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Abstract

In recent papers [4, 6] are introduced principal directions of locally imbedded
n-dimensional manifold in Euclidean spaces and Riemannian spaces of arbitrary
codimension. Using some recent results of [7] concerning the n-scalar products,
in this paper are given two geometric interpretations for the principal directions
and principal curvatures: one concerning the submanifolds of Euclidean spaces
and the other one for the general case of submanifolds of Riemannian spaces.
The presented results yield to a natural introduction of principal directions and
principal curvatures for submanifolds imbedded in Hilbert spaces.
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§1. Preliminaries

In this paper is given a geometric interpretation for the principal directions and
the principal curvatures for submanifolds imbedded in Euclidean spaces [4] and Rie-
mannian spaces [6] with arbitrary codimension. It is done by using the methods in
[7]. We recall the necessary definitions and results from [4], [6] and [7].

In the paper [4] are considered locally embedded n-dimensional manifold M in
the Euclidean space R"**. Let {Y;}(1 < i < n) be an arbitrary orthonormal system
of tangent vector fields on the manifold, and let {N,}(1 < a < k) be an arbitrary
orthonormal system of vector fields orthogonal to the tangent space. Considering an
arbitrary tensor field T' on M, it can be prolonged locally in an (n + k)-dimensional
neighborhood such that

(1.1) VT =0,
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for each orthogonal unit vector N, where V denotes the covariant differentiation with
respect to the Euclidean metric. Usually, by N we will denote a unit vector or vector
field which is orthogonal to the basic manifold. For arbitrary vector field X, it implies

(1.2) [N,X] =VnX — VxN = -VxN

and hence N L[N, X]. For arbitrary normal vector field N and arbitrary tangent
vector fields X and Y, we also have X:[N,Y] =Y [N, X] .

In the paper [4] are introduced the principal directions and the so called principal
normal vectors of the manifold M imbedded in R"t*. The following tensor field Tj;,
defined by

E n
(13) Ty = > (Y Na, ;) (Y - [Na, Y-
a=1r=1
is symmetric and invariant of the orthonormal basis Yi,...,Y,. If (Ar,...,A,) is

an arbitrary eigenvector of the matrix Tj;, then the vector AiY: + ... + A, is
eigenvector for the corresponding (1.1) tensor field Tj, and it does not depend on the
bases Y1,...,Y, or Nq,...,Ng. The eigenvectors are orthogonal and they determine
the principal directions. Their eigenvalues are non-negative real numbers. These
eigenvalues are squares of the principal curvatures. To avoid the sign problem, in [4]
are introduced the principal normal vectors as follows.

Assume that 7Z1,...,Z, are orthonormal vectors which determine the principal
directions. Then we define the corresponding principal normal vectors U;(i = 1,n),
by

k
(1.4) Ui=Y (Zi-[Nay Zi))Na,
a=1
and also define the vectors
k
(1.5) Ui; = Z(Zz - [Na, Zj])Na’
a=1

which are canonical, i.e., they do not depend on the choice of the orthonormal system
{N,} and do not depend on the signs of the vectors Z;. The following Proposition
holds.

n —_—
Proposition 1.1. The sums Y. ||U;;||? for i € 1,n are the eigenvalues of T.
Jj=1

These results are generalized in [6] for Riemannian spaces. Let (M', g) be an n-
dimensional submanifold of an n + k-dimensional Riemannian manifold (M, g). We
denote by Vy the covariant derivative with respect to the metric g in direction of the
tangent vector Y. It verifies that the linear mapping

(1.6) p(X)=-VxN
is a symmetric operator, i.e.,

(1.7) 9(p(X),Y) = g(X,o(Y)).
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Let Ny,...,Ng be arbitrary k orthonormal vector fields on U, and let Y7, ..., Y, be
arbitrary n orthonormal vector fields on U. The tensor filed

E n
(18) Tz] = Z Zg(YravyiNa)g(YTa VY]NOZ)

a=1r=1

does not depend on the choice of the orthonormal system N,. In special case if (M, g)
is an Euclidean space, then this field T coincides with the field T' defined by (1.3).
If we consider new orthonormal base Y; which is obtained from the basis Y; by an
orthogonal transformation C, then we have

(1.9) T'=C-T-C7.

