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Abstract

This paper has two goals: to define the invex, pseudoinvex and quasiinvex vector
functions on differentiable manifolds and Riemannian manifolds, and to develop
a vector programming on a manifold. A vector program (VP) on a manifold M
is a vector problem of Pareto minimum generated by vector functions defined
on M. Necessary and sufficient conditions of efficiency (Pareto optimization)
for (VP) are established. These conditions are of Karush-Kuhn-Tucker type and
some functions of (VP) are generalized invex.

Also, the notion of Pareto saddle point for the vector Lagrangian associated
to (VP) is defined and a theorem of Pareto saddle point for (VP) program is
given. This theorem generalizes the well-known theorem of saddle point of Kuhn
and Tucker for scalar programs in nonlinear programming.
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§1. Introduction

For the convex functions on Riemannian manifolds are known many definitions.
In the present framework, a function is geodesic convez on a Riemannian manifold
(M, g) if its restrictions to all geodesics of M are convex. More precisely, if M is a
complete manifold, then the function f : M — R is said to be geodesic convez if for
all geodesic arcs v : [a,b] = M and all A € [0,1] one has

F(r(a+A(b~a)) = (1=X)f(v(a)) + A(1(b))

or,

1) (fom®) = (for(a) Z d(f o)alb - a),

if f is a differentiable function.
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Particularly, for the Euclidian space R" the geodesic v has the form ~(t) = At+c,
t € R, where A is an n X n dimensional matrix and ¢ € R". Then the relation
~¥'(a)(b — a) = v(b) — ¥(a) is true and denoting v = y(a), z = 7(b), relation (1)
becomes

f(@) = fu) Z dfulz — u).

The preceding relation doesn’t require any metrical structure and therefore it can
be extended to manifolds M like in Pini [9].
Let M be a differentiable manifold endowed with a linear connection and let

™ = | T,M
pEM

be the tangent bundle of M. For an € > 0 we denote I, = (—¢,g) C R.

Definition 1.1. A differentiable curve (a) on M is a differentiable aplication
a:l. - M.

We put a(0) = p € M. The tangent vector to the curve (a) at p is v = &/(0) €
ToyM =T, M.

Let N be another differentiable manifold and ¢ : M — N a differentiable appli-
cation. Consider also the composed application 8 = poa : I — N. Obviously,

B(0) € Tgo)N = Ty(a(op N = Ty N-

Definition 1.2. The linear application dyy, : T, M — T, N defined by dy, (v) =
B'(0), where v = a’(0) € T, M and 8 = poa is called the differential of ¢ at the point

p.
But 8'(0) = ¢'(a(0)) - ¢/(0) = ¢’ (p)v and then

(2) dop(v) = ¢'(p)v, veT,M.

Definition 1.3. Let I C R be an open interval and v : I — M be a differentiable
curve. The curve () is called geodesic of M if

D (dr) _,

dt\dt)
We consider now an application  : M x M — TM such that n(p,q) € T,M
for every ¢ € M and any p € M. The function n(p,-) is a vector field on M for
every p € M and it is named ”point-to-set vector field”. Particularly, if n(p,-) is

smooth, then 7(p, -) is a smooth vector field on M, for every p € M. Relative to the
differentiable function f : M — R Pini [9] defined the invexity notion as follows

Definition 1.4. (Pini) The differentiable function f is said to be n-invez on M
if for any p,q € M,

o) = £(a) Z dfy(n(p, q)).

This definition admits the following generalizations.
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Definition 1.5. The differentiable function f is said to be n-pseudoinver on M
if for any p,q € M,

df,(n(p,q)) Z 0= f(p) 2 f(g)-

Definition 1.6. The differentiable function f is said to be 5-quasiinver on M if
for any p,q € M,

fo) = f(g) = df;(n(p,q)) < 0.

In these definitions according to (2),

dfs(n(p, q)) = [df (@)In(p, @)

If (M, g) is a Riemannian manifolds, then

dfs(n(p,q)) = g4(grad f(q),n(p,q))

where grad f(q) is the gradient of f at the point g.

In the sequel we present the notions of invexity pseudoinvexity, quasiinvexity and
inquasimonotonicity in the pointwise variants for the vector function F : M — R™.
The differential of F' at p € M, namely, dF}, : T,M — Tr,R" = R", is introduced
by

dFp(v) =dF(p)v, veT,M

and for the Riemannian manifolds (M, g), by

dFp(v) = ¢p(dF(p),v), veT,M.

