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Abstract
It is shown that every locally Euclidean 2-parallel submanifold of a space form
has harmonic curvature vector (i.e., is weak biharmonic). In four-dimensional
Euclidean space, in the class of surfaces with flat connection V, whose one family
of curvature lines consists of geodesics, a surface is weak biharmonic if and only
if it is 2-parallel.

M.S.C. 2000: 53C40.
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§1. Introduction.

Let M™ be a smooth m-dimensional submanifold in a space form N"(c¢). For
a function ® (real or vector valued) on M™, the operator A? can be defined by
A?® = A(A®D), where A = ¢¥V;V; and V is the covariant differential operator of the
Levi-Civita connection of M™. A submanifold is said to be biharmonic if for the radius
vector x of its point satisfies A%z = A(Az) = 0. According to the derivation formula
for the adapted to M™ orthonormal frame bundle, we have Vz = dx = e;w’; thus
V;x = e;, and according to the other derivation formula (see e.g. [Lu 5]) d(V;z) = de;
can be expressed as ejw! + h;jw’. Hence Ve; = de; — ejw] = hjjw’, and therefore
V,;(Vix) = Vje; = hj;. Then Az = gijhij = mH, where H is the mean curvature
vector of M™. The last formula is known as the Beltrami equation. It follows that a
submanifold M™ in N"(c¢) is biharmonic if and only if its mean curvature vector H
is harmonic, i.e., if AH = 0.

There is another possibility to introduce AP H* by means of the normal curvature
D, and to define submanifolds with harmonic mean curvature vector (or, shortly, weak
biharmonic submanifolds), as those satisfying AP H* = 0.

For the second fundamental tensor h;; = eqhy; there holds WJ% Aw! =0, where

(1.1) Vhis = dh; — hifjwf — Bl + hjws.

is the covariant differential of hf; in the Van der Waerden-Bortolotti connection v
(i.e., the pair V and normal connection D), denoted also by V+. Therefore, due
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to Cartan’s Lemma, ?hi = h”kw where hfl, = hj);, or in the other notation
%hi = V;hg,, are the components of so called (vector valued) third fundamental

tensor; the last equality is the Peterson-Mainardi-Codazzi equation. If v(ﬁkh%) =0,
this third fundamental tensor is said to be parallel, and the submanifold is called 2-
parallel.

The first results about 2-parallel submanifolds were obtained for curves in E”, i.e
for the case m = 1, ¢ = 0. In [15] there were classified all such curves. In [19] the
results have been generalized to the case ¢ # 0.

Independently in [1] all curves with harmonic mean curvature vector in E" are
classified. Surprisingly, these are the same curves obtained in [15]; only the spherical
Cornu spirals have not a good geometrical characterization (see [1]).

In the present paper we state and partially solve the problem for submanifolds of
dimension m > 1. The results are summarized in Abstract; a conjecture is formulated
in the final part of the paper as well.

2 Biharmonic and Weak Biharmonic Submanifolds

According to B-Y. Chen [6], a submanifold is said to be biharmonic if AH=0. For such
a submanifold, both the tangent and the normal components in (6) must be zero. The
biharmonic submanifolds M™ have been investigated in [13], [8], [9], [14]. It is known
that in many cases they reduce to minimal submanifolds, but in pseudo-Euclidean
spaces they do not (see [7]).

There is another possibility to introduce the Laplacian from the mean curvature
vector H by means of the normal curvature D (or V1) of a submanifold. Let H =
H%e,, where e, with @ € {m +1,...,n} be the basic vectors of the adapted frame
normal to the submanifold, H® = %gij h{; and let h{; be the components of the
second fundamental form of the submanifold, defined by w{* = hf‘jwj . Using exterior
differentiation, the structure equations and Cartan’s Lemma lead to

(2.2) dhS; = hywF + hgwh — hwg + Wk
and, reiterating the process,
(2.3) dhgy, = hisgwh + hwh + hwh — b wf + by,
Now for H* there hold true
dH® + Hw§ = Hpwy,

where H = g h;,, and futher
« B « a |l 1 ij
de —kaﬁ :Hl wk‘f—*g h”klw

Here the left hand side can be interpreted as the covariant differentials DH® and
DH}, correspondingly.

The covariant derivatives associated to DH}', can be defined only if a certain
tangent frame field is given on the submanifold. Then at an arbitrarily fixed point
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2, where w® = 0, we should have de; = 0, whence w;- must be vanish due to w* = 0.
Then we infer a linear dependency w; = ’yfkwk and now in DH = DZH,S‘wl one has
DiHp = H]Q'y,jd + %gijh%kl. Here H} can be interpreted as D H“ and we introduce

ADHOL _ glelkaa _ gle]q,Yil + Egijgklhiajkl.