Thus the eigenvalues of T' are invariant on the base tangent vectors and since T is
symmetric, its eigenvalues are real numbers and the corresponding eigenvectors are
orthogonal. If (t1,...,t,) is an arbitrary eigenvector of T;;, then Y7 + ... +¢,Y,
is eigenvector of the corresponding (1.1) tensor field Tj and it does not depend on
the base tangent vectors Y1,...,Y,. The eigenvectors of Tj determine the principal
directions. The eigenvalues which are non-negative scalars are squares of the principal
curvatures. It is more convenient to define the principal normal vectors U; by

(1.10) U; = —9(Zi,Vz,No)Na,

M=

1

a2

and also the vectors

(1.11) Ui =

M=

_g(Zi7VZjNa)NOt7

I
-

o4

where Z1,...,Z, are orthonormal tangent vectors which determine the principal di-
rections. The Proposition 1.1 also holds in this case, where the norm is taken from
the Riemannian metric g.

Finally we define [7] an angle between two n-dimensional subspaces ¥; and ¥y of
R™, or of any vector space endowed with inner product, where m = n + k. Assume
that ¥, is generated by the n-form w; = a1 A ... A ay, ie., a,...,a, is a linearly
independent set which generates the subspace ¥; and assume that ¥, is generated
by the n-form we = b; A ... A b,. Then the angle ¢ between ¥; and X is defined by

W1 - Wa
(1.12) cosp = —— =
llewn | - [|w]]
where
ar-br a1-by ... a1-b,
(1.13) Wi - by = az-bi as-by ... az-by
an-bl an-b2 an.bn

[lwi|| = w1 - w1, ||we|] = /w2 -ws. It is proven that ¢(X1,¥e) = @(X7,X%), where
37 and X3 are the subspaces of R™ which are orthogonal to ¥; and X5 respectively.
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Moreover, the function

(1.14) d(21,%e) =

w W
inf ||— | = inf \/2 o\ Lw2
A=t ] ||w2|| IAI=1 llw]] - [zl

where ¥; and Y, are generated by w; and ws, defines a metric in the Grassmann
manifold of all n-dimensional subspaces of R™.

§2. Geometric interpretation of the principal directions and
principal curvatures of submanifolds of Euclidean spaces

First we prove the following theorem.
Theorem 2.1. If Py,...,P, and P, + APy,...,P, + AP, are two orthonormal
systems of vectors in R™, then for the angle ¢ between the corresponding two n-
dimensional subspaces holds

(2.1) (Ap)? = (AP)? + (AP)? +... -2 > (B-APR)
1<i<j<n
+o((AP)? +... 4+ (AR,)Y).

Proof. By neglecting the small increments of higher order than 2, using the orthonor-
mality of the both systems of vectors, from (1.12) and (1.13) it follows that

1+ P -APR P AP, P - AP,
1_(Ag0)2: PQAPl 1+P2AP2 PQAPn
P, - AP P,- AP, ... 1+P,-AP,
Since
1=(P;,+AP;)- (P, + AP;)) =1+2P;- AP, + AP; - AP,
we obtain
1
(2.2) P;- AP, = - (AP,)*.

Further, using that

0= (P +AP,) - (F;+AP;)=P;-AP; + P; - AP, + AP; - AP;,
for ¢ # j, we obtain that
(2.3) P;j-AP; = -P;- AF;,

by neglecting the quantities of higher order.
By substituting of (2.2) and (2.3) in the above determinant, we obtain the equality
(2.1). m|

Remark. Note that (2.1) can also be written in the following form

n n

(2.4) (Ap)* = (AP’ + (AP +...+ (AP,)* = > > (P AP)*+

i=1 j=1
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+o((AP)? + ...+ (AR,)?),

because (P; - AP;)? = L(AP)* = o((APL)? + ...+ (AP,)?) and (2.3).

