Linear transformation of N-connection in Osc2M »
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Abstract

In the tangent space T(E) and in its dual T*(E), two different adapted basis
are introduced. The connections between connection coefficients are given. The
conditions when some connection is d—connection in both basis are determined.

M.S.C. 2000: 53B40.
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§1. Different adapted bases in T(Osc’M)

We define E = Osc®M as a 3n—dimensional C* real manifold, in which the
transformations of form (1.1) are allowed. It is formed as a tangent space of order
two of the n—dimensional base manifold M. In some local chart (U, ), some point
u € E has the coordinates

(2% 4", v*) = ™, y'*%, ¥**) = (¥*),

where z* = 4°¢ and

a,b,c,d,e,...=1,n, «,B,7,6,...=0,2.
The following abbreviations will be used:

9
ayaa ?

Oaa = a=0,2

1a’

If in some other chart (U’, ') the point u € E has the coordinates (x“', y ,y2“'),
then in U N U’ the allowable coordinate transformations are given by
2 =z% (2, 2%,...,2"),
(1.1) yla' — (3a$a’)y1a — (aoayOa')yla,
2 = (Boay™® )y + (Bray*® )y
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Theorem 1.1. The transformations of type (1.1) form a group. One nice
example of the space E can be obtained if the points (z%) € M, belong to a curve
z* = z%(t), t € I, and y*?®, a = 1,2 are determined by

(12) yoo=dga®, dy=2%, di= 2.

If in U N U’ the equation z* = z% (z'(¢),2%(¢t), . ..,z"(t)) is valid, then it is easy
to see that

(1.3) ¢'¥ =dlzv, ¢* =dz,

satisfy (1.1). From (1.2) and (1.3) it follows

2a’

¥y =y (z,9'"), v =9 (2,9"%y).

Let us introduce the notations:

14) AOF = 9,29, A = g A0 = % a=T12.
The natural base of T(E) and of T*(E) are respectively
(1.5) B ={8a,0104,024}
and
(1.6) B* = {dy°®,dy'®,dy**}.
The elements of B and B* are dual to each other, i.e.,
(1.7)  (dy>*,0p) = 6555,
but with respect to (1.1) they have not a tensorial character.
The adapted basis B* of T*(FE) is given by
(1.8) B* = {6y",dy'*,6y**},
where
8y0 = dz® = dy0°,
(19)  oy'® =dy'* + Mgy,
Sy20 = dy?® + M2 ady'® + M2 ody®.

Theorem 1.2. The necessary and sufficient conditions that dy®® are transformed
as d—tensor fields, i.e.,

5yaa' —
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are that the following equations are satisfied

b
C
(1.10) { M22(82?) = M2Y (81y'®) + Bupy®
M22(B,a") = MZY (82 ) + M2Y (8py™) + By .
Proof. We have

! ! ! (ZI
6% = dy® =da® = 9 dao.

Sy'™ = dy'™ + My Ay = (Ooay' Ay + Bray' dy'® + My g (Boay™ )y =
=[M; l?’l (aaxbl) + aaylal]dyoa + (alaylal)dyla = (aaxal)‘syla =
= (Gae®)[dy'® + M gdy™] = (Baz* )dy'® + (Bea®' ) My Sy
Then we infer M 28,2 ) = M} g‘,' (8,2 ) + 8.y, since O1,y® = Bz . m|
Using the notations (1.4) the above formulae can be written in the form
My A = My Y ACY 4+ AN
(L11) ¢ M2eAO% = MPEAOY A0 ,
M2 A = M2y A9 ¢ M2l AT 4+ AP
Let us denote the adapted basis of T(E) by B, where

(112) B = {500.7510.,520.} = {5aa}, a=20,2,

and
500. - aoa - N(} 231b - Ng 2821)
(1.13) { bip = Brq — N 200y
520. = 620.-
Theorem 1.3. B is dual to B*, ((6%°,8a.) = 626%) if and only if the following
Wi =
relations hold (1.14) N2 =M2b - M2INJ ¢
Wi 2l

Proof.

