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Abstract

The present survey paper presents prolongations of basic structures from special
almost Hermitian manifolds to the associated tangent spaces.
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§1. Introduction and notations
The lift method has a important role in differentiable geometry, since it per-

mits to extend differentiable structures. The basic classical results can be traced in
the well-known papers [12]-[15]. As well, contributions to the study of lifts of com-
plex structures on Hermitian and Kählerian manifolds were provided in [9]. In the
following, by using lifts, we recollect the extensions to TM of the basic particular
structures of the almost Hermitian manifolds M . Namely, we consider the following
classes of almost Hermitian manifolds M (assumed C∞ and of even dimension 2m):

Kählerian manifolds : [∇X , J ] Y = 0

Nearly Kählerian manifolds : [∇X , J ]X = 0

Almost Kählerian manifolds : dΦ = 0

Quasi Kählerian manifolds : [∇JX , J ] = −J [∇X , J ]

Hermitian manifolds : [∇JX , J ] = J [∇X , J ]

Semi Kählerian manifolds :
m

∑

i=1

{∇Ei(J)Ei +∇JEi(J)JEi} = 0,

for all X, Y ∈ X (M), where X (M) denotes the Lie algebra of C∞ vector fields on M ,
∇ the Riemannian connection, J the almost complex structure, Φ the fundamental
2-form, and {Ei, JEi} the associated local orthonormal frame field ([6,7].)

Throughout the paper, all the mappings and manifolds will be assumed to be C∞

and the sum will be taken over repeated indices. Also, v and c will denote the vertical
and complete lifts to TM of geometric complex structures of M , respectively.
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Let M be a complex manifold M and TM the associated tangent space. The basic
lifts of geometric objects from M to TM are described below (for basic properties of
lifts, we recommend [12-15]).

a) The lift of functions. The vertical lift of a function f ∈ T 0
0 (M) ≡ F(M) to

TM is the function fv ∈ F(TM) given by fv = f ◦ τM , where τM : TM → M is the
canonical projection. We have rank(fv) = rank(f), since

fv(Zp) = f(τM (Zp)) = f(p), ∀Zp ∈ TpM.

The complete lift of the function f ∈ F(M) to TM is the function f c ∈ F(TM) given
by

fc = z′α
(

∂f
∂zα

)v

+ z′α
(

∂f
∂zα

)v

,

where we denote by (z, z̄, z′, z̄′) the local complex coordinates of a chart-domain TU ⊂
TM . Furhermore, for Zp ∈ TpM we have

f c(Zp) = z′α(Zp)(∂αf)(p) + z′α(Zp)(∂αf)(p).

b) The lift of vector fields. The vertical lift of a vector field Z ∈ X (M) to TM is
the vector field Zv ∈ X (TM) given by

Zv(f c) = (Zf)v, ∀f ∈ F(M),

and the complete lift of vector field Z ∈ X (M) to TM is the vector field Zc ∈ X (TM)
given by

Zc(fc) = (Zf)c, ∀f ∈ F(M).

c) The lift of 1-forms. The vertical lift of a 1-form ω ∈ X ∗(M) to TM is the 1-form
ωv ∈ X ∗(TM) given by

ωv(Zc) = (ωZ)v, ∀Z ∈ X (M),

and the complete lift of a 1-form ω ∈ X ∗(M) to TM is the 1-form ωc ∈ X ∗(TM)
given by

ωc(Zc) = (ωZ)c, ∀Z ∈ X (M).

d) The lift of tensor fields of type (1,1). The vertical lift of complex tensor field
F ∈ T 1

1 (M) to TM is the complex tensor field F v ∈ T 1
1 (TM) given by

F v(Zc) = (FZ)v, ∀Z ∈ X (M),

and the complete lift of complex tensor field F ∈ T 1
1 (M) to TM is the complex tensor

field F c ∈ T 1
1 (TM) given by

F c(Zc) = (FZ)c, ∀Z ∈ T 1
0 (M).

e) The lift of tensor fields of type (0,2). The vertical lift of a complex tensor field
g ∈ T 0

2 (M) to TM is the complex tensor field gv ∈ T 0
2 (TM) given by

gv(Zc,W c) = (g(Z, W ))v, ∀Z, W ∈ X (M),
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and the complete lift of a complex tensor field g ∈ T 0
2 (M) to TM is the complex

tensor field gc ∈ T 0
2 (TM) given by

gc(Zc,W c) = (g(Z, W ))c, ∀Z,W ∈ X (M).

The general properties of vertical and complete lifts of the covariant derivative are
described by

Proposition 1.1. Let M be a complex manifold. For the complex tensor fields
X, Y, Z ∈ X (M), f ∈ F(M), ω ∈ X ∗(M), K ∈ T r

s (M), and the affine connection ∇,
we have

i) ∇C
XV fV = 0,∇C

XV fC = ∇C
XC fV = (∇Xf)V ,∇C

XC fC = (∇Xf)C

ii) ∇C
XV Y V = 0,∇C

XV Y C = ∇C
XC Y V = (∇XY )V ,∇C

XC Y C = (∇XY )C

iii) ∇C
XV ωV = 0,∇C

XV ωC = ∇C
XC ωV = (∇Xω)V ,∇C

XC ωC = (∇Xω)C

iv) ∇C
XV KV = 0,∇C

XV KC = ∇C
XC KV = (∇XK)V ,∇C

XC KC = (∇XK)C .