Definition 1.7. The differentiable vector function F' is said to be invex atu € M
if there exists an application 5 : M x M — TM such that (shortly, F' is n-invex at u
if)
F(z) — F(u) 2 dF,(z,u), Vz € M.

Definition 1.8. The differentiable vector function F is said to be pseudoinvez
at u € M if there exists an application 1 : M x M — TM such that (shortly, F is
n-pseuwdoinvez at u if)

dF,(n(z,u)) 20 = F(z) 2 F(u), Vz e M.

Definition 1.9. The differentiable vector function F' is said to be quasiinvez
at u € M if there exists an application 1 : M x M — TM such that (shortly, F is
1-quasiinvez ot u if)

F(z) = F(u) = dF,(n(z,u)) £0, Vze M.

Definition 1.10. The differentiable vector function F' is said to be ingquasimono-
tonic at u € M if there exists an application g : M x M — T'M such that (shortly, F'
is n-inquasimonotonic at u, if)

F(z) = F(u) = dF,(n(z,u)) =0, Vze M.



24 Stefan Mititelu
If the manifold M is endowed with the Riemannian metric g, then everywhere in
Definitions 1.7 - 1.10, we have
dFu(n(z,u)) = gu(dF (uv),n(z,v)).

Also, everywhere in this paper the relations u = v, u < v, u = v, u < v etc
between the two vectors u = (u1,...,u,)t and v = (vy,...,v,)! are equivalent to

u=vé&u;, =v, t=1Ln

u<veu <v, t=1,

3

-,

uév@uiévi, =1,n

u<veulv, u#v,

respectively, where we denoted by ” * ” the transposition.

The (generalized) invex functions have the property that every local minimum
point is a global mimimum point [3]. For this reason the (generalized) invex functions
are used in the optimization theory.

§2. The purpose of the paper

Let us consider now the vector functions f = (fi,...,fp)! : M — RP, g =
(g1,--s9m)t M = R™ and h = (h1,...,hs)! : M — R®. A minimization vector
program on M is the following Pareto extremum problem:

Minimize f(z) = (fi(z),... fp(z))?
(VP) . <
subject to g(z) =0, h(z) =0, z € M.

The domain of this program is the set

D={zeM|g(z) =0, h(z) = 0}.

Definition 2.1. A feasible point z° € D is said to be a Pareto minimum point,
or an efficient solution (of minimum) of (VP) if there exists no other feasible point
z € D such that f(z) < f(z°) [1].

The paper establishes necessary and sufficient conditions of Karush-Kuhn-Tucker
type for the efficiency of a point z in the vector program (VP). Moreover, there is de-
fined the notion of Pareto Saddle Point for the vector Lagrangian associated to vector
program (VP) and is given a theorem of Pareto Saddle Point which generalizes the
well-known theorem of Saddle Point of Kuhn and Tucker for convex scalar programs
from the nonlinear programming.

The necessary conditions of efficiency use the follwing:

Lemma 2.1 [4, 5]. Let X be a locally convex space, Housdorff separated and
let @ = (01,...,0,) : X > RP, o= (p1,...,om)  : X 2 R™ and | = (L, ..., 1)
X — R be vector functions. We suppose that 6 and ¢ are convex functions and

pilSr<j<m),(re IN*) and l are linearly affine functions.
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If the system

l(z)=0, k=1,s

is incompatible on X but the following system

90.7'(1'.)<07 J=1r

() S0, j=r+1L,m
k(z)=0, k=1,s

is compatible on X, then there exist vectorst = (t',...,t")' € R?, y = (y',...,y")t €
R™ and z = (2%,...,2")t € R® such that

P m s
Zt’ﬂi(x) + Zngoj(x) + szlk(x) 20, VzeX
=1 j=1 k=1

t>0, y=0.

For the sufficient conditions of efficiency the following statements are indispens-
able.

Definition 2.2 [1]. The point z° is said to be properly efficient of (VP) if it is
efficient for (VP) and if there exist a scalar S > 0 such that, for each ¢,

fi(a®) = fi(z)
fi(@) — f;(2°)

for some j such that f;j(z) > f;(z°), whenever z is feasible for (VP) and f;(z) <
fi(z9).

An efficient point that is not properly efficient is said to be improperly efficient
and a such point is excluded in our study.