(69, 800) = (dz®, 800 — N3O, — NE2Oop) = (dx?,8,) = 885
(6'°,01a) = (dy'® + Mg 2dy°®, 010 — N220op) = (dy'®, 01a)+
+M§ 2(dy®, B1a) — NEL(dy'®, Bap) — Mg ENTL(dyO¢, Bap) = 61625
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(0%0,010) = (dy®® + MPYdy'® + Mgidy®®, 014 — Ni20o) =
= (dy®,010) — N72(dy®, Oap) + M7 {dy"®, Bra)—
—MTINTY(dy'®, Oan) + Mo (dy®®, 010) — Moo Nie{dy®, Oas) =
= NI+ M5 = N+ ML =0
We infer N2b = M2 m|

Theorem 1.4. 049 transform with respect to (1.1) as d—tensors if and only if
the following formulae hold

NE b’A(O)g' =N} cA(O)f' _ A(l)(f'
a’ a
(115) { N2YAOL = N2egOF _ g0

N2 b’A(O)g' = N2 cA(O)f' + 2N} cA(l)f' _ A(Q)(f'

a’ a a .
Theorem 1.5. The basis vectors of B are connected with the basis vectors of B

by

aOa - 500. + M(} 251b + M(?gd%
(1.16) { 8o = 10 + M} boay

820. = 520.-

Proof. From (1.13) we have
Ooa = 0oa + NG 2014 + NE 200
D1 = 610 + N7 20y
024 = d24,

whence we infer

Boa = 00a + Ng 2(615 + N7 £62c) + N§ b6y =
= Goa + Ng 2615 + (N ENZ 2 + NG 2)bap =

U2 o + ME B33y + M2 b3y,
O

Theorem 1.6. The basis vectors of B* are connected with the basis vectors of
B* by
dyOa — 5y0a
(1.17) dy'® = dyle — N§ 26y
dy2a — 5y2a _ Nfézdyle _ Ngéz(syOe-
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Proof. From (1.9), using (1.14) it follows
dyOa — 5y0a-
dy'® = 8y — M pdy™ = syt — My o™ "=V gye — N§ poy™.
dye = By — M3 pdy™ — M3 pdy™ "2V 6y — N7 ploy'® — Ng Loy -
—MZpoy® =y — N2oy'® — M3 — N7 2N3 {16y =
= dy?® — N} péy'® — N2 2oy°0.

§2. The metric tensor and the covariant derivation

Let us denote by Ty, Tv,, Tv, the subspaces of T'(E) generated by the sets of
vectors {0oq }, {010}, {024} respectively. Then

T(E)=Tn®Ty, ®Ty,, dimT(E)=3n.

Any vector field X in T'(E) can be represented in the basis B in the form

(21) X = XOa(SOa + Xladla + X2a(52a = X““daa, a = 0, 2.

Any form w in the basis B* decomposes

(2.2) W= w0y + w10y + W2 bY??® = Waedy®®, a=0,2.

With respect to the coordinate transformation (1.1) we get

X = X““(aaxal), Waa = Waa! (aaxa'), a=10,2

In the space T*(E) ® T*(E), the metric tensor G can be given by

9oa0b  Goalb G0a2b 5y0b
G =[6y" 6y'® 6y*°] | Graob G1a16 Gia2b oyt | =
92406  92a1b  92a2b 51/%

= Gaaspdy** ® 6%, o, =0,2.

For the components of the metric tensor we have

GoaBb = Gaa’BY (aamal)(abmbl)a aaﬂ =0,2.

Definition 2.1. The generalized connection

v:T(E)®T(E)—» T(E), Vi (X,)Y) = vxY,
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or equivalently
Vx :T(E) - T(E), Vx:Y =2 vxY

is a linear connection determined by
(24)  Vspy 000 = Fazcﬂbdyc,

where the summation is going over v and c. If in (2.4) we set ¥ = « this pro-
vides the so called d—connection

(2.5) Vg daa = Faaacﬁb(sac,

(with no summation over a). The explicit form of (2.4) is given by
Vsos90a = Loq opd0c + Tog 001 + Lo, Gp02¢

(2.6) Véos01a = 111a060b‘500 + Flalcot;‘slc + 111a2cot>‘52ca
Visos02a = Ly 0p000 + Tog gu01c + Loy gy 02c-

If in the above formulae we substitute Ob with 1b, and then Ob with 2b, we obtain
the complete list of 9 formulae. The underlined terms are I'y %y, T'; 1%, T'5 2%, where
instead of X stays 1b or 2b.

Comparing (2.6) with (2.5), we see that if in (2.6) all terms are zero except the

underlined ones, we obtain the explicit form of the so called d—connection defined by
(2.5).

Proposition 2.1. For the generalized connection 7, defined by (2.4), and for
arbitrary vector fields X = X%y, Y = Yﬂbéﬁb, we have

27) vxY =Y X5,

where
(28) Y* . =60, YP +T ¥,
where the summation goes over both types of indices (Latin and Greek).

