On the Generalized Clifford Bundle+
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Abstract
In this note, in the generalized Clifford bundle we obtain certain useful relations

between Clifford product and interior and exterior products.
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§1. Introduction.

Let V be a vector space over the field K and ¢ : V — K a quadratic form on
V. By CI(V, q) is denoted the Clifford algebra of V and ¢ ([1],[2]). As a vector space,
the Clifford algebra is isomorphic with the exterior algebra A*(V) and, therefore, we
have the decomposition

Cl(V,q) = CI°(V,q) ® CI'(V, q)

into even and odd parts. Next we shall assume that K = R, dimV = n, and in a
fixed base {e:},_17,
gz =2} +. .+ -z — ... — T,
r+s = n. In this case, CI(V, ¢) is simply denoted by Cl, ;(V), and for s =0, Cl, o is
denoted by Cl,(V). Cl,s(V) is determined by a g-orthonormal base {e;},_1 with
the properties:
e t+es-e; = _25ij’ lST‘

The Clifford algebra can be extended over V¢ = C ® V, the complexified of V, and
¢° = C® g. Then we can define

Cl, (V) =Cl(V¢, ¢,

which is isomorphic with the complexification of Cl, (V). It is known ([4]) that
Cl, (V) ~ Cl,(V), and hence it is possible to consider Cl, (V) C Cl, (V).
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Now let us consider an n—dimensional real differentiable manifold M, and a pseu-
doriemannian metric g with constant signature

G(X)=X{+. . +X2-X2,—-...—X2,,, VzEM.

We can discuss about the generalized Clifford bundle Cl,. (M), which at any point
z € M has as fibre the Clifford algebras Cl,. ;(T,M). This is a more general case
than the Clifford bundle considered in [1], where s = 0, but, as we shall see further,
a many of Clifford bundle properties are preserved.

Based on the isomorphisms
Clps (Ta M) = A™(T, M),
we have the vector bundle isomorphism
Cl,s(M) ~ A*(TM).

The correspondence between vector fields and 1—forms writes: X ¢ gx, where
gx(Y) = g(X,Y); this gives an isomorphism between A*(TM) and A*(M), and
hence we have

Cly,s (M) ~ A*(M).

Identifying Cl, (M) and A*(M) we can find a correspondence between the Clifford
product and the exterior and interior products, as follows. Let {ei}i=1,_n be a local
base of 1—forms; then the next relations hold true:

_ _251']' iST’
(1) el.e]+e].el_{25i]‘ 1> T

Consider now a vector field X; € x(U), such that gx, = e;.
Proposition 1 The relation
ei-p=¢e Np—ix(p), for all ¢ € T(A*(M)),

where I'(E) is the module of sections in the vector bundle E.

Proof. Let o =3, _ _; a"'e; -... ey ; then it is sufficient to prove that
eilei, - ei) =€ Ny - e) —ix; (€ .. - €3).
But
€ "e.€ip =€5 N Nej, forallip <...<ip,
and consequently the relation above follows directly from (1). |

Corollary. If w is an 1—form and ¢ € I'(A*(M)), then
wp=wAp—ix, (),

where X, € x(M), gx, = w.
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Proof. Using, e.g., the Gauss method, we can obtain the local base of 1—forms
{ei}i:L—n at any z € M. If w = w'e; then X, = w*X;. Hence

wep = (we) - p=wie;-p) =wieiNp —ix,(p) =
= (Wei) Ap —iuix; (9) =w Ap —ix, (¥).

Now, if X € x(M), we get

ix(w-p) =ixwAp—ix, (p) =ixW)Ap—wAhix(p) —ixix,(p) =
=ix(W)Ap—(wAix(p) —ix, (ix(9) =ix(w) ¢ —w-ix(p).
We have proved that
(2) ix(w-p) =ixWw) ¢ —w-ix(p).
o=, <0 e, ... ey, we define

alp) = Z (=)kah ey - . ey,

i1 <...<ig

Remark. If ¢ = @ + ¢1, where o € T'(CI ,(M)) and ¢, € T(CI} ,(M)) are
the even and respectively the odd parts, then a(y) = wo — 1 gives a fundamental
spin-tensor ([4], [1]).

Proposition 2 For any ¢, € T'(A*(M)) we have

ix(p ) =ix(p) ¢ +alp)  ix(¥).

Proof. For ¢ =3 ati-tee; -...-e; it is sufficient then to prove that

i1 <. <dp
ix[(en - ei) 9] = lix(en ... ei)] 9+ (=) (ews - .. - eir) - ix(¥),
using induction after k¥ > 1; for £ = 1 this is just the relation (2). |

Proposition 2 gives a relation between the interior and the Clifford product, similar
to the one between the interior and the exterior product on a manifold.

Theorem 1 Let us consider @,v € I'(A*(M)) and V a metric connection in respect
to g. Then we have

Vip-9) = (Vo) - ¥ +¢- (V).
Proof. If w is an 1—form and ¢ € I'(A*(M)), then
Viw-9) =VwAd—ix, (4) =
= VAV +wAVY —ix, (V) —ivx, () =

= (VW) Ay —ivx, ) + (WA VY —ix, (Vi) =
= (VW) A —ixg, (%) +w -V = (Vw) - ¢ +w - Veh.
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Hence, if @1 =€;, -...¢€;,, then

Vier-9) = (Ver) - ¥ + 1 - (V),
by induction after k > 1. If a is a differentiable function on M, then
V((ap)$) = V(alpr¥)) = (Va)(pr - $) + aVips ) =
= (Va)(pr - 9) +a((Ver) -9 + o1 - (Vi) =
= ((Va)p1 +aVr) - ¢ +alpr - V) =
= [V(ag1)] - ¥ + (ap1) - V),

and the theorem is proved. O

Corollary. If V is a metric connection on M, then:
1) The following relations hold true:
V(CR (M) = CI2 (M)
V(Cly,o(M)) = Cly o (M);
2) We have

RX,Y)(p-9) = (R(X,Y)p) ¥+ ¢- (R(X,Y)9),
where R s the curvature tensor.

Now let us consider Cl,, (M), the complexified of Cl,,(M). If V is a metric con-
nection on M, then let V be the extension by linearity of V to Cl,,(M).
Proposition 3 For any z,w € I'(C1,(M)), we have

Viz-w)=Vz)-w+z (Vw).

We know that (Cl, s(M)); C (Cl,(M)),; then all the real vector bundles Cl,. ,(M)

are included in a complex vector bundle.

Remark. From a historical point of view, our generalization of Clifford bundles
is natural. Let us recall that the Dirac operator contains the generators of Cly 3
algebra. Therefore, a generalization on Clifford bundles of the Dirac operator is also
interesting on the Cl, ; bundles, in particular is obtained the actual case of Cl,,. But
this is a subject for a forecoming paper.
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