We consider the following parametric scalar program

A

S

¢ P
Minimize Z t fi(x)

=1

(Pt) { subject to g(z) =0, h(z) =0

p
zeM, t>0,> t=1

\ i=1

The follwing result is true.

P
Lemma 2.2 (Geoffrion [1]). Let¢ >0 (Z t' = 1) be fixed. If 2° is optimal in
i=1

(P;), then 0 is properly efficient in (VP).
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§3. Efficiency conditions for the vector program (VP)

Let z° € D be an efficient solution of (VP) and we define the set J* = {j €
{1,...,m}| g;(2°) = 0}. We suppose that the domain D verifies at z° the following
constraint qualification of Mangasarian-Fromowitz type:

R(z%) : Iv € TM : d(gyo)eo(v) <0, dhyo(v) = 0.

Here d(g0),0(v) is the vector of components d(g;)0(v), V4 € J°, taken in increas-
ing order of j and
dhgo(v) = (d(h1)z0(V), - - ., d(hs)go ().

Now it follows necessary conditions of Karush-Kuhn-Tucker type as z° € D be an
efficient solution of (VP).

Theorem 3.1 (Efficiency necessary conditions). . Let z° € D be an effi-
cient solution of (VP). Suppose that the functions f,g and h are differentiable at z°.
Moreover, suppose that gjo is n-quasiinvez at z° and h is n-inquasimonotonic at x°,
where 1(-,z°) is surjective. Also (VP) satisfies the constraint qualification R(z°).

Then there exist vectors t° € RP, y° € R™ and 2° € R® such that the following
efficiency conditions of Karush-Kuhn-Tucker type at z° are satisfied by (VP),

tOidfi(20) + y% g;(2°) + 2% dhy(2°) = 0

y%9g;(2°) =0, y° Z 0

(KKT)
p

020, ) %=1,
i=1

(throughout the paper we shall use the Einstein summation rule for indices).

Proof. If the vector function gjo is n-quasiinvex at z°, from Definition 1.9 it follows
< 0 0 <
(4) Vz € D:gyo(z) = gyo(z”) = d(ggo)eo (n(z,27)) = 0.

The vector function A is n-inquasimonotonic at z°. Using Definition 1.10 it follows
that

(5) Vz € D : h(z) = h(z°) = dhgo(n(z,2%) =0

The point z° is a Pareto minimum for f. There exists a vector component f of f
and a function A(z,z°) > 0, Vz € D such that for each &, € (0, \(z,2°)] one has

20 + eon(z,2°) e M
and _ ~
F(a° + exn(z,2°)) Z f(2°).
The function f is differentiable at z° and then, for all z € D

dfpo (n(z,2°)) = f'(zo;n(z,2°) = lim fa®+ Ewn(z’:o)) — /) >

0.
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Therefore, the following system
d(fi)zo (n(2,2°)) <0, i=1,p
<

(6) d(g;)ze (n(z,2°))
d(hk)wo (77($a$0)) =0,k=1,s

0
T

0
Iy

is incompatible on D. But n(-, z") is surjective and then, the following system
(fi)ao(v) <0, i=1,p

(95)s0(v) =0, Vj € Jo (v e TM\{0})

d(hg)ge(w) =0, k=1,s

d
(7N d

is also incompatible.
From the constraint qualification R(2°) it follows that the following system

{ d(g;)z0(v) <0, Vj € Jo

d(hg)ge(v) =0, k= 1s (v e TM\{0})

(8)

is compatible.
But if the system (7) is incompatible and the system (8) is compatible then,

according to Lemma 2.1, it follows that there exists vectors t € R?, yj0 € R’ and
z € R? such that

Ztid( Fao () + D yid(g))e0 (v) + zs:zkd(hk)wo (v) 2 0, Vv € TM\{0}

j€Jdo k=1
t>0,y=0.

We have

Jj€Jo

(Xp: tid(fi)eo + Y v d(gj)e0 + izkd(hk)wo) (v) Z 0, Yo € TM\{0}
i=1 k=1

and from this inequality it follows

p s
S td(fi)eo + Y yid(gj)a0 + Y 2 (k) g0 = 0.
=1 j€Jo k=1
Now, we define
t
40 ¢ 0 Yo 0 0 R™. 0 i
- P ? y - P ? ? ‘) e ? 4 - P

i=1 i=1 i=1
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and so, the conditions (KKT) are fulfiled.
In the sequel, the sufficient conditions of Karush-Kuhn-Tucker type for (VP) are
established.

