Topological Properties of Killing Tensor Fields
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Abstract

Let (M, g) be a compact Riemannian manifold of dimension n. Let K9(M, R),
q = 2,n — 2 be the vector space of Killing tensor fields on M. The aim of the
present paper is to study if dimK?(M, R) has topological meaning.

M.S.C. 2000: 53C20.
Key words: compact Riemannian manifold, special quadratic form, Ricci tensor field,
Riemannian tensor field, Killing tensor field.

§1. Introduction

Let (M, g) be a compact Riemannian manifold of dimension n. The study of the
existence of special tensor fields on (M, g) is an open problem. An important problem
is also to determine a relation of the topology of M and these tensor fields.

The purpose of the present paper is to find out if dim K9(M,R), ¢=2,n—2is
a topological invariant, where K9(M, R) is the vector space of Killing tensor fields of
order ¢ on M.

The paper contains four paragraphs. Each of them is analyzed as follows.

The first paragraph is the introduction. The basic notions of a Riemannian man-
ifolds are given in the second paragraph. The third paragraph includes the theory
of Killing tensor fields of order g. The relation between topology and Killing tensor
fields is given in the fourth paragraph.

§2. Basic properties of tensor fields

Let (M, g) be a compact Riemannian manifold of dimension n. Let D,(M, R) be
the vector space of covariant tensor fields of order ¢ on M. It is known that D, (M, R)
is a module over the algebra D%(M, R) and a vector space over R of infinite dimension.
Let A?(M, R) be the subspace of D,(M, R), which consists of all antisymmetric tensor
fields of order g, that is the exterior g-forms on M. The dimension of A?(M, R) is
( Z ) We shall study the vector spaces of A/(M,R),q=2,n — 2.
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If we AI(M,R), then on the chart (U,¢) on M with local coordinate system

(z!,...2"), the g—form w can take the form
1 ) ) ) .. .
w= awil,,,iqu’l Adziz A ... Adzie , ig,ig,... 0 = 1,n.

From (1) we can obtain the local norm ||w||? of w, which has the form

1 o
[lwl* = PRUECLNE

where
1.dq _ d1d1 fadamn. .
whte = gt gtddawy s

Hence ||w||? is a function on M. If we apply the Laplace operator A on |jw]||?, we
obtain another function A(||w||?) on M, which is given by

1
§A||w||2 =< 6Vw,w > —||Vw]||?
From the formula (4), by integration, we have
/ [< 6Vw,w > —||Vw|?)] dM =0,
M

where dM is the volume element on the Riemannian manifold (M, g).

Let (U, #) be a chart of (M, g) with local coordinate system (z!,...z"™). Then on
(U, ¢) the g—form w can be written

1
w = awilmiquil Adziz A... Adzia,

where {w;,...;, } the components of w on (U, ) and i1,is,...54 = 1,n.

If we apply the Laplace operator A on w, we have another g—form Aw, that is
Aw € AY(M, R). The g—form Aw on (U, ¢) has the expression

_ 1.4 q v
Aw = =59V Viwi iy — D51 PY Wirciuvipsn...ig—
La puv i i i
- Zt’<8 Ritiswh...it_1uit+1...i5_1vi5+1...iq]dx T A dx 2 ALA dx 7.

The components {(Aw);,...;, } of Aw on the chart (U, ¢) are the following

1 ..
(Aw)l1l _[_gljvjviwh...iq +pfswi1...i5_1vi5+1__

e = q!

it

+R* w,. . . . . ]
Tt ls 1.2 —1 UL 41 .05 —1Vls 47 --08g 1"

The local norm of w and Aw, by means of (8), takes the form:

1
A =< /A ——F,
< Aw,w >=< 4§ w,w>+(q_1)! g(w,w),

where F,(w,w) is a quadratic form defined as follows:

g, d q L ijig.dg, Kl
Fy(w,w) = pijw Wi, g, T 2 Rijraw TWig..ig-
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The relation (4), by means of (9), takes the form

1 9 9 1
- = - -— _F .
Al =< Vi w > —|Vul* ~ =g Fy(w,w)

The relation (11) by integration on the manifold (M, g) becomes

/M[< Vw,w > —||Vuw|? - F(w)]dM = 0.

