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Abstract
Given a second-order differential system, a basic problem is to establish con-
served quantities. Therefore we will associate to the given system the some
of variational forms ([1]) for which, it is known, there is a unique adjoint sys-
tem ([4]). We also study cases of self-adjoint degenerated systems. In the last
part, there are some illustrative examples. Related works were developed by F.
Mimura and T. Noéno ([2],[3]).
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§1. Introduction

Let M be a smooth manifold of dimension m. We consider a second-order dif-
ferential system defined by a section in the bundle § = (J2M xpu T*M,ps, J2M)
expressed locally by

and, respectively, a section in the bundle 7 = (J'M xp TM,p,, J' M) with the local
expression X = ¢ (t,x,x')a%;.

We associate to the system (1) and to the section X a wvariational form:

OF, . OF dff OF, ¢ |
P ted t 75 a—
. ME [axjf T 0w dt T 05 a2 ] e
N A A
= |:0/ij£] + bl]ﬁ + ¢y W] dz

For another section Y in the bundle 7, with the local representation Y = n’(t, z, #) %,
we will associate the form

—_— L. dnj d2nj .
Y ~ ~ i
(3) M* = (a,ijn] + bij ﬁ + Cij W dz’,
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where its coefficients are, for the moment, arbitrary.

Definition. Two forms M and MY are called adjoint one to the other if there is
a bilinear function Q(X,Y), such that, on solutions of the given system, the relation:

@ MX(V) - Y (X) = Q(X,¥) , VX,V € S(r)

holds.
We have the following

Theorem 1. Given a system of variational forms M7X, there is a unique adjoint

system. of forms MY ([4]).
By direct computation, we obtain

—_ " 26, . " J J
(5) MY = (aji_%'i'%) - (bji—ch”) di+c~~d2—77

and, respectively,

(6) Q(X,Y) =cijn

e[ d
dt

p — (cijn’) — bimi] ¢

§2. Conservation Laws

If we equalize to zero each term from the left hand side of the adjointness relation
(4), we obtain the system

) dfj d2£j
aijfj + bijﬁ + cijﬁ =0
(7N . :
dbji | dcji\ dej; \ dn? &l
i — — b'i—2 — 'i—:O.
(a’ a * e ) K I at ) @ T e

Let £ and 5’ be a set of functions satisfying respectively the equations (7;) and (72)
on solutions of (1). Then the conserved quantity @ = const., given by (6), can be
constructed ([3]).

A solution of the first set of equations (7;), on solutions of (1), is & = &', For
showing this, we remark that the total differentiation with respect to ¢ of F; is

@ _ OF; + ]an ]an .i OF;
dt ot ow T ew T i

On solutions of (1), we find df;" =0, % = 0, which imply
x'jaij + Ii’jbij + .’%]Cij =0.

So ¢ = 4 is a solution of (71), on solutions of (1).
It holds:
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Theorem 2. If n' is a set of functions which satisfy the equations (72) on
solutions of (1), then

(8) Q= —ciﬂj% —+ [ciﬂj — (dszj — bi]’) ij] n* = const.

is a conserved quantity.

If the system (1) is self-adjoint, that is M i{l = M;X, for any X, then there exists a
Lagrange function L(¢, z, &), such that the Euler-Lagrange equations can be identified
with the given system (1).

In this case, the two sets of equations (71) and (72) become equivalent and are
rewritten as

0%i0ii dt2 dt \ 9iid1I 0%i0xi  Oxidii | dt

i
d 8%L 8*L )
— — | — —— & =0.
* [dt (awaxa) axzaxa] ¢
The conserved quantity (6) is constructed from each pair & (¢, z,%), &, ¢, %)
satisfying the equations (9), on solutions of (1), as

L NS 2L PL N i
W) Q= gz (flﬁ ~ 4%V asiow T agiger ) S16 = onst

o’L d*¢ [d ( 8L ) 8L 8L ]dgf
9)

