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Abstract

§1 recalls known results about symmetry group of a third order PDE. One
determines the Lie algebra g of the infinitesimal transformations (theorem 2)
of the Camassa-Holm equation (7), and finds the family of third order PDEs
which admits as symmetry group, the Lie group associated to the Lie algebra g
(theorem 3). This class contains the Camassa-Holm equation and the Rosenau-
Hyman equation.
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Camassa and Holm derived a new completely integrable dispersive shallow watter
equation that is bi-Hamiltonian and thus possesses an infinite member of conservation
laws in involution. The Camassa-Holm (CH) PDE is obtained by using an asymptotic
expansion directly in the Hamiltonian for Euler’s equations in the shallow watter
regime. Holm, Marsden and Ratiu [10] have shown that Camassa-Holm equation [6]
in n dimensions describes geodesic motion on the diffeomorphism group of R™ with
respect to metric given by the H' norm of Eulerian fluid velocity. Misiolek [13] has
shown that the CH equation represents a geodesic flow on the Bott-Virasoro group.
Kouranbaeva [11] has shown that the CH equation (for the case k = 0) is a geodesic
spray of the weak Riemannian metric on the diffeomorphism group of the line or the
circle obtained by the right translation of the H' inner product over the entire group.

In the first part of this article one makes a short presentation of the theory of the
infinitesimal symmetries associated with a third order PDE ([5],[14],[16]), and in the
second part one applies this theory to the case of the Camassa-Holm PDE. It should
be notice that compared to the paper [9], the present work provides the whole family
of PDEs of order three which are invariant under the same group which preserves the
Camassa-Holm PDE.
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1 Symmetry group of a third order PDE

Let 7 :R"*! -R", n(z,u) = 2, = =
U CR™! be an open set and Uy = w(U).
Definition 1. A smooth map s: Uy — U, s(z) = (z,u(z)) is called local section

(z!,...,2"), be the projection map. Let

of m (on Up).
For the function u, we note
oPu . .
Uiy..i, (T) = m@% z€ly, 1<i1<...<ip<n,p>1

Let consider . .
Jk(U) = {("Elauauin---aui1...ik)|($lau) € U}’

JE(U) cCR™ xRN x ...x RN*, where Ny = (;zrnk__ll))!!, k > 0, and the projection

7. Jk(U) — Uy, Wk(x,u,uil,...,uil,,,ik) =z.

Convention: for k=0, J°(U) =U and ¥ = 7.
Definition 2. Let s : Uy — U be a local section of 7 (over Uy). The section 5% (s)
of 7% over Uy, called the k-jet of s, is defined as follows:

Jk(s)("l") = (T, Uy Uiy ey Uiy .35, ), @ € U,
_ Oy
The space J*(U) is called the kth order jet space.
Let Qf (U) be the vector space of g-forms on J*(U) with exterior differential d.

In particular Q§(U) = Q¢(U) is the exterior algebra of g-forms on U and QY =
C>=(J*(U)) is the algebra of real-functions

(p), 0<r<k.

f - f(miauauha'"auh...ik)

on J*(U). A basis for QL(U) (as a module C®(J*(U))) consists of the 1-forms
dzt, du, du;,,...,du;, . ;- For f € C®(J*(U)) we have
aof aof

. of of
df = —Z.dx’ + —du+ dug, + ...+ Z du;, ...iy -
Oz Ou Ou, Vi S kinn Ouiy ..

Definition 3. A form w € Qf (U) is called basic if
w= Ajl,,,jqujl A .. Adzde,

where A, ;. are differentiable functions on J*¥(U). We note by Bf(U), the space of
the basic g-forms.
Definition 4. The operator D : B{(U) — Bgii ),

b )
Dy (6_f.+ Oy s Y 7f) !,

8z Ou ? ' Ou, Ou;,
“ 1<iy <...<ip<n et
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for f € C>*(J*(U)), and
Dw = DAj, . j, Nda? A ... Adzie,

for . .
w=Aj _jdz? A .. Adzle,

is called the total exterior derivative on B{(U).
Convention: Df = D;f dx*, where D;f is the total derivative of f with respect
to z¢, and
Dij = DiDj, -Dijk = Di_Djk.

Let Q§(U) be the space of (n + 1)-forms, and 6 € Q3™ (U),
0 = F(z,u,uy, up, Ueir)du A dz' A ... A dz".
Definition 5. A solution of the equation
6 =0,

on Uy CR™, is a section s : Uy — U such that 8- j3(s) = 0.
In other words, 8 determines the PDE

(1) F(z,u, ur, wp, uijn) =0,
a solution of which is a function v = u(z) such that

Ou &u Bu
F (x,u(x), @(x), D2l Ok (z), 92927 Ok (x)) =0, VzeUl.

