
Integral inequalities for C-totally real submanifolds
in Sasakian space forms

M. Bektas and E. Turhan

Abstract

We give two intrinsic integral inequalties for compact minimal C-totally real
submanifolds in a Sasakian space form.
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§1. Introduction
Let M̄2m+1 be an odd dimensional Riemannian manifold with metric g. Let Φ be

a (1, 1)-tensor field, η a 1-form on M̄2m+1 and ζ a vector field, such that
{

φ2X = −X + η(X)ξ, φξ = 0, η(φX) = 0, η(ξ) = 1

g(φX, φY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ).

If, in addition, dη(X, Y ) = g(φX, Y ) for all vector fields X, Y on M̄2m+1, then M̄2m+1

is said to have a contact metric structure (φ, ξ, η, g), and M̄2m+1 is called a contact
metric manifold. If, moreover, the structure is normal, that is if

[φX, φY ] + φ2[X,Y ]− φ[X, φY ]− φ[φX, Y ] = −2dη(X, Y )ξ,

then the contact metric structure is a Sasakian structure (normal contact metric
structure) and M̄2m+1 is called a Sasakian manifold. For details and background, see
the standard references [4] and [5].

A plane section σ in TP M̄2m+1 of a Sasakian manifold M̄2m+1 is called a φ-section
if it is spanned by X and φX, where X is a unit tangent vector field orthogonal to
ξ. The sectional curvature K̄(σ) with respect to a φ-section σ is called a φ-section
curvature. If a Sasakian manifold M̄2m+1has a constant φ-sectional curvature c, then
M̄2m+1 is called a Sasakian space form and is denoted by M̄2m+1(c).

An n-dimensional submanifold Mn of a Sasakian space form M̄2m+1(c) is called a
C-totally real submanifold of M̄2m+1(c), if ξ is a normal vector field on Mn. A direct
consequence of this definition is that φ(TMn) ⊂ T⊥Mn, which means that Mn an
anti-invariant submanifold of M̄2m+1(c).
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In [1,2], Cao gave an integral inequality for compact pseudo-umbilical space-like
submanifolds in the indefinite space form. In this paper, we prove Cao’s result in the
case of submanifolds in the Sasakian space. We will prove the following

Theorem 1. Let Mn be an n-dimensional compact C-totally real submanifold in
the Sasakian space form M̄2n+1(c); then

∫

Mn

{

1
2

∑

R2
mijk −

∑

R2
mj +

1
8

[2n(n− 1)] (c + 3) ρ
}

∗ 1 ≤ 0

Theorem 2. Let Mn be an n-dimensional compact C-totally real submanifold in the
Sasakian space form M̄2n+1(c); then

∫

Mn

{

1
2

∑

R2
mijk −

∑

R2
mj −

[

2n(n− 1)− 1
8

]

(c + 3)|h|2
}

∗ 1

≤ −2n2(n− 1) + n(n− 1)
32

(c + 3) · vol(Mn).

In the above theorems,
∑

R2
mijk is the square length of Riemannian curvature tensor

of Mn and ρ is the scalar curvature of Mn.

§2. Local formulae

We shall give the structure equations of an n-dimensional submanifold Mn of a
Sasakian Space form M̄2m+1(c). We choose a local field of orthonormal frames

{

e1, e2, . . . , en, en+1, . . . , em; e0∗ = ξ,
e1∗ = φe1, . . . , en∗ = φen; e(n+1)∗ = φen+1, . . . , em∗ = φem

on M̄2m+1(c) in such a way that, restricted to Mn, the vectors e1, e2, . . . en are
tangent to Mn, and hence en+1, . . . , em, ξ, e1∗ , e2∗ , . . . em∗ are normal to Mn. Let
w1, w2, . . . , wn, wn+1, . . . , wm, w1∗ , w2∗ , . . . , wm∗ , w(n+1)∗ , . . . , wm∗ be the field of dual
frames with respect to this frame field of M̄2m+1(c). We shall make use of the follow-
ing convention on the ranges of indices:







