On Bertrand Curves and Their Characterization

N. Ekmekeci and K. Ilarslan

Abstract

Bertrand curves have been investigated in E™, n-dimensional Euclidean space
and many characterizations are given [3], [7].

In this paper, the definition of n-dimensional Bertrand curves in Lorentzian
space is given by comparing a well-known Bertrand couple of curves in n-
dimensional Euclidean space. It is shown that the distance between correspond-
ing points of Bertrand couple of curves and the angle between the tangent vector
fields of these points are constant. Moreover, Schell and Manheim theorems are
given in the Lorentzian space.

Also, alinear relationship is obtained between the first and second curvatures
of a Bertrand couple in Lorentzian space. Also if there are more than one
Bertrand mates of a curve in L™, it is shown that the first harmonic curvature
of the curve is constant. Then a necessary condition is given for a Bertrand
curve to be a general helix.
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§1. Preliminaries

1.1 Symmetric Bilinear Forms
Let V be a real n-dimensional vector space with a symmetric bilinear function
g:V xV = R. A symmetric bilinear form g on V is:

(a) positive [negative] definite provided v # 0 implies g(v,v) > 0 [< 0],
(b) positive [negative] semi definite provided g(v,v) > 0 [< 0],
(c) nondegenerate provided g(v,w) = 0 for all w € V implies v =0 [5].

If g is symmetric bilinear form on V, then for any subspace W of V the restriction
glw «w denoted merely by gl , is again symmetric and bilinear.

If g is [semi-] definite, so is g|,.

The index v of a symmetric bilinear form g on V is the largest integer, that is,
the dimension of subspace W C V on which g|y,, is negative definite.

Thus 0 < v < dimV and v =0 if and only if g is positive semidefinite [5].
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A scalar product space V # {0} has an orthonormal basis.
Let {e1,e2,...,en} be orthonormal basis for V, with £; = g(e;,e;). Then each v € V
has a unique expression [5],

n
v= Z €ig(v, €;)e;.
i=1

We use <, > as an alternative notation for g, writing g(v,w) = (v, w). For an integer
v with 0 < v < n, changing the first v plus signs above to minus we obtain a metric

tensor . "
(vp, wp) = —Zviwi + Z vl =wl
=1 j=v+1
of index v.
The resulting Semi-Euclidean Space R} reduces to R" if v = 0. For n > 2, R} is
called Minkowski n-space.
Fix the notation:

o _ ] -1 for0<i—-1<v—-1
fim1 = 1 forv<i—-1<n-1

A Lorentz vector space is a scalar product of index 1 and dimension > 2 [5].

1.2 Curves

A curve in a Lorentzian space L™ is a smooth mapping, a : I — L™, where I is an
open interval in the real R. The interval I has a coordinate system consisting of the
identity map u of I. The velocity vector of a at t € I is

o = T,

A curve in Lorentzian space L™ is said to be regular if o/(t) # 0 for all ¢ € [ is said to
be space-like if its velocity vectors o are space-like for all ¢ € I, similarly for time-like
and null curves.

If a is a space-like (or time-like) curve, we can reparametrize it such that (o' (t), o/ (¢)) =
go = +1 (g9 = —1). In this case « is said to be unit speed or it has arc length
parametrization [5], [8].

Definition 1.2.1. Let M be a curve L™, parametrized by it own arc length.
Denoting the Frenet vector fields of this curve by Vi (s), Va(s), ..., V,.(s) and assuming;:

W) _y -
ds :;k”(s)‘/](s)a 7/,]:1,...,7'

the functions defined by

kij(s) = ej1 <d‘2£s)avj(3)>

are called the higher ordered curvatures of the curve M, and [1]

kij(s) = —kji(s) (l < J)
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Theorem 1.2.1. Let M C L™ be a regular curve coordinate neighborhood (I, a)
and {Vi(s), Va(s),...,V,(s)} be the Frenet r-frame at a(s) with s € I. Then we have

[1]

a) V{(s) = k12(s)Va(s),

) = €i—2€i-1kii—1)(8)Vi—1(8) + Ki(iy1) (8)Vig1(8),
(c) V;(s) = er—s&r_1kp(r—1)(8) Vi1 (s)-

o
o
<
—
v ]

§2. Bertrand Curves in Lorentzian Space

Definition 2.1. Let a(s) and 8(s*) be two regular time-like curves in L™.
{Vi(8),Va(s),...,Vr(8)} and {Vi*(s*),V5*(s*),...,V.*(s*)} are Frenet r-frames, re-
spectively, on these curves. a(s) and 8(s*) are called Bertrand curves if V5(s) and
Vs (s*) are linearly dependent.

