =1, m, where {82 YieTom 8 the canonical frame on R™ W and

X = (X, X).

Proof. Let {z%},_17 be the canonical frame on R™. Using Theorem 4.4, we have:
7(X) = 0 holds true, iff the following conditions are satisfied:

m

& D o

p
(4.3) < traceg( — % [9(VX,VX)+ qg(VX,X)Q}grad f) =0
Voo

%X,VLX)-F(JQ(V&X,X)Z] =0 or gradf =0
ox? ox? dx?

i=1

< Z Z 3 i Q(Z( B iX]))2] =0 or f = constant
=1 j=1 x j=1 r
0XJ

A ({9$Z :Oa Vz,jzl,m or f=constant

& X = constant or f = constant.
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(4.4) < trace, [VQX + [%df(*) —2pwg(VX, X)|VX

[ pw+q

+ e —
14 ql| X2

pw 2
VX, VX) + ————=9(VX, X)?|X| =0

1 0
aiiv%X—i_ [?df(%) — 2pwg(V$X,X)] (vaiiX)

X) _pw

¢
M

v

s
Il
_

[Pt
14 ql| X2

m 22Xk 9 . 10f I~ 0XF 9
@ ;{Z(a(;z:i)?axk>+f6xiz(axiaac’<)

+

g(V XV

+
'\5-;
}<
>

sl

I

(@)

k
pw +q 3X] 9 g 0
XF—
X &) P2 (X o)

i=1

m 9Xd % K d
il k_~ —
T ;X oyt -0

i=1

" 32Xk 1faX 7L - 2
< Z[ o 8xi] 1+q||XH2; Z axz

1=1

0X7T0XF (pw+ @) XF 0XT 01
* Z [_ dz' Ozt 1+ q||X|? 8xi) } =0

for all £k =1, m. O

Corollary 4.8. Let (R™, go) be the real Euclidean space, let (TR™, go) be its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric and let
f be a constant function. If X = (X*,---,X™) is a vector field on R™, then X is
harmonic on R™ z'f and only if X satisfies the following system of equations:

N

o2 1+q||XH2Z Z )

m

0X7 0X*5  (pw +q) X" OXI o
A7 [ 2pw X7 ' } =0
@0 =+ Z Oxt dx' 1+ q| X[ Cour)
i,j=1
- 1
for all k =1, m, where {8‘2 }ieTom 8 the canonical frame on R™, W and

1 X[* = g(X, X).

Corollary 4.9. Let (R™,go) the real Euclidean space, let (TRm,go) be its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric and let
X = (X, X™) € D(TR™). If f # constant, then X is a harmonic if and only if
X is constant.
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Remark 4.4. Using Corollary 4.8, we can construct many examples of nontrivial
harmonic vector fields.

Example 4.5. If R™ is endowed with the canonical metric and TR™ is its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric, such
that f is a constant function, from Corollary 4.8, we infer that X = (y(z1),0,---,0)
is a harmonic vector field if and only the function y is solution of differential equation:

v, a—p++a—-2p0)y%, ;0
48) A () I m Rl

In the case p = g = 1, (the case of Cheeger-Gromoll metric), the solution of the
differential equation (4.8) is given by y(z) = ax1 + b, a,b € R.

4.2 Harmonicity of the map o : (M, g) — (TN, h')

Lemma 4.10. Let (M™,g), (N™, h) be two Riemannian manifolds and let ¢ : M —
N be a smooth map. If

oc:M — TN
z — (p(z),v)

is a smooth map such that ¢ = wn oo, where v € Ty,(,yN and wn : TN — N s the
canonical projection, then

(4.9) do(X) = (dp(X))" + (V50)",
for all X e T(TM).