We note u® = (u,u;, wig,, wijn)-
Definition 6. The PDE (1) is called of mazimal rang if the Jacobi matrix

JF(.’L',U(s)) = (Fpi; Fu; Ful;Fu1k7Fuijk)

has rank 1 whenever F(z,u(®) = 0.
Then the subset

§ = {(@,u®) € JO(U)|F(z,u®) = 0}

is a hypersurface.

Definition 7. A symmetry group of PDE (1) is a local transformations Lie group
G acting on an open set U of the associated space of independent and dependent
variables, with the properties:

(a) if u = f(=,y) is a solution of the equation and if g - f has sense for g € G, then
v=g- f(z,y) is also a solution.

(b) any solution of the equation can be obtain by a DE associated to PDE (hence
any solution is G-invariant g- f = f, Vg € G).

For the determination of the symmetry group of PDE (1) is used the following
criterion of infinitesimal invariance ([14]).
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Theorem 1. Let (1) be a PDE of mazimal rank defined on an open set Uy. If G
is a local group of transformations acting on U and

(2) prOX[F(z,u®) =0 whenever F(z,u®)=0,
for every infinitesimal generator X of G, then G is a symmetry group of the given
equation.

Let

; 3 3
X = Cl(xa ’U,)@ + ¢($7 ’U,)%

be vector field on U. The first, second and respectively third order prolongations of
the vector field X are

0
aui ’
@ x = pr® 0
pr X =pr X+ q’jj ,

a’ui]’

pr®X = pr®X + @0,
a’ui]’k

(3) prX =X + &;

where
®; = Di(¢ — CFup) + Puir, = Dig — upD;(¢F),

®i; = Dij(¢ — ¢Pug) + Puije = Dij(¢) — unDi;(C*) — ugiD; (¢F) — ug;Di(CF),
@ik = Diju(¢ — Cwr) + Cusjn = Dijn(¢) — wiDijn(¢1) — wn Dy (¢H)—
—u Dk (¢Y) — wjDik (¢Y) — win; D (¢Y) — wini D5 (¢4) — wiji Dy (¢)-

Proposition. Let be a PDE of the mazimal rank defined on Uy. The set of all
infinitesimal symmetries of the equation forms a Lie algebra on U. Moreover, if this
Lie algebra is finite-dimensional, the symmetry group of the equation is a local Lie
group of transformations acting on U.

Algorithm for finding the symmetry group of PDE (1)

-one considers a vector field X on U and one writes the infinitesimal invariance
condition (2);

-one eliminates any dependence between partial derivatives of the function wu,
determined by the PDE (1);

-one writes the condition (2) like a polynomial in the partial derivatives of u;

-one equates with zero the coefficients of partial derivatives of u in (2), written
as a polynomial in the derivatives of the function u; it follows a PDEs system with
respect to the unknown functions (%, ¢, and this system defines the Lie symmetry
group G of the given PDE.

Every s-parametric subgroup H of the group G determines a family of group-
invariant solutions. The problem of classification of group-invariant solutions reverts
to the problem of classification of Lie subalgebras of Lie algebra g of the group G
([14], 186). For 1-dimensional algebras one considers a general element X, and we
simplify this as much as possible using the adjoint transformations.
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Remark. We will compute the adjoint representation Ad G of the underlying Lie
group G, by using the Lie series
& en 62
(4)  Ad(ezp(eX)Y) = Z @dX)" (V) =Y —elX, Y]+ 5 [X, [X, Y]] -
n=0

Inthecasen =2, wenotez! =z, 22 =y, (! =¢, 2 =p, &, = &%, &y, = BY,
B = O, Py = P, Dyy = DY, Py = PTFE, By = DY, By = PTYY,
_ 3) _
Bogg = ®YYY and ’LL( ) = (uauwauyauwwauwyauyyauwwwauwwyauwywuyyy)'
If

7] 7] 7]
X = — il el
Cle,y,u) 5 +1(2,y,u) oy T ¢z y,u) 5
is the infinitesimal generator of the symmetry group of the PDE
(5) F(x,y,u(S)) =0,
then the infinitesimal condition (2) becomes

()48w+n8y+¢ +q)w8F +q)y8F +q)ww 8F +q)wy 8F+

umy

OF | pove OF  gouy OF | 4oy OF 40y OF

=0.
Ouyy Oy Oygzy Ougyy Ouyyy

+(I)?J?J

2 Symmetry Lie group of Camassa-Holm equation
Let us consider the Camassa-Holm PDE ([6])
(7) Ulggy + Uggy + 2Uglzy — Suu, — uy = 0.
The Jacobi matrix of the function
F(x,y, u(3)) = Ulggg + Uszy + 2Uplyy — Julg — Uy

is
Jr = (0,0;Upzs — 3Ug; 2upy — 3u, —1; 2u,, 0,0;4,1,0,0).

