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Abstract

The aim of this paper is to describe the connection between convex cones and
solvable Lie algebras. The first paragraph is a brief introduction. The second
paragraph contains basic definitions and results of solvable Lie algebras and
convex cones. The last paragraph describes the connection between solvable Lie
algebras and convex cones of dimension 8 over R.
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§1. Introduction
Let D C R" be a convex domain and V(D) be a convex cone on the convex

domain D. Let ([5])
A= > A4

1<i,j<M

be a T-algebra of rank M provided with an involutive anti-automorphism %, and let
g be a solvable Lie algebra included in A ([9])

g= > Ay

1<j<i<M

§2. Solvable Lie algebras and convex cones

2.1. Solvable Lie algebras. Let g be a Lie algebra. We call [g,g] the derived
algebra of g and denote it by Dg. If h is an ideal of g, then so is Dh. It can be proved
that ([9])

[g, Dh] = [g, [, h]] C [h, [h,g]] + [h, h[g, h]] C [h,h] + [h,h] = Dh.
We define by induction the following series of subalgebras

DO =g DWy=Dg,..., D" g=DDMg), neN.
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In this way, we obtain a series of ideals satisfying ([9])
DO®go>pMg> ... DDMgD ... .

This series is called the derived series of g. If there exists a positive integer n such
that D(™Wg = {0}, then g is said to be a solvable Lie algebra.

We enumerate in brief certain properties of solvable Lie algebras which prove to
be useful in the following.

1. Subalgebras of solvable algebras are solvable. Homomorphic images of solvable
algebras are solvable (in particular, quotient algebras of solvable algebras are solvable).

2. If g is a Lie algebra, h is an ideal of g and the Lie algebras h and g/h are
solvable, then g is solvable.

3. Direct sums of solvable Lie algebras are solvable.

4. If an ideal h of a Lie algebra g is solvable, then it is called a solvable ideal.
If g does not contain any solvable ideal except {0}, then g is said to be semisimple.
Conversely, if h is a non-zero solvable ideal, there then exists a non-negative integer
n such that D("~Yh # {0} and D™h = {0}. Thus D®~Vg is a non-zero abelian
ideal.

5. The set of all upper triangular matrices of gl(N, C), i.e., matrices of the form

11 T12 P13 ... Tin
0 Tog o3 v Top
0 0 T3z ... XT3pn
0 0 0 cii Zpn

is a solvable Lie algebra ([9]).

2.2. Conv%x cones
Let D C R Dbe a convex domain, noninvariant under any affine transformations
n
of R . If the group A(D) acts transitively on D, then the domain D is said to

n
be homogenenous. From a homogeneous convex domain in D in R, we define a
homogeneous convex cone

v=v(D)cR" =R"xR,
as follows ([7])
V(D)={(tz,t)" € R x R; z €D, t> 0}, (2.1)
which is called convexr cone on the convex domain D. Let G(V) be the group of all

linear automorphisms of V' and gy the canonical G(V )-invariant Riemannian metric
on V. Then the natural embedding ([7])

x:z€D—= (x,1) e V(@) (2.2)

is equivariant with respect to the groups A(D) and G(V'). Therefore, the Riemannian
metric on D

gp = X"gv
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induced from (V, gv) by x is A(D)-invariant. The Riemannian metric go is called the
canonical metric of D.

We note that the canonical metric gp is given from the characteristic function ¢y
of V as follows. Let us put ¢p = @y o x. Then ([5])

9*log vp i 4
_ j
gp = Z Er dz'dz?, (2.3)
1<4,j<n
where (z!,22%,...,2") is a system of affine coordinates of R".