Note that a formula for AH including AP H was derived by B-Y. Chen [6] (see also
[13)).

If AP H® = 0, the submanifold is said to have harmonic mean curvature vector,
or more simply we will call it weak btharmonic.

Consider the case when the integral lines of all basic vector fields of the given
orthonormal tangent frame field are geodesic lines of the submanifold. Then for every
fixed value of i we should have de; = h;w® for a line determined by w! = ..w'™!1 =
wt = ... = w™ = 0, since along this line de; may have only normal component.
Thus ~/, = 0 for all values of <.

kL _ gkl

Further, for an orthonormal frame field g , so that gkl’y,il =~ 4

is zero in the considered case and there holds

(2.4) APH = Z Ak
ik=1

On the other hand it is known that a submanifold can have an orthogonal net of
geodesic lines if and only if its Levi - Civita connection V is flat, i.e. if it is intrisically
locally Euclidean.

We introduce in the following the 2-parallel submanifolds. The formula (3) can
be written as VA, = h%klwl, where we recall that V is the covariant differential
operator of the van der Waerden-Bortolotti connection. According to F. Dillen ([11)),

a submanifold is called 2-parallel if ﬁzh = 0, or component-wise, V;V hi; = ﬁlhf‘j k=
0, or equivalently, h%kl =0.

Theorem 1. A locally Fuclidean 2-parallel submanifold M™ in N™(c) is weak
biharmonic.

Proof. Really, from A, = 0 and (4) it follows directly that APH =0. ]

Corollary. Each 2-parallel curve M* in N™(c) is biharmonic.

As well, the converse is true. Indeed, for a curve the following Bartels-Frenet
formulae hold!:

dx = eyds, dey = (—cx + K1e9)ds, des = (—K1e1 + kaez)ds, des = (—kKaea + K3eq)ds,

etc; here i = 1, a € {2,3,...,n}. Therefore wi = 0, h¥; = k1, h3; = ... = by =0,
3 .2 _ Th2 — 2 Th3 — 3. _ .
ws; = —w3 = kads. Now Vhi; = dk1, so hi|; = k1, Vh]; = Ki1Kkads, so hij; = K1K2;

IRecent investigations ([18]) had shown that the famous Frenet formulae, given for n = 3, ¢ = 0 by
F. Frenet in 1847 and then by J. Serret in 1851, were published already in 1831 (in their preliminary
version, covariantly) and belong actually to Martin Bartels (1769-1836).
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in the same way we can deduce that hi;; = ... = hfy; = 0. Hence the 2-parallelity
condition gives a system

" 2 / !
kY — k1K =0, (K1K2) + K1ka =0, K1kaks =0,

(cf. [19], sect.18), which coincides with the system characterizing in [1] (for the case
¢ = 0) the curve with harmonic mean curvature vector or, as we have called it, weak
biharmonic curve. This gives the following

Proposition 1. A curve M*! in N™(c) is weak biharmonic, if and only if it is
2-parallel.
We examine the problem for dimension m > 1. In one direction, we have

Proposition 2. All two and three-dimensional, as well as all normally flat
m-dimensional 2-parallel submanifolds in E" are weak biharmonic.

These submanifolds have been classified in correspondingly, [15], [16], [17] (see also
[19]), where it is shown that all of them are locally Euclidean, and hence Theorem 1
applies.

Conversely, arises the question if every locally Euclidean weak biharmonic sub-
manifold in N™(c¢) is 2-parallel.

We consider this problem in the Euclidean space E* (i.e., for ¢ = 0) for surfaces
with flat V - i.e., for both V and D being flat.

3 Surfaces with Flat V in E*

It is known (due to E. Cartan) that in the case of a normally flat submanifold all hg;
(i.e., for every value of «) can be diagonalized by an orthogonal transformation in the
tangent space (see [4]). For surfaces this means that we can set h$, = 0. The vectors
h$ieq and h3ye, are called then the principal curvature vectors and are denoted by
k1 and ky correspondingly. It is known that the curvature 2-forms of V are now
QF = — (ki kj)w* Aw? (see [19], Sect. 12). For a surface the only non-zero here can
be Q2 = —Q) = —Kw! Aw?. In the case of flat V, when K = 0, the vectors k; and ko
are therefore orthogonal and can be used for a further adapting of the frame, if they
are, of course, non-zero. Let ez and e4 be taken collinear to them, so that k, = k3es,
ko = k*ey, k3k* # 0. This implies h3; = k*, hi, = k* and all other h{; being zero.
The system (2) gives now

3_ 13 1 3 2 3.4 _ 14 1 4 2
Sy e e, BT Mgl Hhee
k Z‘)14: hi1ow 1+ higow ) —k 2‘11 :4h112§‘1 +£1122;) )
—k*w; = h?mw + hggzw , dk® = higow" + hgow®.