Now let us assume that Y3,...,Y, be linearly independent vector fields on an n-
dimensional manifold M’ locally imbedded into R™ and let Y,,11,...,Y,, be a basis
of the normal space. Let their coordinates be ¥; = (Y, Y?2,...,Y/™) for 1 < i < m.
Without loss of generally we assume that Y]’ = 5;: for 1 <4,7 < m at a chosen point
of the submanifold M’.

Now using that

n m

AY? =3 TPV d? = Z I?da’,

j=1r=1

according to (2.4) for the angle Ay between the tangent spaces of the chosen point
and a close point of it, we get

n m n

-y () (S me) - S Y (S

i=1p=1 j=1 t=1 i=1 j=1 p=1

NE

2

PP t 2
YPT?,dot )

L
I

1

.

= Xn: f: (Xn: r%,ds) (Xn: I dot) - Xn: Xn: (Xn: r;ltdxt)2,

i=1p=1 j=1 t=1 i=

= Xn: i Xn: Xn: I?.T% do’ dat — Z Z Z Z rgprquxpdxq

i=1 p=1 j=1 t=1 i=1 j=1 p=1 ¢=1

2": f: zn:zn:l"fjl"ftdx’dx
t=1

i=1 p=n+1 j=1

-
by
I
-
L
I
-

and hence
@5)  (Ze) =2 X Y >omr ft%% PP P
i=1 p=n+1 j=1 t=1 u=1v=1
where
(26) Aw=3 3 LTI,
i=1 p=n+1

Now we introduce a geometrical definition of the principal directions and principal
curvatures. Indeed, principal directions are those directions on the tangent space at

2
the considered point such that the expression (ﬁ—f) takes minimal or maximal value,

where A is the angle between the tangent spaces of the considered point and a point
close to it. The square of the principal curvatures in chosen principal direction is

2
just the value (ﬁ—f) of this direction. Now, according to (2.5) and (2.6) we obtain

that the principal directions (in geometric sense) are the eigenvectors of the matrix
A =[A,,] and the squares of the principal curvatures are the corresponding values of

(%)
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In order to prove that the principal directions and the principal curvatures defined
now coincide with those defined using the tensor T from (1.3), it is sufficient to verify
that the matrix T coincides with the matrix A in the considered special case Y]’ = 5;
at the considered point. According to (1.3) we obtain

m n

Tij = Z Z(_Yz : VYTYP)(_Y} 'VYrYp)-

p=n+1r=1

Using that for p > n it holds

Y; Vy.Y, =Y, Vy.Y;=-Y,- (inyT - [Yi,Yr]) —

ri?

=Y, Vy.Y, = — ZY TV, = -T%,
j=1

and hence we obtain
- > Yy
p=n+1r=1

Since p(21, X2) = (27, 235) ([7]), the previous geometric interpretation also holds
if the tangent space is replaced by the orthogonal space of the tangent space. Indeed,
the angle Ay between the normal spaces of the chosen point and a close point of it
we get

m m n n m m m n

> Y (S (L) - 33 (LS v

i=n+1p=1 j=1 t=1 i=n+1j=n+1 p=1t=1

Analogously to (2.5) and (2.6) we obtain

Ap\?2 dz® dz¥
(2.7) (%) —;;B“” ds ds
where
i=n+1p=1

We will prove that both symmetric n X n matrices A and B are equal.
The Christoffel’s symbols I'%; can be calculated by

) n 0z}
.ij_ ZXuaxka iaj:]-amak:]-ana

where X,...,X,, are arbitrary m vector fields such that the first n of them are
tangent to M’ and Z]’: is m x m matrix which is inverse of X ]’ such that (X }, cens X7
are the coordinates of X; for j = 1,m. Now we are able to prove that the matrices
A and B are equal. It is sufficient to prove it for a special choice of the connection.
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Indeed, assuming that Xi,...,X,, is an orthonormal system and X]’: = 5} at the
considered point, we get
ziesi, = 9%
i=% v T
Hence .
Fp:—azfz%:—r
I oxi  Oxf PJ

and now it it obvious that A,, = Byy.