A,B, C, . . . = 1, . . . ,m, 0∗, 1∗, . . . ,m∗

i, j, k, . . . = 1, 2, . . . , n,
a, b, c, . . . = (n + 1), . . . ,m, 0∗, 1∗, . . . , m∗

Then the structure equations of M̄2m+1 are given by
{

dwA = −
∑

wAB ∧ wB , wAB + wBA = 0

dwAB = −
∑

wAC ∧ wCB + 1
2

∑

RABCDwC ∧ wD

We restrict these forms to Mn. Then wa = 0. Since 0 = dwa = −
∑

wai ∧ wii, by
Cartan’s Lemma, we obtain

wai =
∑

ha
ijwj , ha

ij = ha
ji.
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From these formulas, we obtain the structure equations of Mn

{

dwi = −
∑

wik ∧ wk, wik + wki = 0

dwij = −
∑

wik ∧ wkj + 1
2

∑

Rijklwk ∧ wl
(2.1)

Rijkl =
1
4

(c + 3) (δikδjl − δilδjk) +
∑

(

ha
ikha

jl − ha
ilh

a
jk

)

,(2.2)

where Rijkl are the components of the curvature tensor of Mn. We call

h =
∑

ha
ijwi ⊗ wjea

the second fundamental form of Mn. The square length of h is

|h|2 =
∑

(

ha
ij

)2

and the mean curvature of Mn is H = 1
n

∑

ha
iiea. If Mn is minimal, then

∑

ha
ii = 0.(2.3)

Let ha
ijk and ha

ijkl denote the covariant derivative and second covariant derivative of
ha

ij respectively, defined by

{ ∑

ha
ijkwk = dha

ij −
∑

ha
ikwkj −

∑

ha
jkwki

∑

ha
ijklwl = dha

ijk −
∑

ha
ijlwlk −

∑

ha
ilkwlj −

∑

ha
ljkwli.

Then we have
∑

ha
ijk −

∑

ha
ikj = 0(2.4)

∑

ha
ijkl −

∑

ha
ijlk =

∑

ha
imRmjkl +

∑

ha
jmRmikl.(2.5)

The Laplacian ∆ha
ij of ha

ij is defined as
∑

ha
ijkk, and from Lemma 3.3 in [4], (2.3),

(2.4) and (2.5), we have (as in [3, 1])

4 ha
ij =

∑

ha
imRmkjk +

∑

ha
kmRmijk(2.6)

Proof of Theorem 1. From (2.2), (2.3) and (2.6),
∑

ha
ij 4 ha

ij =
∑

ha
ijh

a
mkRmijk +

∑

ha
ijh

a
imRmkjk

= 1
2

∑(

ha
ijh

a
mk − ha

mjh
a
ik

)

Rmijk +
∑(

ha
ijh

a
im − ha

iih
a
jm

)

Rmj

= 1
2

∑[ 1
4 (c + 3) (δijδmk − δmjδik)−Rimjk

]

Rmijk+

+
∑ [1

4n (n− 1) (c + 3) δij −Rmj
]

Rmj

= 1
2

∑

R2
mijk −

∑

R2
mj + 1

8 [2n (n− 1)− 1] (c + 3) ρ.

(2.7)

Using ([3])
∫

Mn

{
∑

ha
ij 4 ha

ij

}

∗ 1 ≤ 0,
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we get
∫

Mn

{

1
2

∑

R2
mijk −

∑

R2
mj +

1
8

[2n (n− 1)− 1] (c + 3) ρ
}

∗ 1 ≤ 0

and Theorem 1 is proved. 2

Proof of Theorem 2. From (2.2) and (2.3), we infer

ρ =
1
4
n (n− 1) (c + 3)− |h|2 .(2.8)

From (2.7) and (2.8), we get
∫

Mn

{

1
2

∑

R2
mijk −

∑

R2
mj +

(

2n (n− 1)− 1
8

)

(c + 3) |h|2
}

∗ 1

≤ −2n2 (n− 1)2 + n (n− 1)
32

(c + 3) · vol(Mn),

which concludes the proof. 2
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