We say that 3(s*) is a Bertrand mate for a(s) and 8(s*) are Bertrand curves. And
(a, B) is called a Bertrand couple.

Theorem 2.1. Let (o, 8) be a Bertrand couple in L™ and o, 3 are given (I, a),
(I, 8) coordinate neighborhoods, respectively. Then

d(a(s), B(s*)) = constant, Vs € I.

Proof. From Definition 2.1 we can write,
2.1) B(s™) = als) + A(s)Va(s);

from (2.1) we obtain

* _dﬂ(s*) N ds ’ ds , ds
02y L s = l(s) 50+ X (8) g Vals) + A)Va () o
LY =Vi(s) + N(s)Vals) + A()V3 (8)

and from Theorem 1.2.1. we can write
Vs (8) = eoe1kar (s)Vi(s) + kas(s)Va(s)
and

ds*
ds

If we multiply last equation with V2(s), we get X (s)e; = 0, whence A(s) = constant.
Thus,

Vi* = (14 A(s)eoe1ka1 (8))Vi(s) + N (s)Va = (8) + A(s)kas(s) V3 (s).

d(a(s), B(s)) = [18(s) — a(s)l| = ||A(s)[| = costant.

Theorem 2.2. The measure of the angle between the vector fields of Bertrand
curves is constant.
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Proof. We show that
(Vi(s), V" (s*)) =| cosh @ |= constant.

If we take the derivative of (Vi (s), Vi*(s*)) we get

LM 6 = (6 + 146,17 65 )
= (kaa(8)Va(s), Vi (s™)) + (Vi(s), Kia(s") V3 (%)) = 0.
Thus,

(V1(s), Vi*(s*)) = constant.

Theorem 2.3. Let a, 8 be two regular time-like curves in L™. Then o and 8 are
Bertrand curves if and only if

A1 (S)k21 (S) + A2 (S)k23 (S) =1,

where A1 and A2 are constant.

Proof. (=). If & and 8 are Bertrand curves, we can write
B(s™) = als) + A(s)Va(s).

Differentiating, we get

v o AB(s*) . L~ ds ,, . ds ,. .\ ds
V() = T = 00 (9) 75 4 N (6) S Vals) + AV(6)
ds

Vi) = {Vi(e) + AG) (eoerkan ()Vi(s) + ks (5)Va(o)} 5

ds
ds*

(2.3)
= {1+ eoe1ka1(s)A(s)) Vi (8) + kas(s)A(s)V3(s)}

as {Va(s), V5*(s*)} is a linearly dependent set, we have
(2.4) V" = gg cosh §V; + £4 sinh OV5;

from (2.3) and (2.4) we get,

(2.5) gocoshf = (1 + 6061)\7621);;
ds
) inh@ = .
(2.6) €9 sinh 8 = Akog e

If we divide the terms of the equation (2.5) by the ones of the equation (2.6), we
obtain ;

S
@7) gocoshf (1 +eoe1rkar) 3%

g9 8inh § Akgs 22
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gocosh@

is written. If we takec = ————, w
g9 8inh @

e get

C)\k23 =1 +6061)\k21, C)\k23 - 6061)\](721 =1.
If we take Ay = —gpe1 A and A = ¢A. Thus,
Ako1 + Aok = 1.

(«). It is clearly shown that V2(s) and Vif(s*) are linearly dependent.
Now, if we interchange the position of curves a(s) and 8(s*), we can write

(2.8) a(s) = B(s7) — AV (s").

From this, we infer

da(s) _ dB(s*)ds* (5) dVy ds*
ds  ds* ds ds* ds
(2.9)
Vils) = (1 = Moo k3 oo — ey 22
ds s
and
(2.10) Vi(s) = g cosh OV* + 2 sinh V" ;
from (2.9) and (2.10) we get
. ds*
(2.11) gocoshf =1 — deperky = s
. . ds”
(2.12) g9 8inh @ = —Ak3g s

and from (2.11) and (2.12),

gocoshf (1-— 6061)\k;1)%

gosinh @ — ks ‘fi";

(2.13)

Theorem 2.4. (Schell’s Theorem) Let (a, 8) be a Bertrand couple in L™. The
product of higher ordered curvature functions kog and k35 at the corresponding points
of the Bertrand curves is constant, where the higher ordered curvature kos belong to
a and the higher ordered curvature ki belong to (5.