Thus
k'R 4+ kPhiy =0, kPR3, + k*hiy, =0,

k*hgy + kPhisy = 0, KR35, + k*hiy, = 0.

From the relations of the first column it follows that there exist some functions A and
w1 on the surface such that

(3.5) i1y = A% By = =Mk, Bigy = pk® higy = —pk.
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After substitution into the equations of the second column, they give
(3.6) i = —p(k?)2 (k)71 higs = —A(K%) 71 (k")

We simplify the notations taking k® = a, k* = b, h$,; = ©, hayy = 1; then
(3.7) w? = dwt + pw?,  da = pw! + Aaw?,

(3.8) db = pbw! +Yw?, —wi = ab(ub~2wt + Aa~2w?).
Exterior differentiation leads to the following covariant equations

(dX — N2w?) Awt + (dp + p2w!) Aw? =0,
(do — Mpaw?) A w! + (d(Xa) + Apw!) Aw? =0,
—(d(ub) + ppw?) A wt + (dp — Apbw!) A w? = 0,
[ab‘ld,u — ¢w2] Awl + [a‘lbd)\ + (bu)l] Aw? =0,

where ¢ = %((pba_z)\ +pab=2p).
Due to Cartan’s Lemma from the first equation we get

(3.9) d)\ = pw + (0 + N)W?, dp = (0 — p?)w! + 1w
Now the second and third ones reduce to

[dp — (adp + ap2Xp)w?] A w! = 0,
[dip — (b — bT — 2pap)wl] Aw? =0,

and give
(3.10) dp = @'+ (adp + ap + 2 p)w?,
(3.11) dp = (bAp—br — 2u)wt + Ppuw?,

but the last one implies
(3.12) T=a"2b"2p+ pra30* + bt

The system of four covariant equations contains four secondary forms d\, du, dy, dy
and two linearly independent primary forms w', w?. The rank of the corresponding
bilinear system is s; = 4. After using Cartan’s Lemma four new linearly independent
coeflicients p, 0’,(,5,’(2) occurre; since the number of these coefficients is equal to s1,
the Cartan test condition is satisfied, the system is compatible and determines the
considered surface with arbitrariness of four real holomorphic functions of one real
argument (see [3], [2]).

4 The Case of Weak Harmonic Surfaces

To continue here with weak biharmonic surfaces M? in E*, one has to exterior dif-
ferentiate again, find the quantitative h{;,, and build the condition APH = 0. The
equation (3) gives fora =3 andi=j=k=1

dp = 3 a( Mt + pw?) — pa®b™tab(pb*w! + Aa?w?) + bWt RS w?,
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so it is seen that hi;;; = ¢ — 3\%a + p?a3b2.
For a =3,7=7=1and k = 2 we infer

hi1ae = a(o +20% = 2p%) — a™'0° A + g,
and the same expression has h3,;;. This further leads to h3y9, = a=1b(bo + 3\Y) +
3au?, but o = 4 and
hiinn = —ab™ (a0 +3pp) = 3bA%, Aiigy = hapyy = —b(0 — 222 +2p%) +a®b™ u® — M,
Pgas = 1 — 3bu® — a=2b°\2.
Now the conditions AP H? = AP H* = 0 imply
(4.13) p=—R2a+a')o+®, p=—(2b+a% o+,

where & and ¥ are some algebraic expressions of a, b, \, 4, ¢, 1 with constant coeffi-
cients.

We replace these expressions of ® and U into (13) and then make substitutions of
the latter into (10), (11); the two obtained equations hold, in view of (12).

Exterior differentiation leads now to following covariant equations:

dp Aw! + do Aw? + TTw! Aw? =0,
do ANw' +a2b%dp A w? + Tw! Aw? =0,
(2a + a=1b?)do A w! + Zw! Aw? =0,
(2a + a?b~Y)do A w? + Tw! Aw? =0,

where the capital Greek letters denote some algebraic expressions of a,b, A, i, @, 1.
Cartan’s Lemma gives now from the first equation

dp = aw! + Bw?, do + w' = Bw! + yw?.
We substitute this into the other three equations, and obtain
—y+a e+ =0, (2a+a'b?)y=F, (2b+a?b~ 13 = 7.

Hence the system needs new differential prolongation which leads to some algebraic
relations among the old coefficients. Due to certain technical difficulties, this will be
not done in the present paper.

Further we restrict ourselves to a particular case.

5 Subcase of surfaces whose one family of curvature
lines consists of geodesics

Let further A = 0. Then w? = pw?, thus for the curvature lines determined by w? = 0
there hold dz = ejw?, de; = aesw?, so that these lines are geodesics.