Proof. Straightforward, similar to the real case [11]. 2

§2. Basic lifts of structures
Let M be a complex manifold endowed with a complex structure J and {zα, zα}, 1 ≤

α ≤ m its complex local coordinates. The vertical lift of

J = i
∂

∂zα ⊗ dzα − i
∂

∂zα ⊗ dzα.

to TM is
Jv = i

∂
∂z′α

⊗ dzα − i
∂

∂z′α
⊗ dzα.(2.1)

Since (Jv)2 = 0, Jv is an almost tangent structure for the complex tangent bundle
TM . The complete lift of the complex structure J to TM is

Jc = i
∂

∂zα ⊗ dzα + i
∂

∂z′α
⊗ dz′α − i

∂
∂zα ⊗ dzα − i

∂
∂z′α

⊗ dz′α.(2.2)

Since (Jc)2 = −I, Jc is an almost complex structure for the complex space TM .
Assume that g is an almost Hermitian metric on a complex manifold M . Then

the vertical and complete lifts satisfy the relations

gv(Zc,W c) = (g(Z, W ))v = gv(JcZc, JcW c).(2.3)

An almost Hermitian metric g on M provides the vertical lift gv given by (2.3) which
is Hermitian as well and satisfies

gc(Zc, W c) = (g(Z, W ))c = gc(JcZc, JcW c).(2.4)

An almost Hermitian metric g on M provides the complete lift gc given by (2.4) which
is Hermitian as well.
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If Φ is an almost Kählerian form defined on M , then the vertical lift Φv of Φ
obeys the relations

Φv(Zc,W c) = (Φ(Z, W ))v = Φv(Zc, JcW c)(2.5)

and is an almost Kählerian form on TM . As well, the complete lift Φc of Φ satisfies

Φc(Zc,W c) = (Φ(Z, W ))c = Φc(Zc, JcW c)(2.6)

and is an almost Kählerian form on TM .
In the following are described the extensions to the complex tangent space via lifts

of the basic particular structures considered on almost Hermitian manifolds.

Proposition 2.1. Let M be a Kähler manifold with almost complex structure J .
If [∇c

Zc , Jc] W c = 0, ∀Z,W ∈ X (M), then TM is also a Kähler manifold.

Proof. Consider Z,W complex vector fields and J an almost complex structure on
M . Let Zc, W c and Jc be respectively the complete lifts of these fields to TM . Then
we have

[∇c
Zc , Jc] W c = ∇c

Zc(JcW c)− Jc(∇c
ZcW c) = ([∇Z , J ] W )c = 0,

which completes the proof. 2

Similarly, one may prove

Proposition 2.2. Let M be a nearly Kähler manifold with almost complex struc-
ture J . If

[∇c
Zc , Jc] Zc = 0, ∀Z ∈ X (M),

then TM is also a nearly Kähler manifold.

Proposition 2.3. Let M be an almost Kähler manifold with almost Kähler form
Φ. If dΦc = 0, then TM is also an almost Kähler manifold.

Proof. Let Z, W be two complex vector fields, J the almost complex structure and
Φ the almost Kähler form on the almost Kähler manifold M ; let Zc, W c, Jc and Φc

be respectively their complete lifts to TM . Then we have
dΦc(Zc, W c) = d(Φ(Z, W ))c = 0. 2

Proposition 2.4. Let M be a quasi-Kähler manifold with the almost complex
structure J . If

[∇c
JcZc , Jc] = −Jc [∇c

Zc , Jc] ,

then TM is also a quasi-Kähler manifold.

Proof. Let Z, W be complex vector fields and J the almost complex structure on
the quasi-Kähler manifold M . Let Zc, W c, and Jc be respectively their complete lifts
to TM . Then

[∇c
JcZc , Jc] W c = ∇c

JcZc(JcW c)− Jc(∇c
JcZcW c)

= (∇JZJW − J∇JZW )c = ([∇JZ , J ]W )c

= (−J [∇Z , J ] W )c = −Jc[∇c
Zc , Jc] W c. 2



On lifts of structures on complex manifolds 63

Analogously, one can prove the following

Proposition 2.5. Let M be a Hermitian manifold M with almost complex struc-
ture J . If

[∇c
JcZc , Jc] = Jc [∇c

Zc , Jc] , Z ∈ X (M),

then TM is also a Hermitian manifold.

Proposition 2.6. If J is an almost complex structure and {Ei, JEi} the local
orthonormal frame field on a semi-Kähler manifold M , such that

n
∑

i=1

{

∇c
Ec

i
(Jc)Ec

i +∇c
JcEc

i
(Jc)JcEc

i

}

= 0,

then TM is also a semi-Kähler manifold.

Proof. Let Jc, Ec
i and JcEc

i be respectively the complete lifts of the given
tensors to TM . Then, we have

n
∑

i=1

{

∇c
Ec

i
(Jc)Ec

i +∇c
JcEc

i
(Jc)JcEc

i

}

=

=
n

∑

i=1

(

∇c
Ec

i
(Jc)Ec

i +∇c
JcEc

i
(Jc)2Ec

i

)

=

(

n
∑

i=1

[Ei, JEi]

)c

= 0,

and hence TM is a semi-Kähler manifold. 2
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