A solution is & = 4% and considering another solution & = & of the equations
(9), on solutions of (1), we obtain the following conserved quantity ([1])

&L dgi ( 2L 0L AL

(11) Q=i

T _—t —— - — Jj — .
01t04I dt T o1i0xI 9370t (9.’1:])6 const

In particular, for a time-independent Lagrangian L(z, %), we obtain the case con-
sidered by Mimura and Noéno in [3, pp6-7].
§3. Degenerated systems written in main form

We consider a dynamical system written in main form:

(12) F; = Ayj(t,2,3)# + B;(t,z,4) =0,

with rank (25) = rank(4;) =7, 0 <r <m, (det(Az) #0, a,b=T1,7).

GEH
In all what follows we will use i,5,h =1,m; a,b,c=1,7; a,8,y =r + 1,m.
There is a matrix (C2) such that we have the relations

a=T,r

a=riim
Agp = CgAab s Aaﬁ = CgAaﬂ
and the system (12) can be rewritten as

{ AgpE® + Agp3® + B, =0

(13) 08 Ay + C% Aysi® + By = 0.
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The system (13) is equivalent (it describe the same dynamics) with the system
which is formed just from r second-order differential equations, and m — r first-order
equations.

Apd® + A3*+ B, =0
(14)

B, — C°B, = 0.

¢4. Self-adjoint degenerated dynamical systems

It is known ([1]) that a second-order dynamical system is self-adjoint, only if it is
written in main form (12).
In what follows we consider a system of the form

{ Fa(taxhai"ha"ih):O (a,:l,f'

(15)

Fo(t,a",3") =0
Then we have the following result

Theorem 3. A differential system of the form (15) is self-adjoint if and only if
it is of the form

16 0
(16) .

Agp(t,x", %)% + B,g(t,z", %38 + B,(t, 2", °)
Cap(t,z™)3% + Dy (t, 2", i)

and satisfies the conditions

( _ 0A.c _ OApe
Aab —Aba ) W — (%a
dB, 8B, (8 ., 0
55 T gae (E T axc) Aa
0B, 0B, _1(0 .. 0 (9B, 0B,
ozt oze  2\o8t " Bzc ) \ Bzt 9ze
0Bas  OAq 8D,

an) i R
0B, 0Ds _ (0 .0\,
dze  oze  \ot T fge ) e
_ 9Cop 90y  9Cya _

Caﬁ-i-Cﬁa—O, oz +3.’L’°‘+3:L'/3 =0
0Cup , .a9Cos _ ODa 0D

"ot T Tbze T 82F | Bze

§5. Example
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An illustrative example of self-adjoint degenerated system of the form (16) is

# o+ ki? -2t =0
(18)

—ki' +2° =0,
with the Lagrangian

(19) L = (") + $ka?s' — $ka'd® + £(21)? — 3 (2%)2.

To obtain conserved quantities, we write the equations (9)

241 2
ddt£2 + kddgt —&=0
(20)

k% g2 =0,

and with a pair of solutions &, = (£1,£2) and &, = (£1,£2), on solutions to (18), we
construct the conserved quantity of the form (10).

As shown in the first part of this paper, a solution is & = (¢!, £2). Other solutions,
on solutions of (18), are

— 1 ,.2
62 - (.’L' » L )
Tt ket
63 - (klel+k2 ? l_ﬁkQ el+k2
—_1 3 —_1 3
6 = (hae 75, e

where k; and ko are arbitrary constants.

For the following couples of solutions, we obtain respectively the conserved quan-
tities:

& and & : (@4)2 = (z1)? + (2®)? = const.

& and &3 : eﬁt(il + kz? — ') = const.

& and & : e_lJrﬁt(x'1 + kz? + z') = const.

& and &3 : eﬁt(il + kz? — 1+ k2 z1) = const.

& and & : e_lJrﬁt(x'1 + kz? + 1+ k2 z1) = const.
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