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Abstract

The purpose of this paper is to give conservation laws for a maximizing problem
with a finite number of restrictions. Generalizations of some results due to
Mimura and Noéno are obtained. An example to illustrate the obtained results
is given.
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§1. Conservation Laws for Euler-Lagrange Systems

We consider a system of ordinary implicit second-order differential equations
1) Fo(t,a?,3%,8%) =0, a=Tn,

with f = z8(¢), 8 = 1,n.

We recall the following results [2]:

Theorem 1. If £*(t,z,%) and n®(t,z,%) are two sets of functions which verify
the equations
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along the solutions of the system (1), then
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represents a conservation low.
Now, we assume that the system of equations (1) is self-adjoint.In this case the
systems of equations (2) and (3) coincide. We have:

Theorem 2. If the system (1) is self-adjoint and £¥(t,z,%) and £5(¢t,z, %) are
two sets of functions which verify the relation (2) along the solutions of the system

(1), then
_OF,d¢f  [d (9F, .\ OF,.,] .s
0= g5 a | (556 ~ 556 6

represents a conservation low.
In all what follows we assume that the system (1) is Lagrangian, i.e., there is a
Lagrange function L(t,z, i),for which we can write the Euler-Lagrange equations
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Because the system (1) is assumed to be Lagrangian, it is self-adjoint and a con-
servation law for it is given by Theorem 2.To rewrite Theorem 2 with the help of the

function L we must have
d [ OL oL
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Theorem 3 ([2]) If £&&,£5 are two sets of functions which satisfy the equations
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along the solutions of the system (4), then
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represents a conservation low.
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§2. Maximizing Problems

We consider a maximizing problem associated to the integral

T
(8) /0 f(t,z,5)dt

the variables being subject to the restrictions:

(9) Fa:Fa("I’.a"i:):Oa a=1,n,

where zt = zi(t), i = I, m.
We consider a Lagrange function of the form

(10) Lt,z,2,A*) = f(t,z,&) + \*F,(x, 1),

where A\ = \%(t), a = 1,n, are called the Lagrange multipliers.
For this case, the equations (6) are:

d [ 8L d¢s 8?’L . OF,
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(1) [8x’8x1 it T aresit T aE e ]
O°L d¢i PL i  OF,,.\ _
(axﬂax’ & " 05" T amit ) =0
and
oF, dff
(12) B di Bxﬂf =0.
The conservation law (7) is written in the form:
L ,;dg d& &L i
(13) al'lal'] (fl 62 x’@x‘f (fl 62 6261 )+

OFy  iva  vavi
+W(flf2 — £1€5) = const.

Thus we obtain the following: )

Theorem 4. If £ (t,2,%,A,A) = (¢F,€]) and €5 (¢t .4, A, A) = (£5,€3) are two
sets of solutions of the equations (11) and (12), on the optimal path for the mazimizing
problem of (8) under the restrictions (9), then (13) is a conservation law.

§3. Special Cases
19 First we consider the special case in which f(¢,z,#) = e U (z, %), where
p is a constant and U is a function of state parameters and its derivatives. In eco-
nomics the function U is called ”utility function”.

Proposition 1. £ = (A% + pA®, &%) is a solution for (11) and (12).

For this case the Theorem 1 comes to:
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Theorem 5. If the functions £€* = (£2,¢%) satisfy the equations (11) and (12),
then

T a2 j 27
14) 03 [aaL del 9L aFafa]_

- 7
w05 dt T oriowic T o

B fi i oL + oL
dt \ i ) T Paii
is a conservation law.

In order to give other solutions of equations (11) and (12) we will make some
suplimentary suppositions about the restrictions (9) and about the utility function
U.

20 Now we consider the case when the functions F,(z, %) are 1-st-degree homoge-
neous (with respect to 7 and #7) and the function U(z, ) is r-th-degree homogeneous
(with respect to 27 and ).

Observation. The equation (12) is satisfied for & = *.

Proposition 2. If the functions F, are 1-st-degree homogeneous and U is r-th-
degree homogeneous, then £ = ((r — 1)A2,z%) is a solution for (11) and (12).

Theorem 6. If the functions F,, are 1-st-degre homogeneous, U is r-th-degre ho-
mogeneous with respect to x* and &, and on the solution the integral (8) is extremum,
then

(15) Q=r (_)\a-’l»'ia—ﬁ% + e—pt (.’L’Za—U — U)) — pxi ()\a% + e—Pt aU)

Oxt ot it it

is a conservation low.