Proof. By straightforward computation, we get
VxY = Vxaas,, Y%, = X 5, Y5, =
= X000 Y P08y + YPT 5, 0] =

2.8
— Xaa[(;aayﬂb + Y'V‘T,Y ﬂbaa]‘sﬂb (:) X““Yﬂbaadﬁb.

c

O

Proposition 2.2. If (1%, 5, 32%) and (y° ' ,y%%) are two coordinate sys-
tems connected by (1.1) then
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if and only if

(Bb:xb)(aaxal), for all «,8=0,2,

laa — |aa’

or, equivalently, if all T, 8% are transformed as d—tensors, i.e.,

ye oa
7 ; 7

g 0z’ sy Ox° Oz®
- = " ) -
Ye aa axb ye! aa 6.’1}0 8.’1}“,

except I'g f bOa (with no summation over 8, 8 = 0,2), which have the transformation

law: , , ,
gy O0z® 0zb gy Oz° | 0z 9%ab

Be Vagpa’ gpb — "B ad gpe T §pa’ rafye’

for $=0,2 [2].

§3. The torsion tensor of the generalized connection

The torsion tensor T'(X,Y) is defined as usual by
TX,)Y)=vxY -vyX - [X,Y].

Theorem 3.1. The torsion tensor of the generalized connection has the form
T(X,Y) =Ty, X*YP%,,,

where e e e e
T,Bb aa — F,Bb aa Faa Bsb Kaa Bb?

[60a, O8] = Kaa’ycﬁb‘s’w'
The following relations hold true

[6aar 035] XYY = [80a,805] X°2Y % + [b0q, 515] X2V ! + [b0q, 20] X 00V 20+
+[614, S05] XY + [814, 615) X 1Y + [614, 625 X 12V 20+
+[624, 605] X 20Y % + [824, 615) X 20V P + [824, Gop] X 20V 20 =
= (Ko “op01c + Ko, >0 02) XY 0+
(K 12,010 + K 26, 000) (X00Y 0 — X 10y 0a) 4
(K 10010 + K 26, 000) (X00Y — X2y 0a) 4
K, 2, 80, X 10Y 04
+K, 2, 80,(X 107 — XPY0),

where
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Koo' Cop = 006Ng § — d0aNg Ko *op = (00s NG § — 00a NG §) + M7 £K, o
KOa 1 — 51bN0 ar KOa 1 — (516N0 50aN12§) M2 cKOaldlb’
KOa 26 — 52bN0 a KOa 26 — 526N35 M2 cK0a1d2b’

Kla 1b:51bN1a_51aN12tfa Kla 2b_625ng

L] 1c 2c 2c 2c lc
Proposition 3.1. K %, , K, *y, K15 K1, o are d—tensor fields, K,

Ky, 2% 00 Ko ooy Kooy are not d—tensor fields, and they transform in the following

way
Koo %1y = Koot 1 (8027 ) (052" ) (02°) + (8aBpa® ) (Berz®),

and similar for the next two sets of coefficients.

§4. The transformation of the nonlinear connection

Assume that B = {boa, 014,024} is another adapted basis of T(E), which is
formed as B (1.13) but with N replaced with N, which satisfies (1.15). Another
adapted basis of T*(E) is B* = {by%, by'e, by2*} which is formed as B* (1.9) but
with M replaced with M, which satisfy (1.10).

We introduce the notation

(41) ABb = NS _ Kb pBb — pBb _ fyfb

aa? aa?

and remark that
doa = oo — N§2B1, — N3O,y =

= Qoo — (Noe — Ags) 01 — (NG2 — ABL) s,
whence
( B0a = Goa + Ab 01 + A3 200
(4.2) < Sla = 010 + A280y,
\ 820. - 520.
( SyOa — (SyOa
(4.3) < dy'e=dy'e — B} ady®®
{ Sy2a — 5y2a _ B% g.dylb _ Bg g.dyob-
As N and N transform as prescribed in (1.15), we have

AL (8,2 ) = ALS(8,2"")
(4.4) A%gl' (aaxa') = A%Z(acxbl)
AZY, (Bz® ) = ABZ(Bex® ) + AL (Bocy™™),

which shows that A} and A% transform as d—tensors, but A2% is not a d—tensor.
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In a similar way, using (1.11), we get
Bj#(8ua"") = Byl (Bha”')
(4.5) B23(8,2"") = B, (9pz)
B (8u2"') = Byl (9y2°') + BYY (Bony™)-

Then it follows that BJ? and B¢ transform as d—tensors, but B2’ is not a d—tensor.
The substitution of (1.16) into (4.2) and (1.17) into (4.3) gives

( oo = Goa + AFLS1p + (ASS M + AZ)day
(4.6) { b1, = S1a + A2 48s
( d90 = d2q
( 3y0a — dyle
(4.7) ¢ dyte= Sy'e — By oy®
( dy?e = 6y*e — Bpoy'® — (B3 — BIeN)oy™.

