LIE GROUPS APPLICATIONS
TO MINIMAL SURFACES PDE

Nicoleta Bila

Abstract

Using the theory of symmetry groups of differential equations (P.J.Olver
[15]) we determine the symmetry group of the minimal surfaces equation (1)
(presented in Theorem 2). Several group-invariant solutions of the equation are
given.
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Consider the surfaces which are given in nonparametric form, that is, as the graph
of a function u = f(x,y) on some domain D of R2. The mean curvature H of the
surface is given by

ugg (T4 uy) +uyy (1 +u3) — 2uguyugy
2(1 +uf +uj)

3
2

The equation H = 0 is equivalent to the nonlinear second order partial differential
equation

(1) Uge (14 uy) + uyy (1 + uf) — 2uguytizy =0,

the so-called minimal surfaces equation.

The function u® : D — U® ig called the second prolongation of the function u,
where U® = U x U; x U, = RS is the Cartesian product space, whose coordinates
represent the derivatives of function u of all orders from 0 to 2,

2) _ . .
u( ) = (uauwauyauwwauwyauyy)-

The total space D x U®) whose coordinates represent the independent variables,
the dependent variable and the derivatives of the dependent variable up to order 2 is
called the second order jet space of the underlying space D x U. Let us consider

F(z, yau(2)) = Uge (1 + ’U’Z) + uyy(l + ’U,i) — 2UgUy gy
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Thus the equation (1) can be identified with the linear subvariety S in D x U®
determined by the vanishing of the function F:

S = {(z,y,u?) € D x UP|F(z,y,u®) = 0},
The equation
F(xayau@)) =0,

is said to be of mazimal rank if the Jacobian
Jr(@,y,u?) = (Fo, Fy; Fus Fu,, Fuyi Fu.., Fu.,, Fu,,),
satisfies the condition
(2) rank Jp =1 whenever F(z,y,u®)=0.
For equation (1), we have

F,=0, F, =0, F, =0, Fy, = 2uzuyy — 2uyly,,

Fu, = 2uyUsg — 2y, Fu,, =1+ul, Fy,, = —2uguy, F,, =1+u

Uy Uyy

and thus the Jacobian is
Jp(x,y,u(2)) = (0,0;0; 2uzuyy — 2uylgy, 2uylizy — 2UgUgy;

1+ ul, —2uguy, 1+ ul).

and it satisfies the condition (2).

On the other hand, a symmetry group of a PDE is a local group of transformations
G acting on an open set M of the space of independent and dependent variables, with
the property: if u = f(z,y) is a solution of the equation then v = g - f(z,y) is a
solution for any g € G also. The computational procedure for finding the symmetry
group uses the following infinitesimal criterion of invariance.

Theorem 1. Let F(z,y,u®) = 0 be a differential equation of mazimal rank
defined over an open set M C D x U. If G is a local group of transformations acting
on M and

(3) prI X[F(z,y,u®)] =0 whenever F(z,y,u?)=0,

for every infinitesimal generator X of G, then G is a symmetry group of the PDE.
Consider the vector field

0 0 0
4 X = —- = il
@ Cla,u) 5y + ey 3+ 0@y 5
on MeDxU.
The first prolongation of X is the vector field
(5) pr(l)X:X+q>wi+q)yi,
Ouy Ouy

where

DY = ¢y + (Pu — (2 )z — Moy — Qﬂti — NulgUy
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and
QY = ¢y — Gz + (Pu — Ny )uy — Culiguy — nuUf,-
The second prolongation of X is the vector field

0 0 0
@Dx =V x L poe_—_ 4 v VY
©) Pt pr * Ougy * Ougy * Ouyy’
where
q)ww = ¢ww + (2¢wu - wa)uw - nwwuy + (¢uu - QCwu)ug_

= putiaty — Guuttl — Nuattzty + ($u — 2G2)Uss — 2NoUzy—
= 3CuUaliss — NulyUss — 2NulsUay,
™ = uy + (Puy — Gay)ue + (Puc — Noy)ty — Cuyttly + (Puu — Cuo—
= Tuy)Uslly — Tuztly — Cyias + (Pu — (o — My)Uay — Nalyy—
= CullylUzg — 2ytylizy — 20uUzUszy — MulzUyy — Cuuliitly — NuuUsly,
Y = Py + 20uy — Myy)uy — Gyte + (Buu — 2Nuy)tty — 2Cuyuoy—
nuul@ - Cuuuwuz + (u — 2my)uyy — 2CuUay — 3NuUyUyy—
= Culglyy — 20y Uylgy.
For equation (1) the condition (3) becomes
7 (2ugttyy — 2uylUsy) + Y (2uytss — 2ugUsy) + 7% (1 +ul)—
—2u,u, ®*Y + ®¥Y(1 +u2) = 0.

