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Abstract

We give two intrinsic integral inequalties for compact minimal C-totally real
submanifolds in a Sasakian space form.
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§1. Introduction

Let M?™*! be an odd dimensional Riemannian manifold with metric g. Let ® be
a (1,1)-tensor field, n a 1-form on M?™*+! and ¢ a vector field, such that

{ P*X =-X+n(X)E, =0, n@X)=0, n()=1
9(¢X,9Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,%).

If, in addition, dn(X,Y) = g(¢X,Y) for all vector fields X,Y on M?™*! then M>"+!
is said to have a contact metric structure (¢,&,7,9), and M?™+! is called a contact
metric manifold. If, moreover, the structure is normal, that is if

[0X,6Y] + ¢*[X, Y] = 91X, ¢Y] — 9[6X, Y] = —2dn(X,Y)§,

then the contact metric structure is a Sasakian structure (normal contact metric
structure) and M?™*! is called a Sasakian manifold. For details and background, see
the standard references [4] and [5].

A plane section o in TpM?™+1 of a Sasakian manifold M2?™*1 is called a ¢-section
if it is spanned by X and ¢X, where X is a unit tangent vector field orthogonal to
€. The sectional curvature K (o) with respect to a ¢-section o is called a ¢-section
curvature. If a Sasakian manifold M?™*1has a constant ¢-sectional curvature c, then
M?m+1 g called a Sasakian space form and is denoted by M?2™+1(c).

An n-dimensional submanifold M™ of a Sasakian space form M?™*1(c) is called a
C-totally real submanifold of M2™+1(c), if £ is a normal vector field on M™. A direct
consequence of this definition is that ¢(TM™) C T*+M™, which means that M" an
anti-invariant submanifold of M?m*1(c).
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In [1,2], Cao gave an integral inequality for compact pseudo-umbilical space-like
submanifolds in the indefinite space form. In this paper, we prove Cao’s result in the
case of submanifolds in the Sasakian space. We will prove the following

Theorem 1. Let M" be an n-dimensional compact C-totally real submanifold in
the Sasakian space form M?*"*1(c); then

/Mn {;ZRiZ’jk—ZRZ@jJF;[?n(n—l)] (C+3)p} «1<0

Theorem 2. Let M™ be an n-dimensional compact C-totally real submanifold in the
Sasakian space form M?"*1(c); then

/ . {;Zanuk -> R - {271(71—81)—1] (c+3)h|2} ‘1

< —2n%2(n—1)+n(n—1)
- 32
In the above theorems, Rfmj i is the square length of Riemannian curvature tensor
of M™ and p is the scalar curvature of M".

(c+3)-vol(M™).

§2. Local formulae

We shall give the structure equations of an n-dimensional submanifold M" of a
Sasakian Space form M?™*1(c). We choose a local field of orthonormal frames

€1,€2,...,€En,Ent1y---yCm; €0x :f,
€1x = Q1. .., Cns = Plp; €(nt1)s = PCntls-- s Cms = Plm

on M?m+1(c) in such a way that, restricted to M™, the vectors ej,es,...e, are
tangent to M™, and hence e,11,...,€m, & €1+,€2+,...en- are normal to M"™. Let
WL, W2y ey Wryy Wi g1y« v oy Wiy WL, W2k s+ oy Wi, Wing1)* 5 - - -, Wi+ b the field of dual
frames with respect to this frame field of M?™*1(c). We shall make use of the follow-
ing convention on the ranges of indices:

AB,C,...=1,...,m,0% 1% ... .m*
0.k, ... =1,2,...,n,
a,bye,...=(n+1),...,m, 0" 1% ... m*

Then the structure equations of M?™+! are given by
dwa == wap ANwp,wap +wpa =0
dwap = —Y wac Awep + 3 2. Rapcpwe Awp

We restrict these forms to M™. Then w, = 0. Since 0 = dw, = — Y wa; A wy;, by
Cartan’s Lemma, we obtain

_ a . a __ pa
Wi = E hi;wj , hi; = hj;.
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From these formulas, we obtain the structure equations of M™

(2.1) { dw; = =Y Wi AN Wy, Wik + Wi =0
2.1
dw;; = — Zwik N wg; + % ZRijklwk N wyp
1
(2.2) Rijit = 7 (c+3) (001 — dadje) + > (hghs — hihy)

where R;ji; are the components of the curvature tensor of M". We call

h= Z hfjwz ® wjeq

the second fundamental form of M™. The square length of h is

B =37 (0)°

and the mean curvature of M™ is H = 1 3" hf%e,. If M™ is minimal, then

(2.3) > hg =

Let A} ik and hw ., denote the covariant derivative and second covariant derivative of
hi; respectlvely, defined by

{ Eh kwk = dh Eh?kwkj - E h;—lkwki
> hijklwl = dhijk -2 h?jlwlk = > hw — h?jkwli-

Then we have

(24) Z hz]k Z h?kj =0
(2.5) S OhE =Y hlu = i Rk + Y Wy R
The Laplacian Ahg; of hf; is defined as 3 g, and from Lemma 3.3 in [4], (2.3),
(2.4) and (2.5), we have (as in [3, 1])
(2.6) A B = b Rk + Y Bt R
Proof of Theorem 1. From (2.2), (2.3) and (2.6),
E ha A h‘a = Z h’b] mkRmt]k + Z h?jh’szm’fjk
= 2 Z (h;ljhztk h;lnjh?k) Rm,ijk + Z (hgg h;lm - h?zh?m) ij
(2.7) = 13[4 (c+3) (6ij0mn — Omjdir) — Rimjk] Rmiji+
+ X [bn(1=1) (493~ R B,
Using ([3])

/ {Zh“ Ah@}ﬂgo,
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we get

/n{;Zanijk_ZanﬂLé[Qn(n—l)—l] (C—|—3)p}*1§0

and Theorem 1 is proved. |
Proof of Theorem 2. From (2.2) and (2.3), we infer
1 2
(2.8) p= Zn(n— 1)(c+3)—|h|".

From (2.7) and (2.8), we get

/Mn {;Zanijk Y R+ (271(7181)1> (c+3) |h2} 1

< 22 (n—1°+nn-1)
- 32
which concludes the proof. ]

(c+3)-vol(M™),
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