_ Theorem 4.1. The necessary and sufficient condition for the duality of basis
B = {004,014, 02, } and B* = {0y°%,0y'%,0y**} of T(E) and T*(E) respectively, are
the following relations

Al - Blg =0
(48) { ARME2 + A3 — ABY — (B3 — BENg) =0
A%~ B —0.
Proof. From (8,,,8%%) = 684b it follows (4.8). ]
Using (4.8) and the notation
(49)  Afp = AGFMTe + Agp,
(which defines a tensor), the equations (4.6) and (4.7) can be written in the form

00 = Goq + ALL 81y + A2L 5

(4.10) 810 = 810 + A2 59

820. = 520.

SyOa — 5y0a
(4.11) dyle = Sy'e — Ala oy

dy?e = Gy — Aoy — (A% — ALTA2)dy.
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§5. The connection coefficients in the new adapted basis

The generalized connection v/ defined by (2.4) in the new basis B has the form

~

(5.1) V3,000 = L0 sy0nc-
Using the linearity of 57 and (2.6) we get

(5.2) VsobSOa = T od0c + Log “opd1c + Lo gude-
On the other side we have

(5.3) Vs, doa = V (Sos+ Ale 1o+ A2055,) (G0a + Ag301a + AF702a)
whence
Viéos00a + Apf V51, 00 + Agg V5. 000 + AL Vo, 014 + (Sop ASL) 14+
+ASEASE N5, 010 + ASE(01cAGD)01a + A AGE sy, O1a + AZE (020 AT 010+
+AJ Vs, 020 + Ag§AS V5., 020 + Agh (01 458)02a + AT AGE 7 5a. G20t
+ AT (020 A53)02a = T, oy0ve + AgiToq “1c0ve + AGiToq “ac0ve+

FAGIT, oy Oe + SobAge e + AGEAGIT 1) Ove + A (01045501 + A5 AGaT, ) %5 0e+

+ A% (820 Ag2)01a + ABIT, 0y Ove + AGFAGIT, %) 0y + AQE (01AFE)F2e+
+Agggggr2;e%5ﬂ + Agg(‘s%A%Z)‘S% = an’YEObS've = anOEOb‘SOe + Aé§f0a0d0b516+
+Ag§f0a0d0b52e + anleobdle + A%szaldOb‘s% + f0a260b529 = f0a060b609+
+(f0a160b + "4(1)2f‘OaOdOb)(Sle + (f0a260b + A%szaldOb + AngOaOdOb)52e‘

Using the notations

(5.4) FadWOb = FadWOb + A(I)gradwu + A%grad’ye%

and

(5.5) T5.p = Tsg 1y + A350 e

from (5.2), (5.3), (4.9) we get

Loaop = Doobop T AbeL 10 %0 + A3aT 240

Loaop + A6aL 0 %0s = 06 AbE + Toa €op + AGIT 1 €05 + A5ET 51 %0p

N 2e 2ey 1le A2 Oc __
FOa 0b + AlcFOa 0b + AOCFOa 0b —
A2e T 2e 1dp 2e A2dT 2e
d0v-Ade + Log “op T Aval'14 “0p + Aoal'2d “op-

Using the same process, from

(5.6)

S _ 1 ae §  _ - 2d
Vsobdla =T 0p0ae = V(50b+A(1)§61¢+Ag§626)(51a + Aja024)
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we obtain

. i
L 0p = D10 + ATol s %0p

(5.7) Iy ooy + ARl OCOb—Fm on + A35T 1. %0
Fla 0b+A%§ 10 0p + ABED; 20y = O ATE + Ty 20y + ATI09 0y

From the explicit form of 7 81b50‘“ we get

Loy = Toltq, + AGdT, 061, + AJIT, 40,

a

~

(5.8) Log ¢y + AOcFOa = 5le0a + T + AGIT 6y, + ABET, ¢,
F0a2elb + A7 FOalclb + AOcFOa =
S15AZE + T 2% + AGIT, 71 + AGIT, 71

From the explicit form of 7 50b32a, we have

F2a060b - F2a 0b
(5.9) ot 0p + ASDa 2%, = Tag%o
Iy 20, + A39D, 1y, + AB5T, 0%, =T, 26,
From the explicit form of 7 52b50a, we obtain
Lo, = Tofap + AGiT1 0, + AZIT5 0%,

