On Generalized Birecurrent Weyl Spaces
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Abstract

In this paper, generalized birecurrent Weyl spaces are defined and some
results concerning generalized birecurrent hypersurfaces of a generalized bire-
current Weyl space are obtained.
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§1. Introduction.

An n-dimensional manifold W,, is said to be a Weyl space if it has a conformal
metric tensor g;; and a symmetric connection D satisfying the compatibility condition
given by the equation

Drgi; — 2Tkgi; =0,

where T}, denotes a covariant vector field and Dj, denotes the usual covariant deriva-
tive.
Under the renormalization
3i; = Ngij) (1.1)
the vector field T}, is transformed into ([1], [2]),
T'k =Tr+ Orln A

If T}, is zero or a gradient vector field, then W,, is locally Riemannian.

The quantity A is called a satellite with weight p of the tensor g;; if it admits a
transformation of the form A = AP A under the renormalization (1.1). The prolonged
covariant derivative of a satellite A of g;; with weight p is defined by, [1],

DkA = DkA - kaA.

Let R;kl denote the curvature tensor associated with the connection Dg. The first
and the second Bianchi identities for a Weyl space are ([3]),
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D,Riy, + DyRY, + DyRE = 0. (1.3)

§2. (Generalized birecurrent Weyl spaces

A Weyl space with nonzero R;kl is said to be birecurrent if the condition
DTDSR;'kl = ¢STR;kl (2.1)

is satisfied for a nonzero tensor field ¢, with weight 0. A non-flat Weyl space is said
to be generalized birecurrent if the condition

DTDSR?M = ASTR?kl + Q?klsr (2.2)

h

“nisr- Multiplying (2.2) by gn; we get

is satisfied for nonzero tensor fields A, and Q
Dy DyRijii = AgrRijii + Qijrisr (2.2)'

where Qijrisr = QMo Ghi-
It is easy to see that a generalized birecurrent Weyl space is birecurrent if Q?km =0.
Birecurrent Weyl spaces are examined in [4].

We remark that the definition of a generalized birecurrent Weyl space [5] agrees
with that of a generalized birecurrent space with affine symmetric connection.

Theorem 2.1. Let W,, be a generalized birecurrent Weyl space with non-zero
scalar curvature R. If A, and B, are both symmetric tensors, then the space is
locally Riemannian, where By, = Q;kmg]k.

Proof. Assume A,. and B, are symmetric tensors of order two. Changing the
order of indices r and s in (2.2), we get

DsD:R}yy = Ars Ry + Qlrars (2.3)
and subtracting (2.3) from (2.2), we have
D[TDS]R?M = A[ST]R?kl + Q?kz[sr]a (2.4)

where bracket denotes antisymmetrization.
Contracting h and ! in (2.4), we get

D[TDS]R.ljkl = A[sr]Rlljkl + Qé’kl[sr]‘ (24)I

Multiplying (2.4)" by g’* and remembering that the Ricci tensor R;; and the scalar
curvature R of the Weyl space are respectively defined by R;; = R}, and R = Ri;9%,
we get o

D[T‘DS]R = RA[ST] + B[sr]a (25)

where By, = Q4y,,.97". Since, by assumption, A, and B, are symmetric tensors,
we get o
DyDyR=0. (2.6)
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Expanding D[TDS]R and using that R is a satellite of g;; with weight -2, we find that
DyDyR = DDyR + 2D, TqR =0 with D DyR=0.

Since R # 0, we have
D[STT] =0,

which means that W, is locally Riemannian. From this theorem we conclude the
following theorems.

Corollary 2.1. If DTDSR;kh = 0, then the Weyl space is locally Riemannian.

Corollary 2.2. If D[TDS]R;'.kh = 0, then the Weyl space is locally Riemannian.

Theorem 2.2. If A, is symmetric and By, is not, then

Bigr = 2D, Ty R.

Proof. Assume A,, is symmetric. Then from (2.5) we have
DDy R = B,
Since R # 0 and a satellite of g;; with weight -2, we infer
2D, TR = Bigy. (2.7)

Corollary 2.3. If A, is symmetric and W, is locally Riemannian, then B, is
symmetric.

Proof. If W, is locally Riemannian, then (2.7) yields

B[sr] =0.

Theorem 2.3. If By, is symmetric and A, is not, then

A[S’I‘] == 2‘D[’I‘TS]‘

Proof. Assume By, is symmetric. Then from (2.5) we have
DpDgR = RA[;. (2.8)

Expanding D[TDS]R and remembering that R is a non-zero satellite of g;; with weight

-2, we find that
A[ST] = QD[TTS].

Corollary 2.4. If B, is symmetric and W, is locally Riemannian, then Ay, is
symmetric.
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Proof. If W, is locally Riemannian, then from (2.7) obtain
A[S'I‘] == 0.

§3. Hypersurfaces of generalized birecurrent Weyl spaces.