Theorem 3.2 (Efficiency sufficient conditions). Suppose that the functions
f, g and h are differentiable at z° € D and that the vector program (VP) satisfies at

20 the conditions (KKT). Suppose also that f is n-pseudoinvez, gjo is n-quasiinvez

and h is n-inquasimonotonic, all in z°.

Then it follows that z° is a properly efficient solution of (VP).
Proof. The first relation of (KKT) leads to

p s
(9) Z O df; (z°) + Z y%dg;(x°) + Z 2%dhy (2°) | n(z,2°) =0, Vz € D.
=1 j€Jo k=1

Moreover, there are true the relations (4) and (5). From these two relations and
ygo 2 0 it follows

(10) Z y% dg; (z°) + ZzOkdhk(xO) n(z,z°) £ 0, Vz € D.
j€Jo k=1

Also, from the relations (9) and (10) we obtain

P
ZtOid(fi)wo (77($a$0)) = 0, Vr € -D7
i=1

or, equivalently,

p .
(11) d (Z t0’fi> (n(z,2°)) 20, Vz € D.
i=1 20

P
But the function Z t9% f; is p-pseudoinvex at z° and then the relation (11) implies

=1

(i tOifi> (x) Z (i tOifi> (%), Vz € D.

Finally, according to Lemma, 2.2, it follows that z° is a properly efficient solution
of (VP).

§4. Pareto saddle point for the vector program (VP)
The vector function L : M x R™ x R® — R?, where
L(z,y,2) = f(z) + [y g; () + 2 hi(2)]e, e = (1,...,1)" € RP

is called the vector Lagrangian associated to the vector program (VP).
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Definition 4.1 (Pareto Saddle Point). A point (z°,7% 2°) € M x R™ x R®
is said to be Pareto saddle point for the Lagrangian L (or for the program (VP)) if
the following conditions are fulfiled

L(z%,y,2) = L(z°,4°,2°) = L(z,y°,2%), Vz € D, Vy 2 0, Vz € R®.

A theorem of Pareto saddle points of Kuhn and Tucker type for (VP) it follows.

Theorem 4 (Pareto Saddle Point). The point z° € D is an efficient solution

of the vector program (VP) if there exist vectors y° = 0 and 2° € RP such that
(20,9, 2°) be a Pareto saddle point for the Lagrangian L. The necessity of theorem
uses moreover, the condition y% g;(z°) = 0.

Proof. Necessity. We have g(z°) =0 and h(z°) = 0. Then, for y = 0 it follows
y79;(@°) + 2 hi(2°) = y%g;(2°) + 2% i (2°),

F@) + [y g;(2%) + 2" (a%)]e = £(2°) + [y¥g;(2°) + 2% R (a")]e,

that is
L(a°,y,2) = L(z°,y°,2°).

The inequality
L(z°,y°,2°%) = L(z,°,2°), Vz € D

is equivalent to
£(2°) = f(=) +y%[g;(=°) — g;(@)]e + **[hx (2°) — hx(2)]e =0
and having z°,z € D and y% g;(z°) = 0 it becomes
F(a°) — f(=) = [y g;(x)]e = 0,

that is true.
Sufficiency. (z°,1°) is a Pareto Saddle Point for L. The inequality

L(z°,y,2) = L(z°,9°,2°), Vy =0, Vz € R®
is equivalent to
(12) [ — y)g;(2°)]e + [(2* — 2%)"]hy(a°)]e = 0.
Choose y such that for a fixed k,
gt =y +1
{ y =y, j#s

and z = 2°. Then (12) becomes g,(z°) < 0. For every s € {1,...,m} it follows
<
g(z%) =0.
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For y = ¢° from (12) it follows
(2" — 2%)hi(2°) £ 0, Vz € R,
From this relation we find h(z°) = 0 and so, z° € D. Moreover, we have
f(z) 2 L(z,3° 2°) 2 L(2°,4°,2°) 2 L(z°,0,0) = f(z°), Vz € D,

that is 20 is an efficient solution of the program (VP).

Remark. The necessary condition y% g;(z°) = 0 is ensured by the constraint
qualification R(2°) and by the hypothesis of quasiinvexity of g; and of inquasimono-
tonicity of h, the both at 0.
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