§4. Application

We consider the harmonic oscillator with damped oscillation
(16) &+ ek +w?z =0,
for which the Lagrange function [6] is known:
1
(17) L= 56_""5[(&)2 - w?2?],

This is obviously extreme on the solutions of the system.

Applying the preceding considerations we will obtain conservation laws for the
oscillator.

In this sense we will make the change of notation z = z!, £ = z2, so that the
equation (16) is equivalent with the system

(18) {nz7

%2 = —w2z! —cx?,

while on the solutions of the system, the integral

(19) /OT e—ct (@ B w2(;1)2) i@t
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is extremum (where ¢ is a positive constant).
Using the notations from the section 3 we have:

(20) F=i'-2"=0
EB=i+cx?+uw?z' =0

@ 3 w2(x1)2

V=" 2
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where F and F; are 1-st-degree homogeneous,while U is 2-nd-degree homogeneous.

We construct the Lagrangian

(21) L=e* (@ - %

) + A&t — 2?) + A2 (3% + ex? + WPah),
b= Xi(t), i = 1,2, for the moment undetermined.
We write the Euler-Lagrange equation for (21) and we obtain the system

A = A202 — et 21
A ==X 4 ed? +ecta?
il =22

i? = —w?z! — ez

(22)

The conservation law (15) is writen in the form

(15")  2X'z® + e ((2°)® — w?(2")?) — cA'z! — 2X%z'w? — 2X%2%c — c2®A® = K,

where M\, \2, 21, 22 are the solutions of the system (22) and K constant.
a) In the case in which ¢ < 2w, the solution of the system (22) is given by

(2 = cle(a—i-iﬂ)t + c2e(a—i,3)t
22 = ci(a+iB)el@tiBt 4 cy(a — iB)ela—iB)t
A = —Kki(a+iB)el"otB)t 4 ko (—a + if)el—a"#)t 4
2 2
(23) . 4 YA Garipr W2 (3a—if)t
—4da — 2i8 —4a + 2i8
22 = kle(—a-i-iﬂ)t + k2e(—a—i,3)t+
L A 0FB (atipn | @ —AFB (saigy
\ 2 2a + Bi 2 —2a+if8 ’
A2 — 2
where a = —g, 8= %, c1,¢2,k1,ks € R.

These solutions are unique in the given initial conditions z'(0) = =z}, 2*(0) = 23,

AL0) = AL, A2(0) = A2.

By substitution of the functions z!,z?, A1, A2, from by (23) in (15’), we obtain for

the system (18), with ¢ < 2w,

(24) K =kico (—4&)2 + % 4+ 2e/4w? — c%’) + c1ks (c2 — 4w? — 2e/4w? — c%’) ,



68 Mihaela Neamtu

with kl,kQ,Cl,CQ € R.
b) In the case in which ¢ > 2w the solution of the system (22) is given by

(2! = ce@tPt 4 pyela—Bt
22 = c(a+ BleletBt Ley(a— felaHt
AL = ki(—a— B)eCotBt 4 ky(—a + Ble(—aAlty
2 2
25 $ __va (Bo+B)t wca (3a—B)t
(25) T 20 —p)° T2t B¢
A2 = kelmatBt 4 fe(—a=B)t
& athB sarpn | 2 —0tB (sapy
. 22a+p 2 —2a+8 ’

and the conservation law for the system (18), when on the solution the integral (19)
is extremum, is given by (15’), where

(26) K = ciko (—4@)2 +c® -2/ — 4w2) + kics (—4@)2 +c+ 2/ - 4w2) ,

with kl,kQ,Cl,CQ € R.

The constant (26) was obtained by substitution of the functions z!, z2, A!, A2 from
(25) in (15”), and calculations.

c¢) In the case in which ¢ = 2w the solution of the system (22) is given by:

(2! = (c; +cat)e™“t
2? = (—wey + g — weat)e™wt
2
27) dON = (—ko + why + what)e?t + (“’CITW + %t) 3wt
2wer — ey Cco
2 __ wt -4 —3wt
\ A = (k1 + kot)e +(78w + 4t)e ,

and the conservation law is represented by (15’), where
K =dwer ks — dwesky — 2¢0ke,  ki,ko,c1,00 € R.

K was obtained by substitution of the functions given by (27) in (15).
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