Let Wy, (g:5,Tx) be a hypersurface, with coordinates u?, i = 1,n of a Weyl space
Wit1(gap, Te) with coordinates z*, @ = 1,n + 1. The metrics of W,, and W, are
connected by the relations

9ij = gabx;‘xg, Li=1n,ab=1n+1, (3.1)

where z¢ denotes the covariant derivative of z° with respect to u'.
It is easy to see that the prolonged covariant derivative of a satellite A, relative
to Wy, and W, 1, are related by

DA =z5D, A, k=1,n c=1,n+1 (3.2)

Let n* be the contravariant components of the vector field of W, 11 normal to W,
which is normalized by the condition

gapn*n® = 1. (3.3)

The moving frame {z,n,} in W, reciprocal to the moving frame {z¢,n%} is
defined by the relations [3]

nez; =0, nzt =0, aial =6l (3.4)

Remembering that the weight of z¢ is {0}, the prolonged covariant derivative of
z¢ with respect to u* is found as

Dya} = Dyaf = wign®, (3.5)
where w;; is the second fundamental form. It can be shown that w;; is a satellite of
9:; with weight {1}.

The generalized Gauss and Mainardi-Codazzi equations are obtained in [3], re-
spectively as .
Rpijk = Qpijk + Rdbce.’l,'g.’l,'g.’li;.’lii (36)
Dkwij — Djwik + Rdbce.’l,'g.’li;.’liind =0, (37)
where Rgpce is the covariant curvature tensor of W, ; and Qpijr is the Sylvesterian
of Wij defined by Qpijk = WpjWik — WppWij-.
In the following we will use the following notation Hi? = afabafzf.
Theorem 3.1. For a hypersurface of a generalized birecurrent Weyl space W1
with Acy and Qupcaey we have the identity
DyD;Rijr — AsrRijrt — Qijrisr = DrDoQijrt — AgrQijir + 2Si11(sr) +
+Dijklwsr + EabcdDrDsH%gflda
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where ¢
Qabcdef = gathcdef

- NP : bed
Sijklsr - DeRabcdxzDrH%kcl
_ prabedyery T
Dijr = Hi3i"n®DeRapea
Agp = Agpaia!

_ abede f
Qijrisr = QabedesHjjpisy

and the paranthesis (...) denotes symmetrization.

Proof. By taking the prolonged covariant derivative of Gauss equation with respect
to u® and u” successively, we have

DDsRiji = D.DsQijm + (DfDeRabcd)Hij;:li:‘f + (DeRapea)zi (D, HYSH +
+(DfRapea)rf (Ds HGH+
+RabcdDTDsH?ﬁ;cld + (Deﬁabcd)H%l;:ldDr-’L';-
If W,,41 is generalized birecurrent Weyl, then by definition
DyDRopea = AegRavea + Qabeder- (3-8)

Therefore from (3.7) and (3.8), we have

DyDRiju = DyDQijp + Aefﬁabcdﬂfﬁﬁiif + QabcdefH?jI;:lif-f + EabcdDrDsH{‘j'}ﬁd-i-
+(DeRapea)z (DrHES) + (D g Rapea)zd (Do HBS) + warn®(DeRapea) HYSE.
By using (3.1) and the Gauss equation (3.6), the above equation rewrites
DyDyRiji = AgRijri + DD Qijit — AgrQijra + Deﬁabcdﬂvﬁbrﬂg}ﬁd-i-
+2! D RupeaDs HEEE + RapeaDr DeHEE + Qighisr
where Ay = Aes HEE and Qijrirs = Qubcaes Hiee! .

ijklsr
Hence we get

DyDgRijiy —AsrRijri— Qijrisr = DrDsQijrt — AsrQijra+

= o (3.9)
+2Sijk1(sr) + Dijriwsr + RapeaDr Dy HEEGE
where o ‘
Qabcdef = gathcdef, Sijklsr = DeRabcd-’I»'SDerj%cld,
Dijr = H%I;:ldnebeﬁabcd, A, = Aef-’l»'z-’l»'f,

_ abede f
Qijrisr = QabedesHjjpisy

Theorem 3.2. If a hypersurface of a generalized birecurrent Weyl space is gener-
alized birecurrrent then

DD Qi — AsrQijit + 2Sijmisry + WsrDijit + RapeaDr Do HIpGE = 0. (3.10)
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or, equivalently,
D[rDs]Qijkl - A[sr]Qijkl + RabcdD[TDS]H%%d =0. (3.11)

Proof. It is clear from (2.2) and Theorem 3.1. m|
A hypersurface of a Weyl space is called totally geodesic if w;; = 0.

Theorem 3.3. Every totally geodesic hypersurface of a generalized birecurrent
Weyl space is generalized birecurrent.

Proof. Since the hypersurface is totally geodesic, by putting w;; = 0 in (3.9) and
using (3.5) we get the result. m|
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