Substituing the functions ®*, ®¥, ®** &*¥ and ®¥¥ defined by (5), and (6) and
eliminating any dependencies among the derivatives of the u’s caused by the equation
(1) itself, we find:

Gza + Oyy + (2054 — Coz — gyy)uw + (2¢uy — Nyy — nww)uy + (¢yy+
—(Cyy + €UU)U3 = (Nez + nuu)uz + (2ngy — Coz — guu)uwuz + (2Czy—
Tyy — nuU)uiuy +2(ny — bu)uze + 2(Ce — Pu)Uyy — 2(Cy + N )Uzy + 2(dy+
FNu)UyUze + 2(Cu + Gz)uztyy — 2(y + Nu)Uslicy — 2(Cu + Pz)uylizy = 0.
Now we can equate the coefficients of the remaining unconstrained partial deriva-
tives of u to zero. This will result in a large number of PDEs for the coefficient

functions ¢, 1, and ¢ of the infinitesimal operator, called the defining equations for
the symmetry group of the given equation:

¢ww + ¢yy =0, gww + gyy = 2¢wua
Nex + Myy = 20y, Pyy + Ouu = 2Czu,
oz + Puu = 2Ny, ¢wy + Ngw + gyu =0,

(7)

(9) gyy + Cuu =0, Nez + Tuw = 0,
(oo + Quu = 2Ny, Nyy + Nuu = 2€wya
Ny = ¢u7 ¢u = C:L'a
Cy = Nz, ¢y = —Nu,

¢z = —Cu-
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By integration, we find the following solutions

C(m7y7u) - C7$—C4y+cﬁu+01a
n(x7y7u) - C4$+C7y_c5u+c27
¢(z,y,u) = —Cex+ Csy+ Cru+ Cs,

with Ci,...,C7 € R, and the vector field X is given by:

0 0 0 0 0
(10) X=Cg +C28_y +C0s5 ++Cs (—y%+xa—y)+

c 0 0 c 0 0 o 0 0 0
+Cs (—u%+y%) + Cs (—x%+u%) + Cx (x%+ya—y+u%) .
Proposition 1. Let a partial differential equation of the mazimal rank defined by
over M C D x U. The set of all infinitesimal symmetries of the equation form a Lie
algebra of vector fields on M . Moreover, if this Lie algebra is finite-dimensional, the
symmetry group of the equation is a local Lie group of transformations acting on M.
We get the following
Theorem 2. The Lie algebra of infinitesimal symmetries of the minimal surfaces
equation is spanned by seven vector fields:

o -2 -2,
X4=—y§—x+xa , X5——ua%+y%,
Xﬁ——xau+u§—x,
X7—xax+y§y+ua

Since each one-parameter subgroup G; generated by X; is a symmetry group,
every solution u = f(z,y) is changed into the following solutions

ul) = f(z —e,y),
u® = f(z,y —e),
u® = f(z,y) +e,
u® = f(zcose — ysine, zsine + y cose),
zsine + u® cose = f(zcose — ul® sine, y),
ysine +u® cose = f(z,ycose — ul® sine),
u(D = e f(e~*z,e~y),

where ¢ is a real number.
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For each s-parameter subgroup H of the full symmetry group G of the equation
correspond a family of group-invariant solutions. Thus, a classification of these so-
lutions is by using an optimal system of group-invariant solutions from which every
other solution can be derived.

Proposition 2. If u = f(z,y) is an H-invariant solution to the equation and
g € G is an any other group element, then the transformed function v = f(z,y) =
g-flz,y) is a H-invariant solution, where H = gHg™! is the conjugate subgroup to
under g.

The problem of classifying group-invariant solutions reduces to the problem of
classifying subgroups of the full symmetry group G under conjugation and this is
equivalent with the classifying subalgebras of the Lie algebra g of the group G.