Proof. Let x € M, X € I'(TM) and Y € I'(T'N), such that Y,y = v € Ty, N.
Using Lemma 4.1, we obtain:

dro(Xz) = de (Y 0 0)(Xz)
= dop(2)Y (dzp(X2))
= (dp(X)) (L)) + (Vaox)Y) (o))
= (do(X)) (biy0) T (VEO) o) 0)-
O

Theorem 4.11. Let (M™,g), (N",h) be two Riemannian manifolds and let f be
a strictly positive smooth function on N. Let (TN,h') be the tangent bundle of N,
equipped with vertical rescaled generalized Cheeger-Gromoll metric.

Let ¢ : M — N be a smooth map and let

o:M — TN
r — (p(z),0)

be a smooth map such that ¢ = my oo and v € T,,)N. The tension field of o is
given by

(4.10) (o) = [r(e)+ tracegA(o)]H + [traceg(B(U)]V,
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where A(c) and B(o) are the bilinear maps defined by

D
A0) = fWRN(0,9%0)dp(x) = “[h(V?0,V¥0) + gh(V¥a,0)*|grad f
1
B(o) = (V9)'0+ [;de()(f) ~ 2h(V¥0,0) V7o
pw +q pw 9
+[- = j(Ve0, VY — 2 __h(V¥e, ,
T goe "V o VIO T o (Ve e
here w = —— = and |lo]]* = h(o,0)
wnere W — 1+ ||0_||2 an g = g,0).

Proof. Let x € M and let {E;},_7; be a local orthonormal frame on M such that
(V%El)w =0and o(z) = (o(z),v),v € Ty(z)N. Using Lemma 4.10, we have

T(0)y = traceg(Vdo)y

= Z{(V‘P’;ida(Ei))w —do(VYE;),}

= Z{Vdaw)d” Ei) () 0)

= Z{vaﬁwi)www(&» + VI gy (Vo)
i=1

+V(Tngig)v(d<P(Ei)) V(vvg (VE,9)" Yo@)w

From Theorem 3.1, we obtain:

(VY oy do (BT = S(RY (do(Ey), di(E))o)V
2

[

N =

(o) =

K2

+2w? (RN (0, Vg, 0)dp(E:)™ + %d@(Ei)(f)(VEiU)V
ng(RN(o, V. 0)dp(E;))"!

i ] © \V M

+ap BNV E) — S0 o

M f ¥ o |4 @ p \% O’V
it glo” (Ve (V)
2, ,—2p

I A Y
(1+(1||U|| )?

—ghf((w o)V (VE,0) ) (grad f)

W (Vo) eV (VE0)”

+

h ((th )V O'V) \%4
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I
NE

(V5 de (BT + fur (RY (0, V5, 0)dip(E) "

.
Il

_l_
| ==

do(E:)(f)(VE,0)" +(VE Vi)Y

pw =g \%

—2pwh(V% 0,0) (V% o) + ———h(V% 0,V% 0)o
( E; )( E; ) 1+QHUH2 ( E; E; )
bw 2V

+———h(V% o,0)0

T+ gl VB
wP
- [h(Vgia, V§,0) +qh(VE o, o)?](grad f)H]

This implies:

(o) = (T((p) + traceg [prRN(O', Vea)dp(*)

WP H
—7[h(v%, Vo) 4 qh(V¥0,0)*]grad f])

1
—|—(traceg [(V#)?0 + [?

bw 2 v
V¥o, V¥ —— —h(V¥0o, )
(V¥o o)+ 5 gl (V¥0,0) ]a])

de(x)(f) — 2pwh(V¥0,0)|V¥o

pw +q
——h
Tl

From Theorem 4.11 we consequently get the following

Theorem 4.12. Let (M™,g) and (N™, h) be two Riemannian manifolds and let f be
a strictly positive smooth function on N. Let (TN,h') be the tangent bundle of N,
equipped with vertical rescaled generalized Cheeger-Gromoll metric.