Proof. Multiplying both sides of the equation (2.6) by the corresponding sides of
equation (2.12),
sinh2 0= —)\2(S)k23k;3

and )
sinh“ @
kosks = — ——— = constant.

A%(s)
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Theorem 2.5. (Manhiem’s Theorem) Let (o, 8) be a Bertrand couple in L™.
If the points P and P* are two corresponding points of (o, 8) and A and A* are the
curvature centers at these points, then the ratio

[PAll [P A*]]
IPA|l - ||PA*|

is constant. (This ratio is the cross ratio of the points P, P* A, A*).
Proof. From (2.5) and (2.11) we have that
(1 + 01 k21 ) (1 — Aege1 k3, ) = €2 cosh® § = constant,
where p is the curvature radius. The following relation can be written

£0€1 )\k12 — £0€1

P*A :)\— :)\— _= y
1P~ Al p ” ”
€0E . % « E0E
Al =p= Pty =pr =2
12 12

€01 o )\kiKQ + £p&1
* * :
k12 k12

|[PA*| = A+p* = A+

Let us write the cross ratio

Ak12—5 £1 5]3#
apoAgny — IPPALL Pt _ ke kL
(P*P,AAY) = pal t [PA= = feer ¢ b beem
W TR

= (1 + )\6061kf2)()\6061k12 - 1) =

= —(1 + Aeoerk12)(1 — Aege1 ko) = constant.

Theorem 2.6. Assume that vy and v* are time-like Bertrand curves in L™. There
are two constants A\, u such that,

/J,(k23 - k;3) + 6061)\(’(712 + kTQ) = 0,
where the curvatures kio, kos belong to v and the curvatures ki, ki3 belong to ~v*.
Proof. From (2.7) and (2.13), we know that

gocoshf (1 +6051)\k21)j7‘°;

; = = constant
g9 8inh § Akps 8

and *
gocosh® (1 — Aeoerk3 )%

. = - = constant.
€9 sinh @ — ko3 djs

Assuming —%’;%ﬁg}\ = i, the following results

(214) /J,k23 +egpe1 A k12 =1
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and
(2.15) pkys — 01 Ak, =1

are obtained. From (2.14) and (2.15), the linear relationship
p(kas — k3s) + g1 A (k12 + kip) =0

is obtained.

Theorem 2.7. Let~ be a time-like curve in L™. If v has more than one Bertrand
mates, then the first harmonic curvature Hy of the curve is constant.

Proof. Assume that v* and y** are Bertrand mates of v in L™. Let us denote the
first and second curvatures of these curves by kia, kos, kg, k33, k75, k33, respectively.

Since v* is a bertrand mate of v, according to the Theorem 2.3 and Theorem 2.6
there exist two constants A, u such that

/J,k23 + 6061)\](712 =1

(2.16) kS, +0e KT, = 1

since v** is another Bertrand mate of ~ there exist again two constants u, v such that

vkos +ege1ukis = 1

(2.17) vk3s +eociuky, = 1;

From (2.16) and (2.17)

v— A—u
g = —————— = constant, ko3 = ———— = constant
eoe1(Av — pu) Av — pu

. . . k12
are obtained. Hence the harmonic curvature is H; = g9&1 T constant.
23

Corollary 2.1. If there are more than one Bertrand mates of a curve, then the
curve is a general heliz.

Proof. This is clear from Theorem 2.7.

Theorem 2.8. Assume that v and v* are Bertrand curves in L™. The angle
between V1,Vi* is 8 and the first harmonic curvature of v is Hi. If k34 = 0 and
H; =tanh@, then v is a general heliz.

Proof. Since v and «* are Bertrand curves in L", # is constant and we have
Vi*eo cosh 8V + g4 sinh V3. Also the relation H; = tanh 8 leads to

k12 sinh @
2.1 —Z =
(2.18) £oe1 kos  cosh@

= gokigcoshf = —e1kzo sinh 6.

For Vi* =r, we have

dr dvi ) dVa
ds = &g coshd is + g9 8inh @ 75

Using Theorem 1.2.1, we get

% = g cosh@(k12V2) + €9 sinh 8(e162k3a Vo + k3a Vi)
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and using ks34 =0,
Z—Z = gg cosh 8(k12V2) + €2 sinh O(g1£2k32V5)
which rewrites d
d_: = (g9 cosh 8ky 5 + (€1 sinh fksz2) Vs

Using (2.18), we get r = constant. Thus
(r,V1) = (V{*, V1) = cosh # = constant.

Also Sp{V;*} is the slope axis. By the definition of general helix, we conclude that
is a general helix.
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