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Abstract

In the paper [7] we defined and studied two classes of metrical almost 2 — 7
structures: (Gg p,c,d> Pap,e,a) and (Ga,ae,c; Pa,c). Here we determine the set of
all d—connections compatible with the metrical structure Gg p,c,¢ in Section 2.
In Section 3 we obtain the set of all d—connections compatible with the metrical
almost 2 — 7 structure (Gq,q0,c,c, Pa,c). Moreover we raise the (a, c)—geometrical
model of the Riemannian space (M, ) with respect to the metrical almost 2 — 7
structure (Ga,a,c,c; Pa,c)-
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§1. Introduction

Let R™ = (M,~) be a Riemannian space with a smooth, real manifold M and
a Riemannian structure v. Here z = () are coordinates on M and (z,y) = (z¢,y")
are coordinates on the tangent manifold TM projected on M by 7. The indices
i, 4, k,.... will run from 1 to n = dimM and the Einstein convention on summation is
implied. The geometrical objects on T'M whose local components change like on M
will be called d—objects as in [6]. The kernel of the differential 77 : TTM — TM is
a vector subbundle of TT M called the vertical distribution on TM. The local vector
fields % determine a local frame in VIM. A nonlinear connection in the tangent

bundle 7 : TM — M is a distribution HT'M on TM supplementary to the vertical
distribution, that is

(1.1) TTM = HTM @ VTM

The position of the subspace H,TM, u € T M can be given by n local vector fields

aii = 8‘; — N¥(z, y)%. The real differentiable functions (N}(z,y)) completely

determines a nonlinear connection which will be denoted simply N. For exemple we
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can take N}(z,y) = v}, ()y*, where 7%, (x) are the Christoffel symbols of the Levi-

Civita connection. Therefore a nonlinear connection N determines a basis (6%;, a%f)

adapted to the decomposition (1.1).
We recall that the Sasaki lift of the Riemannian structure v on TM is

(1.2) Gs = vij(z)dz' @ dz? + v (z)dy* @ dy?.

Next we consider a (h,v)— metrical structure on TM given by

(1.3) G(z,y) = gi;(2,y)dz’ ® da? + hy;(z,y)0y" ® oy,
where
(1.4) gij(x,y) = %—3%'1'(95) + %yiw

hij(z,y) = L (2) + L=y,

and F? = v;;(z)y'y?, yi = vij(#)y’ and a,b,c,d : Im(F?) C Ry — R are differen-
tiable functions with 6> a >0 ,d > ¢ > 0.
The study of this (h, v)— metrical structure was done in [7]. We notice that
a)Fora=F,b=F, % = lf%, d?> = F?, the metrical structure G p.c,a(,y) is
the Cheeger — Gromoll metric

(1.5) Gog(z,y) = vij(x)ds’ ® do? + g (vij (@) + yiy;)dy* © 6y’

b)Ifa=F,b=F, ¢ = ¢F?, d% = F2(¢' + 2¢"F?) , where ¢ : Ry — R,
with ¢/ (t) # 0,t € Im(F?), one obtains the Antonelli — Hrimiuc metrical structure

(1.6) Gan(z,y) = vij(@)dz' @ dz? + (¢'vij (z) + 2¢"yiy;)0y* @ dy.

c) For a = F, b = F one obtains the Anastasiei metrical structure

(1.7) Galz,y) = vij(@)ds’ ® da? + (£ (z) + LrEyiy;)0y' © Gy
d)Ifa=F,b=F ,c=d=k? k € R, one obtains the Miron metrical structure

(1.8) G (2,y) = 7 (2)dz’ © do? + Eryi;(2)0y* @ oy

§2. d—connections compatible with G, .4

Let us assume TM is endowed with a nonlinear connection given by the local

coefficients N]? (z,y) = ’Y;:k(x)yk-

Definition 2.1. A d—connection D on T'M is called compatible with the metrical
structure G if it satisfies the condition

(2.1) DxG =0,V X € x(TM).