§3. Geometric interpretation of the principal directions and
principal curvatures of submanifolds of Riemannian spaces

In the previous section we calculated the angle between two different tangent
spaces. This can be determined only if the manifold is imbedded into a space with
vanishing curvature tensor. In the general case, if the manifold is imbedded into a
Riemannian manifold, we should require another geometrical representation.

Let Y1,...,Y,, be an orthonormal system of vectors in the Riemannian space, and
assume that Y1,...,Y,, are tangent vectors to the imbedded manifold. Let denote

w=Y1AN...NY,.

We denote by V, the derivative Vy,. Now we will prove that the tensor (1.8) can be
written in the following form

(3.1)

Tst = g(Vsw, Viw).

Without loss of generality we can assume that at the chosen point we have

Since

0

oz’

Y, = i=1,n.

Vsw =VsY1A...AY,)
=Y P VIA LAV ALLLAY, =

=>r. YiA.

AN TLY A LAY, =

zzgﬂz;ﬂ:nﬂrgsyl/\.../\n_lx\yj/\ml/\.../\Yn+§jyzlrgsw:

= i TV A LAY AY AY i AL AY,.

Further, it is easy to verify that

gYVIA LAY LAY AY AL AT,

and thus we obtain

Yl/\---/\Yr—l/\Yl/\Yr-',-l/\---/\Yn): jldira

9(Vsw,Vew) =g iy Y DEYIA LAY LAY AY i AL AT,
Yo gt Tt VI A LAY, A AV AY i AL AY,) =

= 22;1 Z;n:n—i-l Z:=1 len-u ngrlrt‘sjl‘sﬁ = 22;1 Z;nzn-u ngrgt'
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Further, using that )
VyY, =T%.Y;,
we obtain
Ty =3k Y 9(Ye, Vv Na)g(Yr, Vy; No) =
= Zt n+l Zr—1 9(Yy, Zm Fp Y) Yr, Zm Fq Y)
= Zt n+1 Zr— rLr Z Zt—n—i—l Zr— (-r )(_Ff-j) = g(Viw, V;w).

Thus the basic tensor T" used to find the principal directions and principal curvatures
is reduced in geometric form.

Moreover, instead of the principal normal vectors U; and U;;, now we have the
following n-form. Let Zi,...,Z, be the unit tangent orthonormal vectors which
determine the principal directions. Then

V1w = Vzlw,. . .,Vnw = Vznw

are n-forms, called principal n-forms. Note that V sw is orthogonal to w, i.e. g(Vsw,w) =
0, since g(w,w) = 1. It means that at least one vector of V,w is orthogonal to w. Ob-
viously, g(Vsw, Vsw) are the eigenvalues of T'. This is result analogous to Proposition
1.1. Note also that g(Vsw,Viw) =0 1if s #¢.

Finally, we shall prove that

(3.2) To = g(Vow™, Viw™)

where w* is the unit (m —n)-from which generates the orthogonal space of the tangent
space. This gives the dual interpretation of the principal directions and curvatures.
According to the previous assumptions of this section we can set

W'=Y, A AY,.
Then
Vew* =Ve(Ynp A AY ) =30 i VIA L AVY AL AY, =
=Y g1 Yot A AT DL YA LAYy, =
= ZLH—nHZ?—lF Yntt A AYy A AY AY i AL AY g+ Y Tl w =
= vent1 et DhsYnpt A AYud AYGAY i AL A Y.
Further, it is easy to verlfy that
Vi1 A AYy i AYjAY i A A Yy,
Yoii A AY LAY AY i AL AY,) = 651000
and thus we obtain
9(Vsw*, Viw*) =g 2 DoVt A AYi i AYjAY i A A Y,
=t e Do YIA LAY a AV AY i AL AY,) =
= ZZ”:nH Z?=1 Z:;nzn-u Zln=1 F.’ZLSF!Ut(Sjl(SUU = Z] 1 Zu n+1 I ut =
= 2?21 ZL”:nH (_F}'Ls)(_r}tt) = 2?21 ZL”:n+1 F]sl“}‘t = g(Vsw, Viw).
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