~

(5.10) Logeo + Abelo %, = 52bA0a + Toa €y + AGaT1 4%y + A3aT o4 %oy
F0a2e2b + A%§F0a1d2b + A Oa 2b -
Sap AZS + T 2% + AGIT, 74 + AGIT, 4.
From the explicit form of 7 51b31a, we get

~

Ly =100, + AT0T %0
(5.11) Fla T AOcFIa 1 =D, + AFIT, 1,

111a2€u; + A%grmlcw + Aggrmocw = 01pAfs + T, 26, + AFID, e,
From the explicit form of 7 52b31a, we have

~

L) 200 = T + ATalo %5
(5.12) D tegy + ARED, 200y = Ty 00 + ATID, %,
D) 200 + ARL, Jogy + ABeD, 0%, = 60y AT + T, 25, + ATIT, 7%,
From the explicit form of 7 51b52a, we get
y0¢ 5 = To 215, Dyle sy + AR 00, = Toleyy,
Dy + ARl ey, + A3l 000, = T2,

From the explicit form of 7 52b52a, we have

(5.13)
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i Oe _ Oe
F2a 2b_F2a 2b

(5-14) F2ale2b = F2ale2b

N 2e 2¢
F2a 2b_F2a 2b°

Theorem 5.1. If v/ is a d—connection in the adapted basis B = {do4,061a,024},
then the coefficients of the same connection N7 in the basis B have the form

=

Oe _ 1T Oe
Oa 0b — FOa 0b
N le lef> 0d __ le 1dp le
(5.15) Loa®or T Aoaloa “op = 06 Aoe + Aozl 14 0p

2e 2ef™ 1lc A2efy O0c A2e A2dT 2e
0o ob T A1eLos “op T Aol 0s “op = dobApe + Agal'ag “op-
Oe

= -

_ 2 _17 1
(5.16) { 1o o =05 L% =T o
L) 20y + ATED 0 0p + ABEL) 2005 = S0pATE + ATET 570
Fanelb = Fanelb
(5.17) anleu; + Atl)szaocw = d1pAgs + A(l)gfmlew
Lol + ATelo ey, + ABeDo 0%, = Oup ABe + AZIT, 7%,
a o1 _
(5.18) { Ly = 0, Lopop =0
F2a260b - F2a 0b
[.0e _ 1 Oe
O0a 2b Oa 2b
i i _ d
(519) { F0a162b + A(1)2F0a0d2b - 525"4(1)2 + A(l)arldle2b
f0a2e2b + A%zfo;d% + AngOaOd% = Doy ABe + AGIT,y %5
1A11a0€1b =0, 111al€u> = 1_11al€u;
(5.20) { . ) _
Dy 2y, + AT, 10, = OipATG + ATIT, 74y,
(5.21) { Flaoe% =0, 111(116% = 111(116%
L) 260, + AFET, 10y, = dap ATE + ATIT, 74y,
(5.22) { F2aoelb =0, F2alelb =
‘ f2a2elb = f2a2elb‘
(5.23) { F2aoe2b =0, F2ale2b =0
F2a2e2b = F2a2e2b‘

Up till now the adapted basis B and B was formed with arbitrary N and N
which satisfy the prescribed transformation laws (1.15). The relation between their
coefficients is given by (4.1). The transformation law of A§®, A2% and A2? is given by
(4.4) and (4.9) and these are d—tensors. The following theorem gives the conditions

when the d—connection in the basis B will be also a d—connection in the basis B.

Theorem 5.2. The necessary and sufficient conditions that the d—connection 7
in the basis B be also a d—connection in the basis B are
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&0 _n 0 1 _ A2 —
(5:24)  Tog0p =To s Apep, =00 Ao, =0

A 1e _m 1 e _ 12 _
(5.25)  T'ig%0p = g “on OZle - OZAllb B

5 0e _® o0 e _ 12 _
(526) Foa elb - FOa elb’ Athb =0, AOZle =0

(5.27) f2a260b = f2a260b‘

(528) F0a062b = f‘00.062b’ A(I)Zhb =0, AEZT% =0.

(5.29) 1A11ale1b =T, '%,, A%  =0.

laTIb -

(5.30) flale2b =T, t%,, A% =0

1aT2b -

=
v
®

(5.31) 2q¢ 1b — f2a2elb‘

(5.32) Ty 2%, =Ty 2,

and all other coefficients I" are equal to zero.
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