Because rankJp = 1, it results that the PDE (7) is of maximal rank.
Let

0 0 0
X = 4(%%“)% + 77(%%“)% + ¢($7y7u)%

be the infinitesimal generator of the symmetry group of the PDE (7). In this case,
the condition (6) turns in

P(Ugzy — 3ug) + D (2uyy — 3u) — DY + 20, DF + ud**® + %Y = (.
On the other hand, the relations (3) implies
= ¢z + (Pu — Co)Us — Moty — guui — NulUgly,

QY = ¢y — Gz + (Pu — Ny )uy — Culizuy — nuufn
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P = s+ 20zu — Coz )tz — Maatly + (Puu — 2(eu)us—
- Mty — Cuulty — Nuutaty + (u — 20a)tss — 2Mzlay—
= 3CuUgUzy — Mulylzs — 2Ny Uz gy,
BT = uge + U (3Psau — Cosa) — UyTlaas + Uz (Pouu — Cozu) — SUallyNogut
+ vl (Puuu — 3Coun) — 3uluyNouu — UpCunu — USUY Ty + oo (Pou—
= Coz) — UgyNzz + ugles(Puu — 3Cau) — SUyUaaeu — OULUSyNEu—
- 6ulUgaCuu — SUsUylseNuy — SUZUsyNuy — U2, Cu — SUgaUaylu+
+  Ugza(Pu — 3Ce) — BUsayile — WaUszzCu — UyUsssTy — SUsUzzyTu,
and
D7 = uuy + Uz (20zyu — Cazy) + Uy(Brzu — Maoy) + U (Byuu — 20eyu)+
+ gty (200w — Coau — 2ayu) — Uy Noou — U Cpuu + Uaty(Puuu — Nyuu—
= 20uu) = 2uzUNzun — UatyCuuu — UaUaNuuu + Yoz (Pyu — 2(ay)+
+ Usy (2020 — Coz — 2May) — UyyTlor — SUzUszCyu + Uylze(Puu — Myu—
= 20gu) + 2ugUsy(Puu — 2Ceu — Nyu) — UyUsyNau — 2UglyyNzu—
= BuplylesCuu — HglyUsyNuy — SUZUYCuu — UallorTuu — UalyyThuu—
= BugalsyCu — 2u%, Ny — Usalyylu — UzzaCy + Usay(Pu — My — 2¢s)—
= 2UgyyNe — UyUzzeCu — 2UyUsgryNu — SUzUzayCu — 2UzUsyyNuy-

One substitutes the functions ®*, ®¥, %% P*** $**Y znd one eliminates any
dependence among the derivatives of the function u, by substituting

Uggy = —Ulggy — 2Uglgg + SUUL + Uy
in the above relation. Thus, one finds
—3ugs — ¢y + Ubzzs + Paay + ts(—3¢ — 3uls — Buny + § — PNy — ulsan—
—Cazy + 2050 + 3Udsou + 20zyu) + Uy(—2(e — Wsaz — Mooy + Paou) + s (—6ulu—
=9y — 20 — 3lsau — 2eyu + SUbsuu + Byuu + 4bau) — Ugtty(2Cy + Bunu+
+20s0 + 3UNezu + Coou + Moy — 200uu) — U (M + Noou) — U (4o + 3ulouut
+Cyuu — 20uu — Uuuu) — Yoty (Neu + 3uNsuu + Tyuu + 2Coun — Puun) — 2UaUsouu—
—up (20uu + Wuun) — Uty (2Nuu + Wuuu + Cuwu) — UaUeNuuu + Uss (200 + StUdzy—
—3uCyz + Gyu — 2Cay) — Uzy(Coz + 2Ny + 3UNse — 200u) — Uyyllos + UgUzs (—2(; +2ny+
+2¢y + 6une — ey — 3Cyu + 3uduu) — Uy (20 + 3unNgy + 2Ceu + Nyu — Puu)—
=2ty (202 + 3UNsu — Guu + 20ou + Tyu) — dthyUsyToy — 2UaliyyToy — 2Uates (Cu—
—3uny + 3uCuu) — 3ustiyUss(Cuu + W) — Uy UzaNuy — Uatay (40 + Uy + 3Cuu)—



26

_4uwuyuwynuu - uiuyynuu - 3u3wu€u - 3uwwuwy(unu + gu) - uwwuyynu_
_2U3y77u + Ugaa (P — ule — Gy +uny + 3U277w) = 2UgyyNz+
F Uz (—uCy + 3UPNy) + UyUggs (—Cu + Uny) — 2ugtgyyny = 0.