In the next considerations we shall determine the set of all connections compatible
with the metrical structure Gg p.c,q. In the adapted basis, any d—connection on 7'M
can be represented in the following way:
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in which the system of functions ( F ;;, F;, Cj, ,C ji ) represents the local
coefficients of the above d—connection D. It is not difficult to prove:

Theorem 2.1. There are d—metrical connections on TM with respect to the
metrical structure Ggp.c,q. One of them has the following coefficients:

23 (e W
(2.3) w=F 3= 7]k
(H,e)!
(2.4) Cip=A8 ype+ A1 -0 -y +As-y'-vip+As -y -y s
(V,0)°
(2.5) C]k—B A g+ B y -Yjk + Ba - y Yi Yk
where:
(2.6) Ay =0 yn + 04 -y — v - i
2.7) A=20F-a 4 Yoo
4 4 ’ ’ 2
28) Ay =Yt Ay = EEEG b
; 142 2
(2.9) BZ% aBl:2c(fd2C)
2 2 7 ddl_2d2 I
(2.10) B, = A redd—2d)

Theorem 2.2. The set of all d—connections compatible with the metrical struc-
ture G p,c,q 15 given by the following coefficients:

(2.11) (j}”jk:w C)]k +Og, - X1
(2.12) %’;k:(‘fﬁcik + 5;; Y
(2.13) ‘g’;:"é”’;k +05, - Uz
(2.14) %’;k:(‘é‘:);k + 5;; Vi

with X7% , Y2, UR , VR arbitrary d—tensor fields and

05 = 4 05 85— 0 o)
(2.15)

~ €l

Ojm= 3 (& - O = hjm - h*7)
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the Obata operators.
Theorem 2.3. The set of all d—connections compatible with the metrical struc-

ture Gg,q,c,c 15 given by the following local coefficients

b .
(2.16) F = jp + U - Xok

vy .
(2.17) Fjp= v + Qg VP

()’ . .
(2.18) = ALy + Qs U
2.1 (V)Z i et m
with X™ , Y%, U™ | V% arbitrary d—tensor fields and
(2:20) Vi = 3 (85 - I = 2m - 7*)

the Obata operator of the Riemannian structure .

§3. d—connections compatible with a class of metrical almost
2 — 7 structures on T'M

Recall that an almost 2 — & structure is a tensor field of type (1,1) on TM, which,
in adapted basis (5%;, 8—8¢r) is given by

(3.1) Bs(2)=—A 52, ®s( ) =X -5, A€C
Also, a metrical almost 2 — 7 structure is a pair (Gg, ®s) on T'M for which
(3.2) LGs(®sX,85Y) = Gs(X,Y) , VX,Y € x(TM),

and the 2-form Qg(X,Y) = Gs( ®s(X),Y) is closed.

The pair (G, ®g), where the metrical structure G is defined by (1.3), (1.4), is not
a metrical almost 2-7 structure. In [7] we proved that there exists a class of almost
2-7 structures ® such that the pair (G, ®) is a metrical almost 2 — 7 structure. In fact
we proved that the pairs (Ggp.c.a; ®ap,e,d) and (Go,a,c,c, Pa,c) are metrical almost
2 — 7 structures on the tangent bundle. The almost 2 — 7 structures ®, 5.4 and &,
are given by

(3.3) D00 = Ml 52 @ da’ + ABf 55 ® 0y’
and:
~k . ~k R
(34) Boc=AA4; 5or @da' + A B; 55 @0y’
where:

(3:5)1 Al = —aof + Syt A= -2
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~k
(3.5)2 BE = ¢5k — adtbe, b po cgh

abF? )

Definition 3.1. a) A linear connection on TM is said to be compatible with the
almost 2 — 7 structure ® iff it satisfies the condition

(3.6) Dx® =0,V X € x(TM).

b) A linear connection on TM is said to be compatible with the metrical almost
2 — 7 structure (G, @), iff it satisfies the conditions

(3.7) DxG=0 ,Dx®=0 ,VYX ex(TM).

