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Abstract

In this work, decomposable recurrent Weyl spaces and recurrent Weyl spaces
having decomposable projective curvature tensor are examined.
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§1. Introduction.

A differentiable manifold of dimension n having conformal metric tensor g and
symmetric connection V satisfying

Vg=2T®g, (1.1)

where T is a 1-form is called ¢ Weyl space which we denote by W,,(g,T). Accordingly,
in local coordinates,
Vigij = 2Trgij- (L.1)y

Under the renormalization
g=Xg, (1.2)
the vector field T is transformed into ([1]),

T=T+dln\.

This transformation is called Gauge transformation. If the vector field T is locally
zero or locally gradient, then W, is locally Riemannian.

The quantity A is called a satellite with weight p of the tensor g;; if it admits a
transformation of the form A = AP A under the renormalization (1.1).[2]

The prolonged covariant derivative of a satellite A of g with weight p is defined by

VA=VA-pT®A). (1.3)
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It is easy to see that prolonged covariant derivative preserves weight.

Let R(X,Y) = VxVy — VyVx — V|x,y] denote the curvature tensor associated
with the connection V.

The first and the second Bianchi identities for Weyl spaces are ([3]),

R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0 (1.4)

(VxR)Y,Z) + (VyR)(Z,X) + (VzR)(X,Y) =0 (1.5)

A non-flat Weyl space is called recurrent if its curvature tensor R of type (1,3) satisfies
the condition ‘

where ¢ is a nonzero 1-form with weight zero and such a space is denoted by (RW),,,

[3]-

Then by expressing (1.6) in local coordinates, we have

ViR = ¢r Riy.- (1.7
It is easy to see that a recurrent manifold is Ricci-Recurrent, that is,

ViRjr, = ¢ Rjx, (1.8)

where R;;, is the Ricci tensor.
A Weyl space W,, is called projectively recurrent if its projective curvature tensor
W ([4]), given in local coordinates by

. 1 .
Wi = R]kl + 5 iRy + [5k (nRj + Ry;) — & (nRjx + Ry;)],  (1.9)

satisfies the condition
(VuW)(X,Y, Z) = AU)W(X,Y, 2), (1.10)

where A is a nonzero 1-form and the bracket denotes antisymmetrization.
The projective curvature tensor satisfies the following identities ([4]),

Wiy + Wiy, =0 (1.11)
Wi + Wi + Wiy, =0 (1.12)

. R n—2 . 1 .
ViW;kl = ﬁ |:Vlek VkR]l + n+1 )(VkR[]l VlR[jk])] . (1.14)

Theorem 1.1. A recurrent Weyl space is projectively recurrent.
Proof. By taking prolonged covariant derivative of (1.9) we have
VoWi = i o (nv Ry +VyRy;) 6f (nVpRys + VyRis )| +
+V R]kl +Vr n+15]R[kl
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Since W, is recurrent, by using (1.7) and (1.8), we obtain

vIJVV]?M = ¢PW;kl‘ (115)

§2. Weyl spaces having decomposable curvature tensor

Assume W, locally admits tensor fields af and @, with weights —1 and 1, respec-
tively, satisfying the condition

R;'kl = ajpjk- (2.1)

Then we say that the curvature tensor of W, is decomposable in the form (2.1).

Theorem 2.1. Let the curvature tensor of Wy, be decomposable in the form (2.1).
Then, the tensor fields a; and @;i satisfy the following equation

alpir + akpy = 0.
Proof. By contracting ¢ and [ in (2.1) and remembering the definition of the Ricci

tensor I;; we get
Rji, = ppjr,  where p=a} =tr(al). (2.2)

Then by using (1.11) and (1.12), we obtain
alpir + akpj = 0.
O

Theorem 2.2. Let a Weyl space have decomposable curvature tensor in the form
(2.1).If the tensor field p;p is symmetric, then the Weyl space is flat.

Proof. By using the properties of the projective curvature tensor and (2.2) we have
af%‘k + a;'SOkl + aisou =0. (2.3)

In virtue of the Theorem 2.1, we obtain
aj,(p1; — 1) + alpm = 0. (2.3)

Hence the result follows. 0O

1 Recurrent Weyl Spaces Having Decomposable Pro-
jective Curvature Tensor

Let v* be a vector field which is normalized by the condition
vivi gy =1, (3.1)

and Aj; be a non-zero 3-form with weight 1.
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Assume a Weyl space W, locally admits a vector field v¢ and a 3-form Ajp satis-
fying the condition

W;kl = ’UiAjkl. (32)

Then we say that the projective curvature tensor of W, is decomposable in the form
(3.2).

Theorem 3.1. The tensor field A;j, satisfies the following identities
1. Ajkl +Ajlk =0

4. Ajjcl + Aljk + Aklj =0

19%. UZA]']“' = 0, ’UZAikl =0.

Proof. i) By putting (3.2) in (1.11) we get

vt Ajkl + ’UiAjlk =0.

Hence we obtain,
Ajkl + Ajlk =0.

it) By using (3.2) in (1.12) we infer
Ui(Ajkl + Aljk + Aklj) =0.

Therefore we get
Ajkl + Aljk + Aklj =0.

ii1) By using (1.13) and (3.2) we have
UiAj]“' =0 s ’UiAikl =0.

O

Theorem 3.2. Let W, be a recurrent Weyl space. Then the tensor field A;jp is
recurrent with recurrence vector ¢, and Vvt = 0.
Proof. By taking prolonged covariant derivative of (3.2) with respect to r, we have

ViWha = (Vo)) Aju + v (Ve Aj). (3.3)
From Theorem 3.1 and (3.2) we get
brvi A = (Vo) Ajr + 05 (Ve Ajnr)- (3.4)
Multiplying both sides of (3.4) by v"gp;, we obtain
V" gridrvt Ajrr = v gni (Vv Ajpr + 00" gni (Ve Ajur) (3.5)
Using (3.1) and the fact that v"gp;(V,v") =0 we infer
Ve = ¢rAjp. (3.5)'
Since A # 0 from Theorem 1.1, (3.2) and (3.5)' we find

Vvt =0.
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O

Theorem 3.3. Let W,, be Weyl space having decomposable projective curvature
tensor in the form W;kl = 'UiAjkl. If the tensor field A;j, is recurrent with recurrence
vector ¢, and V,v' = 0, or V,ui = ¢0°, then W, is projectively recurrent with
recurrence vector ¢,.

Proof. By taking prolonged covariant derivative of (3.2) and using the assumptions,
we find ) .
VTW; ¢7‘ ]kl
O

Theorem 3.4. If a recurrent Weyl space has decomposable projective curvature
tensor in the form W}, = v PAjpi, then Ajr is determined.

Proof. From (1.11), (1.12), (1.14) and Theorem 1.1 we have

R n—2 . 1 .
¢iv* Ajpy = ﬁ [Vlek ViR + et )(VkR[Jz VzR[jk])] (3.6)
Since recurrent Weyl space is Ricci recurrent, then
, n—2 1
Piv' Ajp = ﬁ [@Rjk Iy + e )(¢kR[]l ¢lR[jk]):| (3.7)

From (3.7) we get

1
Ajrr = [¢lRJk orltj + e )(¢kR[]l ¢zR[jk])]
where p = (n 1) (psv ) . o
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