Looking at this condition as a polynomial in the partial derivatives of the function
u, and identifying with the polynom zero, we obtain the PDEs system

4:020 gyzo guZO
Ne =0 Ny=0 1y, =0
¢w:0 ¢y:0 ¢uu:0

¢ +uny =0,
for which
¢ = G
n = Csy+Cs
¢ - —C3U,

is the general solution, where Cy,Cs,C3 € R. We get

0 0 0 0
X—01%+026—y+03 (ya—y—u%)

Theorem 2. The Lie algebra g of the infinitesimal transformations associated
with the Camassa-Holm PDE is described by the vector fields

0 0 0 0

(8) X1=%, X2:6_y’ stya—y 5u"

Remarks.
1. The structure constants of the group G (associated with the Lie algebra g) are
finding from
[X17X2] - 07 [X27X3] - X27 [X37X1] =0.

2. If u= f(=z,y) is a solution of the PDE (7), then each function

u(l) = f(x_eay)a
u® = f(z,y—e),
u(3) = e—sf(x,e—sy), €€ R7

is another solution for the equation.
3. By using the relation (4), the adjoint representation AdG of the Lie group G, is
described by the table

Ad | X1 | X2 X3
X | X1 | X2 X3
Xs | X1 | X2 | Xs—eXo
Xs | X1 | X5 X3

Now we shall study the converse of the Theorem 2: given the Lie group G of
transformations associated to the Lie algebra g, determine the third order PDE which
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admits G like group of symmetries. The algorithm of determination of PDE ([5], 303),
implies the using of a maximal chain of Lie subalgebras of the algebra g of the group
G, in the case in which g is solvable.

In the case of the Camassa-Holm equation, the Lie algebra g (8) is solvable. Thus,
we have

{X1} C {X1, X} C {X1, X5, X5}
Theorem 3. The PDE of order III

H(z,y,u®) =0

whose Lie algebra of the infinitesimal symmetries is described by the vectors fields (8),
has the form

?

( ) ? _27 2 3 2 3 3 — Y
u u u u u u u

Proof. We consider the condition (6) for each above subalgebras.
1. {X1}: X1 = % gipr® X, = %. The condition (6) implies pr® X, (H) =0, i.e.,

OH
% —_— 0.
It results
H= f(yau(s))

2. {X1, X2} Xo = a% and pr® X, = 8%. Analogously, we get
3. {X1, X, X5} X3 =y§, —ugy, and

3 _ i) i) i) i) i) i)

o _ _8 _ _8 _ _9 _ _9
Styy gy~ Ysza gy, o — PUzay gy, — Meyy g, — Uy gy,

which implies

Uy Uy Ugg Ugy Uyy Ugze Uzzy Uzyy Uyyy
H=h y 9 y 9 3 ’ 9 3 3 .
u u u u u u u u u

Particular cases.
In the paper [9] P.A.Clarkson, E.L.Mansfield and T.J.Priestley studied the sym-
metries of a special class of third order PDE

(10) Uy — EUggy + 2kUg = UUggy + 0UUL + BUglyy,

where ¢, k, a and § are arbitrary constants.
If the PDE (9) is written in the form

? ?

2 (Uz Ugz Uzy Uyy Uzzr UYzzy Uzyy Uyyy
Uy = U@l 20 30 T2 Y 3 ) 4l )
v’ u uu v ou u u
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then, for
gO(Cl, ceey Cs) == Cﬁ + 05 - 301 + 20102,

we obtain the Camassa-Holm PDE (the casee =1, a= -3, 8 =2and k=01in
(10)).
For
p(C1,...,Cs) = eCs + Cs + aCy + 8C1Cs,

we get a subclass of the class of PDEs (10), for the parameter k = 0. In this case, for
the parameters e =0, a =1, 8 = 3 and k = 0, it results the Rosenau-Hyman PDE,
which is considered in [9] also.

Remark. There exists PDEs of order one or two which admit (8) like infinitesimal
symmetries. For example: the elementary nonlinear wave PDE [14, 300]

Uy = Ulg,

and the Liouville-Titeica PDE [3]

Ulgy — Ugly = u®.
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