§3. Main results

Let
A= D A
1<4,j<4
be a T-algebra of rank 4 provided with an involutive anti-automorphism x. Generally,
the elements of A;; will be denoted as a;;, by, . .. and an arbitrary element a of A will
be written as a matrix @ = (a;;), where a;; is the A;;-component of a. We define the
subsets g, T'(A), V(4) and X, as follows:

T11 Zi2 Z13 T4
0 Too 0 To4
0 0 I33 0

0 0 0 Ta4

a) g=< A= €Al,z;€R 1<ij<A

which is a solvable Lie algebra dimension 8 over R;

b) TA) ={A=MN;) €A | A;>0,1<i<4, X;=0,1<4,j<4}
is a subset of g with the diagonial elements positive;

kii=zu+2zu

ki z y =z ko2 = T + Too
k 0 z kss =z3s +
viAy=drex=1]7% 22 33 33 33 AeT(A
9 Vi) * y 0 k3 O kas=ou+xas O C (A4) ¢
z z 0 kaq T =12,y = T13

Z2 =14, T = T2a
V(A) C X ={z € A, =* =z} is the set of symmetric (Hermitian) matrices.

Then it is known ([8]) that there exists a homogeneous convex cone in the real
vector space X and T'(A) is a connected Lie group which acts on V simply transitively
as a linear transformation by

11 12 Z13 14 Sl + Sl 5’12 5’13 5’14
_ 0 22 0 4 . _ S12 Sy + 52 0 So4
A= 0 0 33 0 , §+8 = Sis 0 Ss + S3 0 -
0 0 0 Ta4 S14 So4 0 Sy + Ss
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11 +S1u 22+ S12 zis+ S35 T4+ Su

. 0 Tag + Sso 0 Tog + Soa
A+S+A+85)* = 0 0 a3 + Sas 0 +
0 0 0 Zaa + Sua
z11 + S11 0 0 0
z12 + S12 Tag + Sa 0 0
+ 13 + S13 0 33 + S33 0 €V,
Z14 + S14 0 0 Zaa + Sua

that is
(A SS*) eT(A) x V(A) = (AS)(AS*) e V.

Conversely, every homogeneous convex cone is realized in this form up to a linear
equivalence. We shall use the following notations ([5])

Nij; = dim Aji = dim Aij

1
ni=1+>3 ny, i,j=14,
2 ki (3.1)

Spa = Z N Qi (a = (aij) € A)
1<i<A

Then the numbers n;; satisfy the condition
max(nija njk) S Nik, Viaja ke ma (32)

for all indices ¢ < j < k with n;; - ns; # 0.

Moreover, the element e = (e;;), €;; = 0;; (the Kroneker delta), is the unit element
of T, and also e is contained in V. Hence, the tangent space T, (V') of V at the point
e may be naturally identified with the ambient space X and also with the Lie algebra
A of T. On the other hand, the solvable Lie algebra A may be identified with the
subspace Z A;; of A provided with the bracket product [a,b] = ab — ba. A

1<i<j<A
canonical linear isomorphism between A and X is given by ([5])

E:a€X= Z Aij & a+a" € X =T,(V).
1<i<j<A

Under this identification, by using the canonical Riemannian metric gy at the point
e, we have an inner product, (, ) on A defined as follows:

(a'a b> =9gv(e (f(a’)af(b)) (33)
for every a,b € A. The inner product (, ) has the following expression ([5])
((1, b> = SP(E(G')a f(b))a (34)

that is
N1 = Tgg = N33 = N4gq = N2 = N3 = N4 =Ny = 1
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and
( n1:1+1n12 +—n13+1n14:§
2 2 2 2
71221-|'17121-1‘—7123-"17124:§
2 2 2 2
\ 1 1
n3:1+§n31+§n32 +§n34:1
1 1 1
[ na =145 met g nee + 5 =1,
whence

{a,0) = Sp((a+a*)+ (b+b*))=Sp((a+b)+ (a+b)*) =
= n1(a1 + bi1) + nelage + baa) + ns(ass + bzz) + na(aa + baa) =
= Z(a11 + b1 + 2(as2 + bas) + (ass + bss) + (ass + baa).

From (3.2) we finally have

max(nlg,n24) S Nni4, max{l, 1} S 1.

§4. Conclusions

The connection between solvable Lie algebras and convex cones of dimension 8
was described by a canonical isomorphism ([5])

E:aer= Z Aijj = a+a" e X=T./(V).
1<i<j<A

The canonical Riemannian metric gy at the point e has an inner product (-, - ) on
A defined by (3.3) and (3.4).
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