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Abstract
In this work infinitesimal affine rigidity of ellipsoids in the (n + 1)-dimensional
real affine space are considered. It is shown that every ellipsoid E in An+1 is
infinitesimally Hr rigid. As a consequence of this theorem each ellipsoid E in
An+1 is infinitesimally affinely rigid.
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§1. Introduction.
Let f : M → An+1 be a connected compact nondegenerate hypersurface immersion

of n− dimensional differentiable manifold M (n ≥ 2) into (n + 1)-dimensional real
affine space An+1 (i.e., f(M) is an ovaloid). An Ellipsoid in An+1 is known as a closed,
compact locally strongly convex elliptic proper affine hypersphere without boundary.
It is defined by

〈f(p), f(p)〉 = 1,(1.1)

where 〈 , 〉 is auxiliary inner product in An+1 and f (p) is the position vector field
of f (M) with respect to o ∈ f (M).

In [4] ellipsoids are the only affinely rigid hypersurfaces among the ovaloids in
An+1. Since any hypersurface f(M) in An+1 is infinitesimally affinely rigid if the
only deformation vector field of f (M) satisfying δGij = 0 is trivial, where Gij are
the components of the Blaschke metric tensor G on f(M). Using the algebraic in-
tegrability conditions for ellipsoids in An (n > 2), K. Leichtweiss proved in [2] that
every ellipsoid E in n− dimensional affine space An is infinitesimally S-rigid and as
a consequence of this theorem every ellipsoid E in An is fortiori infinitesimally rigid,
where S is the scalar curvature function on the ellipsoid.

An-Min Li [3] generalized the Minkowski integral formulas to affine hypersurfaces
and many characterization of ellipsoids are obtained by using r− th affine mean cur-
vature Hr (1 ≤ r ≤ n). Recall that if λ1, λ2, . . . , λn are the affine principal curvatures
of a locally strongly convex hypersurface f : M → An+1, the r− th affine mean
curvature of hypersurface is defined by

Hr =
1

(

n
r

)

∑

i1<i2<...<ir

λi1λi2 ...λir .
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In particular, K = Hn is the Gauss curvature. The affine mean curvature H = H1 is
defined by

H =
1
n

BijGij .

It is obvious that for an ellipsoid f (M), we have Hr = Hr.

§2. The main theorem

Theorem 1 Every ellipsoid E in An+1 (n ≥ 2) is infinitesimally Hr− rigid, in the
sense that any normal allowable deformation of E satisfying

δHr = 0(2.2)

is trivial.

Proof. Let F : I × M → An+1 , I = (−ε, ε) be a normal allowable deformation
of the ellipsoid E. Such a normal allowable deformation of E is given by a smooth
one-parameter family Ft : M → An+1 with F0 = f . Let

x = Ft
(

u1, u2, ...un)

.

We consider the tangent vector of the curve at α (0), α : I → An+1, α (t) = F (t, p).
Denote α′ (0) = (δx)p. Then (δx)p is the initial velocity of the orbit f (p) under F .
The section δx is called the deformation vector field of E. That is,

δx =
∂Ft

∂t
|t=0 .

From [1, p.113, (4.6)] for some local parameter system u =
(

u1, u2, ...un
)

defined in
the neighbourhood of p in M , we have

δx = νy −Gijνifj(2.3)

where ν is the normal component of δx, y is the affine normal (Blachke normal) vector
field, νi = ∂ν

∂ui , fj = ∂f
∂uj . In this case, the equalities (1.1) and (2.3) imply

ν =
〈

(δx)p , f (p)
〉

where y = −f (p). From [5, Corollary 5.16] we have

δHr = − r
n

Hr−1δH.(2.4)

Since H 6= 0, δHr = 0 implies δH = 0. Now we consider the Calabi formula [1, Eq.
(4.21)]

δH =
1
n

(∆ (∆ν + nHν) + nH (∆ν + nHν)

+ (n + 2) BijGjk(Gilνl,k + AmklGimGlhνh + BklGilν)),
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where Amkl and Bij is the cubic differential form and symmetric bilinear form respec-
tively. For simplicity, in the last equation we assume that H = 1, Bij = Gij . Thus
for an ellipsoid E we have,

δH =
1
n

(

∆2ν + (3n + 2) ∆ν +
(

2n2 + 2n
)

ν
)

.(2.5)

From the equalities (2.2), (2.4) and (2.5) we have,

∆2ν + (3n + 2)∆ν +
(

2n2 + 2n
)

ν = 0.

The last equality may be written in the form,

∆ (∆ν + 2 (n + 1) ν) + n (∆ν + 2 (n + 1) ν) = 0(2.6)

or equivalently,
∆ (∆ν + nν) + 2 (n + 1) (∆ν + nν) = 0.(2.7)

The equation (2.6) means that ∆ν + 2 (n + 1) ν is eigenfunction to the eigenvalue
n of the Laplace operator ∆ and therefore harmonic function of degree 1. In the
same manner in (2.7) ∆ν + nν is eigen function to the eigenvalue 2 (n + 1) of ∆ and
therefore a spherical harmonic function of degree 2.

Denote the above harmonic functions as follows

K1 = ∆ν + 2 (n + 1) ν

and
K2 = ∆ν + nν.

We obtain that
ν =

1
n + 2

(K1 −K2) .(2.8)

By the harmonicity of K1 and K2, we have

K1 = 〈a, f (p)〉 , a ∈ An+1(2.9)

and
K2 = 〈Af (p) , f (p)〉 , tr A = 0.(2.10)

By setting (2.9), (2.10) in (2.8) we have,

ν =
1

n + 2
(〈a, f (p)〉 − 〈Af (p) , f (p)〉)

=
〈

a
n + 2

− A
n + 2

f (p) , f (p)
〉

= −
〈

A
n + 2

f (p)− a
n + 2

, f (p)
〉

= −
〈

(δx)p , f (p)
〉

= 〈Bf (p) + b, f (p)〉 , trB = 0.

Hence the only deformation vector field of an ellipsoid E such that δH = 0 is trivial.
By the equalities (2.4) the only deformation vector field of the ellipsoid satisfying
δHr = 0 is trivial. This completes the proof. 2
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Corollary 1 Every ellipsoid E in An+1 is infinitesimally affinely rigid.

Proof. We assume that
δGij = 0.(2.11)

From [1, p. 118], we have

GijδGij = −n (∆ν + nHν)− (n + 2) (∆ν + nHν)

= − (2n + 2) ∆ν − n (2n + 2) Hν

= − (2n + 2) (∆ν + nHν) = 0,

and considering the equalities [1, Eq.4.20], we infer

δBh
i = ∆ (∆ν + nHν) + nH (∆ν + nHν) + (n + 2) (∆ν + nHν) .(2.12)

The equation (2.11) gives us
∆ν + nHν = 0

and from (2.12) we obtain that δBh
i = 0. Finally, the equation (2.4) implies

δHr = 0.

By the main theorem, the only variation vector field of E satisfying δGij = 0 is trivial.
2
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