Let ¢ : M — N be a smooth map and let

o:(M,g) — (TN,n')

. — (p(x),v)

be a smooth map such that p =y oo and v € Ty,(,)N. Then o is a harmonic if and
only if the following conditions are satisfied

(o) = traceg[— prRN(U, V¥éo)dp(*)
(4.11) —&—%p[h(V“”a, V¥0) 4+ qh(V¥0,0)%]grad f],
and
0 = trace, (V%) + [ (4)(f) — 2 (V0. 0) Vo
pw+q pbw 2
(4.12) +[71 o h(V¥0,V¥P0) + T alolE qllo\lzh(wa’ o)?lo].
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4.3 Harmonicity of the map ¢ : (TM,g') — (N, h)

Lemma 4.13. Let (M™,g) be an m-dimensional Riemannian manifold, let f be a
strictly positive smooth function on M and let (T M, g) be its tangent bundle equipped
with the vertical rescaled generalized Cheeger-Gromoll metric. Then the tension field
of the canonical projection

W(TMvgf) — Mvg)
(x,u) — =z
s given by:
(4.13) T(m) = 2f(gradf)
Proof. Let (z,u) € TM and let {E;},_1;, such that By = fur 18 an orthonormal
basis of TM at x. Then {EX L EY,A=EY}, —5.m is an orthonormal

i ’\/pr(l+qr2) 1 fwr 3 Ji=1,m,j
basis of TM at (x,u).

T(m) = trace,sVdw

m

= Y {v’,;inw(Ef) —dn (VTMEH)}

=1

T 1 1%
+v . dr(———EY)
<\/pr<1+qr2>EY) fwrP(1+qr?) '
AT G —51
VioP(tarz) * fwr(1+qr?)
1 v 1
g}
+Z{V(WEv>d7r( ) (Vo (ol )
= > { Vi dn(Bl) - dn(VEN B}
=1 ¢
1
Vit (—————=E))

Vrraran fwr(1+qr?)
1 1
—————dn( E{V(—Q )
fwP(1+qr?) T/ fwr(l+gr?)

1
M
+; {vd(ﬁ’ff)dﬂ(\/pr &

") (VEY (=5}

1
-
N NG

as dn(E)) =0 and drn(EH) = E; o7 then:

2

r(r) = i{(VAE{Ei)ow—dﬂ(VﬁEi)H}
1 S 1 VM EY
= %(gradf)oerTl(gradf)ow

= %(gradf) o.
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Theorem 4.14. Let (M™,g) and (N™, h) be two Riemannian manifolds, let f be a
strictly positive smooth function on M and let (T M, g') be the tangent bundle of M
equipped with the vertical rescaled generalized Cheeger-Gromoll metric.

If o : (M, g) — (N, h) a smooth map, then the tension field of the map
¢ (TM.g") — (N.h)
(@, u) — o(x)

s given by:

(4.14) "6) = [rle)+ grdelgrad ] o

Proof. Let (z,u) € TM and let {E;},_7, with E = Tuy be an orthonormal basis on
1 v, A_EY

M at x. Then {EH, N 1+qr2)E1 , W i=Tm,j—2m 1s an orthonormal basis of

TM at (xz,u). For phi defined by:

6:(TM.g") — (M,g) = (N, h)
(,y) — zr— o(x)
i.e., ¢ = pom, we have:
T(¢) = T(pom)
= dp(1(m)) + trace, s Vdp(dr, dr)

m

trace,s Vdp(dm,dn) = > {V5_ ,udpldn(B) = dp(V L o dn(EL) }
i=1
Pl b st Y o)
i T i o)
; i {vdﬁ(ﬁmdwdw(ﬁ@v )

= fj {V“” dp(B:) — dp(VE E) } o

Using Lemma 4.13, we obtain: 7(¢) = [7(p) + zrdo(grad f)]om. O
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Theorem 4.15. Let (M™,g) and (N™,h) be two Riemannian manifolds, let f be
a strictly positive smooth function on M and let (T'M,g%) the tangent bundle of
M  equipped with the wvertical rescaled generalized Cheeger-Gromoll metric. If ¢ :
(M, g) — (N, h) is a smooth map, then the map

¢:(TM,g") — (N,h)
(z,u) — o(z)

18 a harmonic if and only if

m

() 5 fd<p(gmd 1)
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