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Abstract

In the present study we consider pseudo Ricci-symmetric manifolds in the sense
of M.C.Chaki. We show that pseudo Ricci-symmetric manifolds satisfying divR =
0 (resp.divC = 0) property are Einstein (resp.Ricci flat) manifolds.
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§1. Introduction

Let M be an n-dimensional (n > 3) Riemannian manifold. For the vector fields
X,Y,Z € x(M) and the the Levi-Civita connection V of M the curvature tensor R
and the Ricci operator S of M are defined by R(X,Y)Z = Vx(VyZ)-Vy(VxZ)—
Vix,v1Z, and S(X,Y) = g(SX,Y) respectively. Furthermore for the vector field W
the Riemannian Christoffel curvature tensor R of M is defined by R(X,Y, Z, W) =
9(R(X,Y)Z,W) [4].

Let II be a non-degenerate tangent plane to M at p € M given by XY €
X(M). Then the sectional curvature K (II) of II defined by K (X, Y){g(X,X)g(Y,Y)—
9(X,Y)?} = g(R(X,Y)Y, X) which is independent of the choice of the basis X,Y for

A tensor field R of type (1, 2) on M is called algebraic curvature tensor field if it
has symmetric properties of the curvature tensor field of Riemannian manifolds.

The curvature tensor R satisfies the second Bianchi identity if

(1.1) (VxR)(Y, Z,W) + (VyR)(X, Z,W) + (VzR)(X,Y, W) = 0.

Let R be an algebraic curvature tensor field which satisfies the second Bianchi
identity. If S is the associated Ricci tensor field then

(1.2) (divR)(X,Y, Z) = (VxS)(Y, Z) - (V¥ 5)(X, Z).

For a Riemannian manifold M if the Ricci tensor S is of the form S = Ag then it
is called Einstein space [4]. If S = 0 then M is called Ricci-flat.
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The Weyl conformal curvature tensor C is defined by

CXY,ZW) = RX,Y,2,W) - —={4(X,W)S(Y, 2) + (¥, 2)S(X, W) -

m{y(X, W)g(Y, Z) — g(X, Z)g(Y,W)}.

An algebraic curvature tensor field R is harmonic (or Codazzi type in the sense
of [7]) if (divR)(X,Y,Z) = 0. A Riemannian manifold M is called R-harmonic if its

curvature tensor field R is harmonic [1]
The divergence divC of the Weyl conformal curvature tensor C is defined by

@O)(X,Y,2) = “Zo{(VxS)(¥,2) - (VyS)(X,2)} -

(1.3 57y 90 D)V xT = (X, 2)Vy 7).

In the present study we consider pseudo Ricci-symmetric submanifolds and also
hypersurfaces.

The notion of pseudo Ricci-symmetric (PRS) manifolds were introduced by M.
C. Chaki in 1987. A non-flat Riemannian manifold (M™, g) (n > 2) is called pseudo
Ricci-symmetric if its Ricci tensor S is not identically zero and satisfies

(1.4) (VxS)(Y,Z2) =2a(X)SY,Z)+ a(Y)S(X,Z) + a(Z)S(Y, X),

where « is a 1-form which is non-zero for every X,Y, Z € x(M) and V being operator
of covariant differentiation with respect to the metric g [2]. In [3] the authors consid-
ered conformally flat pseudo Ricci-symmetric manifolds, see also [5] for the case M is
a contact manifold.

In the present study we consider pseudo Ricci-symmetric manifolds. We show that
pseudo Ricci-symmetric manifolds satisfying divR = 0 (resp.divC = 0) property are
Einstein (resp.Ricci flat) manifolds.

§2. Pseudo Ricci-Symmetric manifolds

Let (M,g), (n > 3), be an n-dimensional Riemannian manifold and e;, e; (1 <
i,j < n) orthonormal vector fields tangent to M and Kj; is the sectional curvature
of a plane spanned by the vectors e; and e;. Then by definition of S we have

n

2.1) S(eie) = ) g(Rlex, ei)eirex) Zsz,
k=1
(2.2) S(ej,e;5) ZKJ’“ (es,e5) = 0.

