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Abstract

In this study we consider contact metric manifolds which have cyclic-parallel
Ricci tensor under the condition that the characteristic vector field £ belongs to
the (k, p) nullity distribution.
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§1. Introduction

A differentiable manifold M?2"*+1is said to be a contact manifold if it admits a
global differential 1-form 5 such that A (dn)™ # 0 everywhere on M?27+1,

Given a contact form 7, one has a unique vector field £, which is called the char-
acteristic vector field, satisfying

1) n() =1, dn(¢,X) =0,

for any vector field X.
It is well-known that, there exists a Riemannian metric g and a (1,1)-tensor field
¢ such that

(2) n(X)=g(X,8), di(X,Y) =g(X,¢Y), 9’X = =X +n(X)¢,

where X and Y are vector fields on M.
From (2) it follows that

(3) wE=0, nop=0, g(pX,pY)=g(X,Y) —n(X)n().

A differentiable manifold M?"+! equipped with the structure tensors (g, &,7, g)
satisfying (2) is said to be a contact metric manifold and is denoted by M = (M?"+1]
©, &1, 9)-
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On a contact metric manifold M, we can define a (1,1)-tensor field A by h = %ngo,
where L denotes Lie differentiation . Then we may observe that h is symmetric and
satisfies
(4) hé =0 and hy = —ph, Vx€ = —pX — phX,

where V is Levi-Civita connection [3].

For a contact metric manifold M one may define naturally an almost complex
structure on M x R . If this almost complex structure is integrable then M is said
to be a Sasakian manifold . A Sasakian manifold is characterized by the condition

(5) (Vxe)Y =g(X,Y)¢ —n(Y)X,
for all vector fields X and Y on M [2].

A contact metric manifold M is Sasakian if and only if
(6) R(X,Y)E = (V)X - n(X)Y,
for all vector fields X and Y [2].

A contact metric manifold M is said to be n-Einstein if

(7) S=al;+n®E,

where S is the Ricci operator and a,b are smooth functions on M [2]. The Ricci
tensor S of M is defined by S(X,Y) = g(SX,Y) for the vector fields X and Y on M.

§2. Contact Metric Manifolds ¢ Belonging to the (£, u)—Nullity
Distribution

Let M be a contact metric manifold. The (k, u)-nullity distribution of M for the
pair (k, ) is a distribution

N(k,w) © p— Ny(k,w) = {Z € T,M | R(X,Y)Z = Kg(¥, Z)X-g(X, Z)Y]
(®) +ulg(Y, Z)hX-g(X, Z)hY]},
where k, s € R and &k < 1 (see [3]).

If k=1 then h =0 and M is a Sasakian manifold. So if the characteristic vector
field £ belongs to the (k, u)-nullity distribution then we have
(9) R(X, V), =k[n(Y)X —n(X)Y]+ p[n(Y)hX — n(X)hY]

(see [3]).
In this paper, sometimes we call this type manifolds as (k, u)-contact. Firstly we
give some lemmas which we use in the future.

Lemma 2.1 [8]. Let M be a contact metric manifold with £ belonging to the (k,u)-
nullity distribution. Then:
i) (Vxh)Y = [(1-k)g(X, Y ) + g(X, hpY )] € + n(Y)h(pX + phX)-un(X)phY,
i) h? = (k-1)¢?, k <1 and k = 1 if and only if M is Sasakian,
iii) R(&, X)Y = k[g(X,Y)é = n(Y)X] + p[g(hX, Y )¢ - n(¥)hX],
w) S& = 2nk€.
where X and Y are any vector fields on M and k,u € R.
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Lemma 2.2 [8]. Let M be a contact metric manifold with £ belonging to the (k, u)-
nullity distribution k < 1. For any vector field X, the Ricci operator S is given

by
(10) SX = [2(n-1)-np]lX + [2(n-1) + plhX + [2(1-n) + n(2k + w)In(X)é n > 1.

Ag a consequence of Lemma 2.2 we have the following Lemma.

Lemma 2.3 [1]. Let M be a contact metric manifold with £ belonging to the (k,u)-
nullity distribution, k < 1, then
) (VxS)(Y, 2) = [2(n — 1) + Wlg(Vxh)Y, 2)

+[2(1 = n) + n2k + p)] {g(Y, Vx&n(Z) + 9(Z, VxEn(Y )}

§3. Contact Metric Manifolds with Cyclic-Parallel Ricci Ten-
sor

The Ricci tensor S of a Riemannian manifold M is said to be cyclic-parallel if
CVS =0, namely

(12) (Vz8)(X,Y) + (VxS)(Y,2) + (V¥ 5)(£,X) =0

for all vector fields X,Y, Z.
Let M be an n-Einstein manifold whose Ricci tensor S of the form

(13) S(X,Y) = Ag(X,Y) + Bn(X)n(Y),
where A, B are non-zero real numbers and X,Y are vector fields on M. So we have;

Theorem 3.4 Let (M?"t1 g) be a (k,u)-contact, n-Einstein manifold of the form
(13). If the Ricci tensor S of M is cyclic parallel then M is a K-contact manifold.

