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Abstract

In this paper we study the conditions of integrability for the (non)-homogeneous
almost product structure on the Hamilton and Cartan spaces.
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§1. Introduction

Let (T*M,7*, M) be the cotangent bundle of a C*° —differentiable real, n—dimensional
real manifold M. If (U,¢) is a local chart on M then the coordinates of a point
u=(z,7) € 7 Y(U) € T*M will be denoted (z*,7;). A nonlinear connection N on
T* M is a horizontal distribution of class C*, H : we T*M — H, C T,T*M, which
is supplementary to the vertical distribution V, that is T,7*M = H, & V,,.

Let N;j(z,7) be the coefficients of N on n*~!(U) and the adapted basis in H,,

(6; = 0/0z" + Nyj(z, 7)), i,5 € 1,n,

where 87 = 8/07;. The dual basis of (8;,0%) is (dz*, 671,), where o7y, = drj, — Nj;dz?.
The fields of 2-forms

6 =6t ANdz"

1
T= insdﬂ Adz?®,

where 7., = N,.; — N, are globally defined on T*M and # is a natural almost
symplectic structure on 7% M. We have:

Q(0;,0r) = —v[d;,0k] = —Rj(r) 0",
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where Rji(r) = 6;Ngr — 05 Njr is a d—tensor field of type (0,3). The horizontal dis-
tribution H on 7™M is integrable if and only if Q@ = 0. Since
df = —dr = -1 3 Ryjpda’ Adad Nda"— §" 767, Adat A dad,
(ijk)
the almost symplectic structure  is integrable if and only if

Z Rijk =0 and aSTjk =0.
(ijk)

§2. On the integrability of the homogeneous structure P

Let H® = (M, g% (z,7)) be a generalized Hamilton space. In the adapted basis
we consider the mapping defined by

P(oy) = gird™;  P(0") = g"ds,
where g;»g"" = 67, will be called the dual almost product structure.
We shall consider the lift to 7* M of the fundamental tensor fields g¥ (z, 7) of the

generalized Hamilton space,

G = gij(z,7)dz’ ® dz* + g™ (z, 7)67 ® 67s.

Let also Ny be the Nijenhuis tensor of the dual almost product structure,
N5(X,Y) = [PX,PY] - P[PX,Y] - P[X,PY] + P[X,Y]
Proposition 1. The Nijenhuis tensor N has the properties

(1) hNp(hX,hY) = hNp(PhX,PhY) = —hPNg(hX, PRY)
(2) vNp(hX,hY) = vN5(PhX, PhY) = —vPNy(hX, PRY).

Definition 1. The tensor field 5 defined by
05 (X,Y) = —uN5(hX,RY), VX,Y € X(T*M)
is called the P — self — curvature of the nonlinear connection N on T*M.
Definition 2. The 2- form w :(*ZF — is called the non — holonomy distorsion.
Definition 3. The tensor field ; defined by
t (X,Y) = —hN5(wX,vY), VX,Y € X(T*M)

is called the P — self — torsion of the nonlinear connection N on T* M.
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Theorem 1. The P —sel f — curvature 5 depends only on g and N, and is given
by
(3) Op 0k, &) = — (291 VL% gir + Rjn))0",
where QIf = L(6L6F — grig'®) is the Obata operator.

Theorem 2. The non-holonomy distorsion w depends only on g.
For the Nijenhuis tensor Nz we have the following decomposition:

Np5(85,08) = N%jkfsi +Np

Pjk(s) o°

(5 oy — n(B)s ® 4
Np(6,0%) = N6, + N 9

(g kY — NO®is A g
Np (@7, 0%) = NO®is; + NOWoe.

Theorem 3. The following relations hold true:

s)(D)k 8) i
(4) N%jr = _gjsgerI(?)( W — _N%j)ig kgsr
(5) Npjpry = —9jsgm~N§(’f)” = _N%.)ngkgir-

Theorem 4. The dual almost product structure is integrable if and only if the
following two conditions are fulfilled:

(6) 8;9ki — Okgji = Gir (0" N;ib} — 8" Nyid") ;
(7) O=-we& Rjk(r) = —2gki9?883glr.

2.1. The case of the Cartan space

Let (M, C) be a Cartan space with C = g¢"*(z)7.7s and nonlinear connection
Nir(z,7) = 715, (x) where '} (z) are the Christoffel symbols of the metric g.

We consider the mapping Py given by

VT i
P = —P(0); By(8")y = —=P(3").

®) b(0n) = P@); R0 = JP@)

Theorem 5. Py has the following properties:

a) Py is an almost product structure on T*M, ( P2 =1I);

b) Py depend only by the metric g;

¢) Py is homogeneous on the fibres of T* M.

Theorem 6. The almost product structure Py is integrable on T* M if and only
if the Riemannian space (M, g;(x)) is of constant curvature K = —J;.

Remark. For n = 2, the structure P, is integrable if and only if the Riemannian
space (M, g;(z)) is locally isometric with a pseudophere of radius r.
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