The first step consists in the investigation of the linear connections compatible
with the almost 2 — 7 structure ®, 4 4. In the adapted basis, any linear connection
D on TM can be represented in the following way:

(=) @’

s _ ) ol
(3.8) Dapaer = F g st Fie
1 s @ W
Dsjk 8_141'— :ij 6_:01'+ ij 8_1;{
s @t o
sgp T Cpat O
e s @ . W
DLa_yj' :Cjk 6_:c’r+ Cjk 8_1;{

In local coordinates, the condition (3.6) is equivalent with the following set of
relations:

3.9 W
(3.9) AR R — AL F =0
Al Wy’ ;@
(3.10) ot + AP O —AL O =0
3.11 @ g W
(3.11) A% F o, —Bi F ;=0
(3.12) (2’ )’

Aj- Cpp =By C =0

If we investigate only d—connections compatible with the almost 2 — 7 structure
B b,c,a, then it is necessary to take into consideration (3.9) and (3.10) only. Our
purpose is to find d—connections compatible with the metrical almost 2 — 7 structure
' (v @y
(Gap,cdr Pab,e,a)- For this end in (3.9) we replace the coefficients ( F i, F jz, C ji»
]
%/')jk) with those from (2.11)—(2.14). The relation (3.9) can be written, in this case,
in the following way:

X ~ € .
(3.13) Al .O;,gn X7 —Aﬁ’- Opm Y =8-yPyq- E]('I;k’
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where
(3.14) Bl =680 -7k -8,k B= Yk

We notice that the left hand of the relation (3.13) has a d—tensorial character. The
fact that E;’;k is not a d-tensor field involves that the relation (3.13) is an impossible
one. Therefore we can assert that there are no d—connections compatible with the
metrical almost 2 — 7 structure (Gg,p,¢,d, Pa,b,c,d)-

Next we study the d—connections which are compatible with the metrical almost
2 — 7 structure (Gq,a,c,c; ®a,c)- Repeating for this one the above considerations, one
obtains the following conditions which should necessarily be satisfied:

() ' () L,
(3.15) Fu=Fi , Cp=Cj +2-0}- 295 g

After some calculations with respect to (3.15), one obtains the following result:

Theorem 3.1. The set of all d—connections compatible with the metrical almost
2—m structure (Ga,a,c,cs ®a,c) is given by the following local coefficients:

S R
(318) G = 485+ 95U
1) G by, Uy

with X7, U arbitrary d—tensor fields and Q5. the Obata operator of the Rieman-
nian structure -y.

Particular cases.

1%, In the case X% = Uz = 0 one obtains a d—connection compatible with the
metrical almost 2— 7 structure (Gg,q4,c,c, ®a,c), which depends only on the Riemannian
structure v and the functions a, ¢. The local coeflicients of this d—connection are as
follows:

@@t () . () . vy .
(3.20) Fp=Fp=% » Cup=A-0-y , Cju=B-06 y.

The simplicity of this d—connection and the fact that it is determined only by
the Riemannian structure v and by the functions a, ¢ allows to call it the canonical

d—connection of the space (T'M, Gg,q,c,c; Pa,c)-

20, fa=F,c=k, k € R*, one obtains the so called homogeneous metrical
@ © (0)
almost 2 — 7 structure (G , ® ) where the metrical structure G is the Miron metrical

V)
structure from (1.8) and the almost 2 — 7 structure & is defined by
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)

(3.21) o=-\-£ L odi+ ) L Loyl

~ (0) (0)
The canonical d-connection of the space (TM, G , &) is given as follows:

@@t () . () vy .
(3:22) Fu=Fp="% , C = v C = _%.5;,.3/,9.

2n
Remarks. The space (2M7T) =(TM,Gqa,.c.c ®a,c)is called the (a, c)—geometrical
model of the Riemannian space (M,~) with respect to the metrical almost 2 — 7 struc-
ture (Gq,a,c,cy ®a,c). It can be used in a gauge theory of the Riemannian metric
defined by the metrical structure G ,q,c,c. The investigation of the solution of the
Einstein equations or of the Einstein—Yang Mills equations for certain relevant cases
will be the subject of a forecoming paper.
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