Proof. Let us consider M is a (k, u)-contact, -Einstein manifold of the form (13).
If the Ricci tensor S of M is cyclic parallel then replacing Z with £ in (12) we can
write

(14) (VeS)(X,Y) + (VxS)(Y,8) + (V¥ 5)(€, X) = 0.

Using (13) after some computations we get
(Vx9)(Y,Z) = B[n(Z)g(Y, V&) + n(Y)g(Z,Vx&)]

which implies

(15) (VeS)(X,Y) =0,
(16) (VxS)(Y,&) = Blg(Y,Vx&) +n(Y)g(§ VxE)],
and

(17) (VyS)(§, X) = Blg(X,VyE) +n(X)g(&, VyE)].
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So substituting (15)-(17) in (14) and using (3), (4) the equation (14) becomes
(18) g(pX + ohX,Y) + g(oY + phY, X) =0

which implies
(19) g(pY, hX) = 0.

Replacing Y with @Y, the equation (19) can be written as g(¢?Y,hX) = 0. So by
the use of Lemma, 2.1 (ii), (2) and (4), we have

(20) g(Y,hX) =0.

for all vector fields X and Y and hence we have h = 0 which implies M is K-contact.
O

Theorem 3.5 Let (Mt g), (n # 1), be a non-Sasakian (k,u)-contact metric

manifold. If the Ricci tensor S of M is cyclic parallel then M is either K-contact or
k= — i pitany
n

Proof. Let M be a (k, p)-contact metric manifold. Then by [3], & < 1. But if
k =1 then M is Sasakian. Since we suppose M is non-Sasakian we have & < 1. So
by the use of (11) we have
(VeS)(X,Y) =[2(n — 1) + pg((Veh) X, Y)
+[2(1 = n) + n(2k + )] {9(X, VeOn(Y) + g(¥, Ve)n(X)}

Then using (4) the equation (21) can be written as

(21)

(22) (VeS)(X,Y) = [2(n — 1) + ulg((Veh) X, Y).
But by making use of Lemma 2.1 (i) we get

(23) (Veh)X = —pphX

and so substituting (23) into (22) we obtain

(24) (VeS)(X,Y) = [2(n — 1) + plug(hX, o).

Similarly, using (11), (4) and Lemma 2.1 (i), by a straightforward computations
we get

(25) (VxS)(Y,8) = [u+ 2k — kp +nul g(X, ¢Y)

[+ n(2k + )] g(h X, 0Y)
and using g(phY, hX) = —g(h’X, oY) = (k — 1)g(¢Y, X) we have

(26) (VYS)(&X) = [k,u'_/J'_n/J'_Qk]g(Qoan)
[u+n(2k + w)] g(hX, pY).

So substituting (24), (25) and (26) into (14) we obtain

(27) [1® + dnp + 4nk] g(hX,Y) = 0.
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Suppose g(hX,@Y) = 0. Then replacing Y with ¢Y, the last equation becomes
g(hX,?Y) = 0. So using (2) we get g(hX,Y) = 0 for all vector fields X and Y and
hence; we have h = 0 which gives us M is K-contact (note that M is non-Sasakian

since n # 1). If u? + 4np + 4nk = 0 then we getk:—iﬁ%. O

Corollary 3.6 Let (M2™*! g) be a non-Sasakian manifold with ¢ belonging to k-
nullity distribution. If M is not K-contact and the Ricci tensor S of M is cyclic
parallel then M is locally isometric to the product E™™ x S"(4).

Proof. Since £ belongs to k-nullity distribution then g = 0. Hence from Theorem
3. 2, we get k = 0. So by [2], M is locally isometric to the product E"*! x §7(4). O

References

[1] K. Arslan, C. Murathan, C. Ozgiir and A. Yildiz, Pseudosymmetric contact metric
manifolds in the sense of M. C. Chaki, Proc. Estonian Acad. Sci. Phys. Math. 50
(2001), no. 3, 124-132.

[2] D. Blair, Contact manifolds in Riemannian Geometry, Lecture Notes in Math.
Springer-Verlag, Berlin-Heidelberg-New-York, 509 (1976).

[3] D. Blair, T. Koufogiorgos and B. J. Papantoniou, Contact metric manifolds sat-
isfying a nullity condition, Israel J. Math. 91 (1995),189-214.

[4] S-B. Lee, N-G. Kim, S-G. Han, S-S. Ahn, Sasakian manifolds with cyclic-parallel
Ricci tensor, Bull. Korean Math. Soc., 33 (1996), no. 2, 243-251.

[5] B. J. Papantoniou, Contact metric manifolds satisfying R(§,X)-R =0 and £ €
(k, w)-nullity distribution, Yokohama Math. J., 40 (1993), 149-161.

[6] D. Perrone, Contact Riemannian manifolds satisfying R(¢, X) - R = 0, Yokohama
Math. J., 39 (1992), 141-149.

[7] K. Yano and M. Kon, Structures on Manifolds, Series in Pure Math., Vol 3, World
Sci., 1984.

Author’s address:

Cihan Ozgiir
Balikesir University, Department of Mathematics,
10100 Balikesir, Turkey
e-mail: cozgur@balikesir.edu.tr