Thus, we compute the adjoint representation Ad G of the underlying Lie group
G, by using the Lie series :

2

Ad(ezp(eX)Y) = i En—T;(adX)"(Y) =Y —elX, Y]+ S XX, V] - .

n=0

and we construct the table:

Ad X1 X5 X3 X4
X1 X1 Xo X3 X4 —eXo
X2 X1 X2 X3 Xs+eXa
X3 X1 X9 X3 X4
X4 | Xqicose+ Xosine | Xocose — Xysine X3 X4
X5 X1 Xocose+ Xssine | Xscose — Xosine | Xgcose — Xgsine
X | X1cose — X3sine Xo Xgcose + Xysine | Xyqcose + X5sine
X7 et X1 et X et X3 X4
Ad X5 X X7
X1 X5 X6 +eX3 X7 —eX1
Xo X5 —6X3 Xe X7—6X2
X3 X5 +eXo Xe —eX1 X7—eX3
X4 | X5cose+ Xgsine | Xgcose — X5sine X7
X5 X5 Xgcose + Xysine X7
X6 | Xscose — Xasine Xe X7
X7 X5 X X7

with the (4, j)-th entry indicating Ad(ezp(eX;))X;.

For one-dimensional subalgebras, this classification problem is esentially the same
as the problem of classifying the orbits of the adjoint representation, since each one-
dimensional subalgebra is determined by a nonzero vector in g. The method consists
in taking a general element X and subjecting it to various adjoint transformations so
as to 7simplify” it as much as possible.

For equation (1) we find an optimal system of one-dimensional subalgebras spanned
by

(12.1) X1, Xo, Xy,
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(12.2) X4, X5, Xe,
(12.3) X3+ Xy, X1 + X5, Xo + X,
(12.4) Xy + Xq7, X5+ X7, Xo+ Xz

For each one-parameter subgroup there will be a coresponding class of group-
invariant solutions which determined from a reduced ODE, whose form depends on
the particular subgroup.

(12.1) If we consider X; = xaa—w + ya% + u% then the global invariants of this
group are C; = 2, (3 = %. Thus, we have u = zh(%).

By substituting in the equation (1) we get

(13) u=ar+by, a,beR.

Also for X4, and X, we find planes.
(12.2) If we consider Xy = —y% + xa% then the global invariants are C; =

vz?2 + 132, Cs = u, so that a group-invariant solution has the form u = h(y/z2 + y?).

Consider y
r=+vz2+y?, 6= arctg(;)

and by substitution in the equation (1) rewritten in these coordinates
1 1 2 1 2
Upp (1 —+ ﬁuZ) + r—2u99(1 +u?) - 3 Urtiglre + S ur (1 +ul+ r—2u3) =0,

the following equation h” = —hTI - hri hold good.

1. For A’ = 0 it follows © = k and the minimal surface is a plane.

2. For h' # 0 it results the Bernoulli equation ¢’ = —%g - %93, g = h' with the
~=—3> @>0and we find h =aln(r + vr* — a®) + b. So, the

minimal surface is the catenoid

general solution g =

(14) u=aln(r++vr2—-a?)+b, a>0,b€eR

the only minimal surface of rotation (Theorem Meusnier [7]).
For X5 we find also the catenoid (with y-axis of rotation):

_ 2 2 (T _ 2 . *
(15) u—\/a cosh (a+b) y2, ; a,b € R*.

For Xg, we find the catenoid with the z-axis of rotation.

(12.3) Consider

0 0 0
X:X3+X4:—y%+$a—y+%.

The global invariants of this group are C1 = /22 +y2, Ca2 = u — arctgZ. Thus
u = 6 + h(r). By substituting in the equation (1) we get

2
hII 1+l +lhl 1+h12+_ —
r2 r r2
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1. If ' =0 it follows
(16) u= arctgg +a, a€R

and we find the helicoid.
2. Suppose h' # 0 and denote b’ = £. We get the differential equation g'(r? +1) +

2(g* + 1) = 0, with the general solution g = ‘/Wiﬁ; a>1,and

1 [r2 _p2
R(r) = bln(\/72 + 14 /72 — b2) +arctg(:|:51/ 7;2 +b1 ) —bln/r2 + 02 + ¢,

where b = \/(127—1’ ¢ € R. In this case, we obtain the Scherk’s second surface

(17) u = arctgf + h(r)

which is a helicoidal surface ([6], p.144).
(12.4) Consider

0 0 0
1+ X7=(z y)ax +(x+y)ay +u8u
We find the global invariants C; = 6 —Inr, Cp = %*.Thus, we haveu = rh(6 —lnr).
By substituting in the equation (1), the following differential equation

R'Q2+h)+h—20 —h3+(h-1)2=0

hold good. In this case, the finding of the solution is more difficult and it is going
to be carefully studied in the future. We are also going to study the classification
of the s-subalgebra, for s > 1. Using this theory we must obtain all the solutions of
equation (1).
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