1
(¢ -1
The quadratic form F,(w,w), given by (10), can be written

Fq(’LU,’LU) :Fql(waw) +Fq2(w,w),

where
Fy(w,w) = pyw'™tow]
2 _ ijig...1 kl
F(w,w) =Rjjuw™ *w; ;. .

The quadratic forms (14) and (15) can be also written
F (w,w) = bty i gy W2 e w2 T
02 _
Fq (waw) = Cilin..igirin...iq

The coefficient b;,4,..5,,51,42,...j, 1as the form

witiz-iqqpdida--da

bil,i2~~~iq,j1 d25edq — PirjiGiagaTisgs - - - Jigja-
When we fix i1 and j; we get
biria..iqj1d2.Ga>
while is...94 , j2...Jq run all the integers from 1 to n.
The coefficients ¢, are given by

i1ig...iqi1d0.-dq

g-—1
Civiz..dqj12...54 — 9 Ri1i2j1j2gi3j3 < Gigjg-

When we fix (i1,42) and (1, 72), we find

Cirin...igj1j2..-4q

while is...94 , j2...Jq run all the integers from 1 to n.
Now, we can prove the following

Proposition 1. The tensor field b = (biiy...ixj1j...5,) 15 symmetric with re-
spect to any of two indices (iy,7,) v = 1,2...¢ and with respect to (i1,12,...14) and
(41,32, .. Jq)- Therefore the quadratic form (16) is symmetric.

Proof. We know that the Ricci tensor field p is symmetric. The same is true for
the metric tensor field g. From these we have

Pirjn = Pjrir » Gingo = Gjaias -+ Gigjy = Gigiq-
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From (21) we obtain
bjija..jgirin...iq = Divin...igjrja..jqg>

or one of the following relations

bjiis..igirgn...dq = Divin...igi1ja.dq"
O

The components i 4,...i 5. 4»...j, Of the tensor field ¢, according to the formula
(20), have the form

g-—1
TRi1i2j1j2gisj3 -+ Gigjq-

Cirin...igj1ja...jq =
Some properties of the tensor field ¢ can be discribed by the proposition.

Proposition 2. The tensor field ¢ = (Ciyiy...iz51js...5,) 5 Symmetric with respect
to (i1i2,7172) and any of two indices (iy,jy, v =3,q) and as well as with respect to
(t1,%2,...1q) and (J1,72,...7q). Therefore the quadratic form (17) is symmetric with
respect to (i1,12,...14) and (j1,J2,...Jq)-

Proof. Tt is known from the properties of curvature tensor field that we have
Biiojijo = Rivinivia.
We also have
Gizjs = Gjsiz » Gisja = Gjatar -« Gigjq = Giqiq-
From (25) and (26) we conclude that
Cjy ,ja...jgiria...ig = Ci1yin...igj172..-7q,

or one of the following relations
Cisivig...iqjoj14s...5q — Cirinis...iqf15253.-dq

Civig,jais...igj1jaisja...jq — Cin,inis...igf1j273...4q"

§3. Killing tensor fields

Let A,(M, R) be the vector space of antisymmetric contravariant tensor fields of
order q on a compact Riemannian manifold (M, g).

There is an isomorphism between A,(M, R) and A?(M, R).

Therefore we can exchange the notion of antisymmetric covariant tensor field of
order q with of antisymmetric contravariant tensor field of order q and conversely.

Let (U, ¢) be a chart of M with local coordinate system (z',z?%,...2"). An anti-
symmetric contravariant tensor field X of order ¢ is called Killing, if the components
(Wiy4y...5,) of the corresponding Killing exterior g-form w satisfy the relations

_ i _
ViWjis..ig + ViWiis..ig =0,  Viwg, ;. =0.
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In the formulas (28) we have used the symbol w for the Killing exterior g-form

associated to the Killing tensor field X of order q .

Therefore the exterior ¢g-form w is Killing if its covariant derivative Vw is an

exterior (¢ + 1)—form.

