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Abstract

The present survey paper presents prolongations of basic structures from special
almost Hermitian manifolds to the associated tangent spaces.
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§1. Introduction and notations

The lift method has a important role in differentiable geometry, since it per-
mits to extend differentiable structures. The basic classical results can be traced in
the well-known papers [12]-[15]. As well, contributions to the study of lifts of com-
plex structures on Hermitian and Ké&hlerian manifolds were provided in [9]. In the
following, by using lifts, we recollect the extensions to T'M of the basic particular
structures of the almost Hermitian manifolds M. Namely, we consider the following
classes of almost Hermitian manifolds M (assumed C* and of even dimension 2m):

Kéhlerian manifolds : Vx,J]Y =0

Nearly Kéhlerian manifolds: [Vx,J]X =0

Almost Kéhlerian manifolds: d® =0

Quasi Kéhlerian manifolds: [V x,J] =—-J[Vx,J]

Hermitian manifolds : Vix,J]=J[Vx,J]
Semi Kéhlerian manifolds : Z {Vg,()E; +V g, (J)JE;} =0,
i=1

for all X, Y € X (M), where X (M) denotes the Lie algebra of C* vector fields on M,
V the Riemannian connection, J the almost complex structure, & the fundamental
2-form, and {E;, JE;} the associated local orthonormal frame field ([6,7].)

Throughout the paper, all the mappings and manifolds will be assumed to be C*°
and the sum will be taken over repeated indices. Also, v and ¢ will denote the vertical
and complete lifts to TM of geometric complex structures of M, respectively.
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Let M be a complex manifold M and T'M the associated tangent space. The basic
lifts of geometric objects from M to TM are described below (for basic properties of
lifts, we recommend [12-15]).

a) The lift of functions. The wertical lift of a function f € TY(M) = F(M) to
TM is the function f¥ € F(T'M) given by f¥ = f o 1as, where 7y : TM — M 1is the
canonical projection. We have rank(f?) = rank(f), since

f(Zp) = f(ru(Zp)) = f(p), VZp € T,M.

The complete lift of the function f € F(M) to TM is the function f¢ € F(TM) given

by
of \" _ of \"
c _ Jo | ZJ o [ FS
= () 7 ()
where we denote by (z, z, 2/, Z’) the local complex coordinates of a chart-domain TU C
TM. Furhermore, for Z, € T,,M we have

f4(Zy) = 2"*(2,)(0uf) () + 7 (2p) (0= ) (D)-

b) The lift of vector fields. The wvertical lift of a vector field Z € X(M) to TM is
the vector field Z¥ € X(TM) given by

Z°(f) =(Zf)", VfeFM),

and the complete lift of vector field Z € X (M) to TM is the vector field Z¢ € X (T M)
given by
Z(f) = (Zf)°, VYfeFM).
¢) The lift of 1-forms. The vertical lift of a 1-form w € X*(M) to TM is the 1-form
w? € X*(TM) given by
W'(2°) = WZ)°, VZ e X(M),

and the complete lift of a 1-form w € X*(M) to TM is the 1-form w® € X*(TM)
given by
w(Z°) = (w2), VZ e X(M).

d) The lift of tensor fields of type (1,1). The vertical lift of complex tensor field
F € T;H(M) to TM is the complex tensor field F* € T}(T M) given by

F*(2°) = (FZ)", YZ e X(M),

and the complete lift of complex tensor field F' € 7} (M) to T M is the complex tensor
field F¢ € 7,1 (T M) given by

F(Z°) = (FZ)°,NZ € T3 (M).

e) The lift of tensor fields of type (0,2). The vertical lift of a complex tensor field
g € T (M) to TM is the complex tensor field g” € 7 (T M) given by

gv(chwc):(g(Z’W))v7 VZ7WEX(M)5
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and the complete lift of a complex tensor field g € 73)(M) to TM is the complex
tensor field g¢ € T(T M) given by

g(Z¢,We) = (g(Z,W))¢, VZ,W € X(M).
The general properties of vertical and complete lifts of the covariant derivative are
described by

Proposition 1.1. Let M be a complex manifold. For the complex tensor fields
XY, ZeX(M), fe F(M), we X*(M), K € T7(M), and the affine connection V,
we have

i) VSV =0V O =V fY = (Vx )V, Ve € = (Vx )C
i) VLYY =0,VG Y=Vl YV = (VxY)", VicYY = (VxY)©
iii) VGew’ =0,VEiw® =VScw” = (Vxw)V, View® = (Vxw)©

i) VL KY =0,V$ K€ = VSoKY = (VxK)V, Ve KC = (VxK)C.