First we prove the following result.
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Proposition 2.1. Let M™ be a n-dimensional Riemannian manifold. If M is
pseudo Ricci-symmetric then

n n
(2.3) > (Kin — Kj)glej, Veei) = ale;) Y K,
k=1

k=1

(2.4) € lzn: Kik] =4a(€i)2n:Kik,
k=1

k=1
(2.5) e; [2": Kjk] = 20(e;) 2”: Kjp.
k=1 k=1

Proof. Let e;, e; be orthonormal vector fields tangent to M. Combining (2.1)-(2.2)
and (1.4) we find

(2.6) (Ve S)(eis 5) = ale;)S(ei, €:),

(2.7) (Ve S)(ei, €5) = dalei)S(es, ),

(2.8) (Ve S)(ejr €5) = 2a(e;)S(ej, €5)-

Moreover, from the covariant differentiation of S we have

(2.9) (Vei S)(ei,ej) = —S(Veiei,ej) - S(ei,Veiej),

(2.10) (Vei S)(ei,ei) = VeiS(ei,ei),

(2.11) (Ve S)(ej €5) = Ve, S(ej,€5) — 25(Ve,e5, €5).

By the use of (2.1)-(2.2) we get

(212) S(Veieiaej) - Zg(R(eka el e]aek ZK]kg 6.77 )7
k=1

(2.13) S(e:, V Zngg (ej; Veei), S(Ve,e4,€5) = 0.

Combining (2.12), (2.13) and (2.9) we obtain

(2.14) (Ve S)(eir€5) = (Z(Kik - Kjk)) g(ej, Ve,€i).
k=1
Forthermore differentiating (2.1) and (2.2) covariantly we have
(2.15) (Ve S)(eisei) =€ lz Kik] ;
k=1

(2.16) (Vei S)(ej,ej) = €; [i Kjk] (OI‘ (Vej S)(ei,ei) = e]' li sz]) .

k=1 k=1
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Since the left hand sides of the equations (2.6)-(2.8) are equal to the left hand sides
of (2.14)-(2.16) we get the result. m|

Theorem 2.2. Let M be a n-dimensional pseudo Ricci-symmetric manifold. If
M is R-harmonic (i.e divR = Q) then it is Ricci-flat.
Proof. Let M is R-harmonic so divR = 0. Using (1.2) we have

(2.17) (VeiS)(ei,ej) - (Vej S)(ei,ei) =0.

Making use of (2.7), (2.8) and (2.1) the equation (2.17) reduces to a(e;)S(e;,e;) = 0.
Since «a is a non-zero one form then S(e;,e;) = 0. Thus M is Ricci flat this complates
the proof. O

Theorem 2.3. Let M be a n-dimensional pseudo Ricci-symmetric manifold. If
divC =0 then M™ is an FEinstein manifold.
Proof. Suppose divC = 0. Then by (1.3) we have

1 n—2

(2.18) (VEi S)(ei,ej) - (Vej S)(ei,ei) + §m

€; [T] =0.
where V., 7 = e;[7]. Substituting (2.14) and (2.16) into (2.18) we obtain

n n
1 n—2
(2.19) ;(Kik — Kjr)g(ej, Vee) — 61[; K] + §mej[r] =0.
Moreover, substituting (2.3) and (2.5) into (2.19) we get

—ale;) > K + %%eﬂﬂ =0.
k=1

By the use of (2.1) the above equation becomes

1 n—2

(2.20) a(e;)S(ei e;) = imej[ﬂ-

On the other hand

n
1 n—2
(2.21) 2 ale;)S(e;,e;) = §mej [7] ;g(ei,ei),
which implies
_ 2(n—-1)(n-3)
(2.22) eilr] = nn—2) ale;)T.
However combining (2.22) and (2.21) one can get S(e;,e;) = 17. Thus M is an
Einstein manifold. o

Theorem 2.4. Let M be a n-dimensional pseudo Ricci-symmetric manifold
whose one of family of curvature lines consists of geodesic (i.e. V¢,e; = 0). Then
M™ s Ricci flat.
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n
Proof. Putting V., e; = 0 into (2.3) we get ale;) ZK"’“ = (. Since the one form
E=1
a is non-zero then by (2.1) one can get S(e;,e;) = 0, which means that M is Ricci
flat. m|
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