From (9)-(12) it follows that now p = 0 = 0, 7 = Yub~t dp = gwt, dy =
—3upw! + Yw?. The covariant equations are

(du—l—qul)/\wQ:O, dp ANw! =0

Gl g nw' + (@ T 2m) Aw? =0, (bdp— ) Aw = 0.
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They contain three secondary forms du, dy, dv, and the rank of the corresponding
bilinear system is s; = 3. The Cartan’s Lemma gives du = —p?w! + b~ 1yuw? and
the expressions above for dp and diy. Hence the number of new coefficients @, 1/; is
less than s; and a new differential prolongation is needed. The equation containing
du gives by exterior differentiation trivial identity, but the other for dy and di give

dp Aw' =0, [dz/; + (4p + 30 Ypp)wt | Aw? = 0.

Here s; = 2 and after using Cartan’s Lemma, two new coefficients occur. Hence the
system is compatible and determines the considered surface with arbitrariness of two
real holomorphic functions of one real argument.
We further look for the weak harmonic surfaces among the considered ones. We
have
it = @+ @724, hiip = h3pny = =20 + pp, h3ppy = 3ap”

i = —3ab™ e, hirgy = hagyy = —2bu® + a’b™ 4%, hogpy = W — 3bu®.
Therefore AP H3 = AP H* = 0 lead to

(5.15) ¢ = pPa(l — a’b?) — 2up

(5.16) ¥ =b(2a%0"% — 1)p® + 3ab™ .

We substitute these expressions into the previous equations and then exteriorly dif-
ferentiate the latter. The equation dy = pw! gives then b=u)(¢ — ap) = 0. Then
either (i) u = 0 or (ii) ¢ = 0 or (41) ¢ = ap = 0.

(4) If p = 0 then ¢ = 0; thus dyp = 0 and @ = 1), = const.; also ¢ = 0 from (15),
and hence ¢ = ¢,= const. Moreover, w} = wj = 0. From (5) and (6) it follows that
the components of the third fundamental form, except two, are equal to zero. But
two last ones are h3;; = ¢,, hagy = 1,, hence constants. Thus the surface is trivially
2-parallel and turns to be a product of two plane Cornu spirals.

(i) If pu # 0,7 = 0, then also ¢ = 0, due to (14), and (16) gives p=xa(a~2b~2-2).
From this, we infer by differentiation

1
dp = —§a(8 —8a7 %% — a*b*) P’

Now (15) implies

1
@ = fga(aQb*2 +2a720% + 3) .

Substitution into dy = @w! leads to

b8+ 2ab* — 17a*b? — 3a5 = 0,

2

o 1s a positive

which shows that between a and b there is a relation b = k,a, where
solution of the equation

22 4+222 —1TA =3 =0.

Elementary calculations show that this equation really has a positive solution between
3 and 4. Let us substitute b = r,a into the equation db = —pbw'; the result is
da = —auw'. This shows that there must be the equality ¢ = —ap, but using here
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the obtained above expression for ¢ the result is a contradiction /iga_

the surface in the case (i) does not exist.

(1) If pap # 0, then necessarily ¢ = ap; but this gives by differentiation gw! =
owlpp+ a(—p?w! + b~ 1puw?), and thus a result which contains a contradiction: here
the coefficient of w? cannot be zero!

Hence the surface in the case (#i4) also does not exist.

As a result the following statement can be formulated.

4= _1. Hence

Theorem 2. In E' in the class of surfaces with flat connection V, whose one
family of curvature lines consists of geodesics, a surface is weak biharmonic if and
only if it is 2-parallel.

The Proposition 2 and Theorem 2 let us assume the following

Conjecture. A locally Euclidean submanifold M™ in E" is weak harmonic if and
only if it is 2-parallel.

To verify this conjecture a lot of work has to be done. First the case of general
surfaces with flat V in E* must be finished; the case m > 2, n > 4 is not completely
studied as well.

Note that in the classical case of surfaces M? in E® the conjecture is true, and
can be verified by taking @ = 0 in the formulas above. Then ¢ = 0 and from (10)
@ = 0, but the first relations of section 3, right-hand column, give w? = —bhi,y, thus
in (7) A =0 and due to (9) p = 0 = 0. Further, (16) reduces to ¢ = —bu?, from (12)
7 =b 19, and as a result dip = —3upw' — bu?w?. This by exterior differentiation
implies u(31? — b?u?) = 0. Here u = 0 gives (i) as before, but u # 0, ¢ = :&:%bu
leads to a contradiction, like (44).

We conclude with an announcement, that in E® there exist surfaces with K # 0,
which are weak biharmonic, but not 2-parallel. By means of the Cartan’s theory it
can be shown that these exist with arbitrariness of two real holonomic functions of
the real argument.
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