Proof. Straightforward, similar to the real case [11]. O

§2. Basic lifts of structures

Let M be a complex manifold endowed with a complex structure J and {z*,z%},1 <
a < m its complex local coordinates. The vertical lift of

0 .0 o
to TM is 5 9
(2.1) JU = iaz’a ® dz® — 182"’
Since (JV)? = 0, JV is an almost tangent structure for the complex tangent bundle
TM. The complete lift of the complex structure J to TM is

® dz*.

(2.2) JC—li@)dz + i ®dz’a—ii®cf”‘—i ® dz'“.

0 0
0z% 0z 0z® 0z’
Since (J¢)? = —1I, J¢ is an almost complex structure for the complex space T M.

Assume that g is an almost Hermitian metric on a complex manifold M. Then
the vertical and complete lifts satisfy the relations

(2.3) g°(Z°,W€) = (9(Z, W)Y = ¢g°(J°Z°, J°W°).

An almost Hermitian metric g on M provides the vertical lift ¢¥ given by (2.3) which
is Hermitian as well and satisfies

(2.4) 9 (25 W*) = (9(Z2,W))* = g°(J°Z°, JW?).

An almost Hermitian metric g on M provides the complete lift g¢ given by (2.4) which
is Hermitian as well.
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If @ is an almost Kéhlerian form defined on M, then the vertical lift ®¥ of ®
obeys the relations

(2.5) DY (Z°, W) = (P(Z,W))" =Y (Z°, JW*)
and is an almost K&hlerian form on T'M. As well, the complete lift ¢ of ® satisfies
(2.6) (Z, W) = (P(Z,W))¢ = D(Z°, JWE)

and is an almost Kéahlerian form on T M.

In the following are described the extensions to the complex tangent space via lifts
of the basic particular structures considered on almost Hermitian manifolds.

Proposition 2.1. Let M be a Kdahler manifold with almost complex structure J.
If [V$e, JE | We=0,VZ,W € X(M), then TM is also a Kidhler manifold.

Proof. Consider Z, W complex vector fields and J an almost complex structure on
M. Let Z¢, W€ and J¢ be respectively the complete lifts of these fields to TM. Then
we have

(Ve I WO = V5 (JWE) = TV W) = ([V2,J] W) =0,
which completes the proof. O

Similarly, one may prove

Proposition 2.2. Let M be a nearly Kahler manifold with almost complez struc-
ture J. If
V%, J Z¢=0, VZeX(M),

then T' M is also a nearly Kdhler manifold.

Proposition 2.3. Let M be an almost Kdhler manifold with almost Kdhler form
®. If dP° =0, then TM 1is also an almost Kdhler manifold.

Proof. Let Z, W be two complex vector fields, J the almost complex structure and
® the almost Kéhler form on the almost Kéahler manifold M; let Z¢, W¢, J¢ and ®°
be respectively their complete lifts to TM. Then we have

de(Z¢,We) = d(®(Z,W))° = 0. O

Proposition 2.4. Let M be a quasi-Kahler manifold with the almost complex
structure J. If
[ CJCZCaJC] = _JC[ CZC7 c]’

then TM is also a quasi-Kdhler manifold.

Proof. Let Z,W be complex vector fields and J the almost complex structure on
the quasi-Kéahler manifold M. Let Z¢, W€, and J¢ be respectively their complete lifts
to TM. Then

[VGege, JO] We Ve ze(JWE) — J(VGe 5 WO)
= (VyzJW — IV ;W) = ([Vyz,J]W)°

(= I[NV 2, J) W)E = —J°[VS., J¢] We. O
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Analogously, one can prove the following

Proposition 2.5. Let M be a Hermitian manifold M with almost complez struc-
ture J. If
[ CJCZﬂvJC]:JC[ ch‘]C] ZEX(M),

then T M is also a Hermitian manifold.

Proposition 2.6. If J is an almost complex structure and {F;, JE;} the local
orthonormal frame field on a semi-Kdhler manifold M, such that

n

S { Vi (VES + Ve (9IS} =0,

i=1
then T M is also a semi-Kdhler manifold.

Proof. Let J¢, Ef and J°E{ be respectively the complete lifts of the given
tensors to T'M. Then, we have

f:{ (JO)ES + VICE;-(JC)JCEE} =

i=1

3

Z( (JO)ES + V,CEg(JC)QEf) = (Z[E—JE—]) =0,

i=1

and hence T'M is a semi-Kahler manifold. O
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