The conditions (28), for a Killing exterior g—form w, can be expressed as follows:

(¢+1)Vw=dw, dw = 0.

The Killing exterior g—form w on the chart (U, ¢) with local coordinates (z*,

satisfies the relations
UVViwiy i, T30 Pt Wi iy _atiygn.ig T+
g 1 JH1...1q q —1 pis 11...15_1tls+1...lq
1Nx~ g pou oy . . . -
+E Zt<8 Risitw’ﬂ...’Lt_l’U’Lt+1...’LS_1u’LS+1...’Lq - 0

and N
9"V jwi,. i, = 0.

The inner product of w and Aw — (¢ + 1)6Vw satisfies the relation

1

1 1
§A||w||2 = —||Vwl* + an(w,W) q(Aw - (g+1)0Vw,w),

for any exterior g—form w. The formula (32) implies by integration

/[< Aw — (g + 1)6Vw,w > +¢||Vw|* - Fy(w,w)]dM =0.

1

(¢ -1

If w is a Killing exterior g—form, then from the relations (29) , we have
Aw = (¢ +1)6Vw, ow=0.

Therefore the relation (33) by means of (34) becomes
1
q|Vw||? - ———F,(w, w)]dM = 0.
[ Vul? - g Fatw,w)

Using (13), the equality (35) takes the form

2 1 1 2
/M[qIIVwII - m(Fq (w,w) + F?(w,w)]dM =0,

which by virtue of (16) and (17) rewrites

/M[qIIVwII2 - ﬁ(lﬂ?l (w,w) + F*(w,w)]dM = 0.

In the following, we use the symbols
Ip = sup{F* (wp,wp)/wp unit vector in AY(Tp(M)}

Lmax =sup{lp/P € M}
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dp = sup{F**(wp,wp)/wp unit vector in AY(Tp(M)}
Dyax = sup{dp/P € M},
and state

Theorem 3. Let (M,g) be a compact Riemannian manifold of dimension n.

Let K1(M,R) be the vector space of the Killing tensor fields of order ¢ on M. If
Lmax + Dmax < 0 and if there exist points P, and Ps such that Ip, < 0 or dp, <0,

then dimK?(M, R) = 0. If Lmax + Dmax = 0, then dimK4(M, R) < ( " )
Proof. From the conditions
Lmax + Dmax <0,
we conclude from the formula (37) that
Vw =0,
that means w is parallel. From the conditions
lp, <0 or dp, <0,
we obtain w = 0, which infers
dimK*(M,R) =0.

From the conditions
Lmax + Dmax =0

we conclude that
Jvul? <o,

which implies Vw = 0 and therefore w is parallel. Hence we have

dimK(M, R) < ( " )

§4. Topological properties of K¢(M, R)

Let (M,g) be a compact orientable Riemannian manifold of dimension n. Let
H?(M, R) be the vector space of harmonic g—forms on (M, g). Then dim H9(M, R)=b,,
is the g—Betti number, which is a topological property of M, that means, it is inde-
pendent of the Riemannian metric g on M.

We recall the following

Conjecture 4. Let (M,g) be a compact orientable Riemannian manifold of
dimension n. Let K9(M, R) be the vector space of the Killing tensor fields on (M, g).
Is the dim K9(M, [R) a topological invariant?
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This conjecture is not true. This is a consequence of the following theorem.
Theorem 5. The dimension of K9(M, R) is not a topological invariant on the
compact manifold M.

Proof. There are constants 3(n) > ~(n) depending only on the dimension n of
the compact manifold M ([3]) such that M admits a complete metric g with Ricci
curvature p(g) satisfying the inequalities

—B(n) < p(g) < —v(n).
The inequalities (48) imply that Lyax < 0. If we take a Riemanniam manifold N
having two metrics g; and g» such that
Lmax(91) <0, Lmyax(ge) >0,

we conclude that the quadratic forms F,(w,w)(¢g:) and F,(w,w)(g2) give different
results for the formulas (37) and therefore dim K4(N, R) = p depends on the metric.
Hence p is not topological invariant. The same is true for dim K9(M, R). |
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