Some inequalities for warped products in
cosymplectic space forms

Dae Won Yoon

Abstract

In this article, we investigate the inequality between the warping function of
a warped product submanifold isometrically immersed in a cosymplectic space
form of constant y-sectional curvature and the squared mean curvature. Fur-
thermore, some applications are derived.
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81. Introduction

Let M; and M be Riemannian manifolds of positive dimension n; and ng, equipped
with Riemannian metrics g; and gs, respectively. Let f be a positive function on Mj.
The warped product M; Xy M, is defined to be the product manifold M; x My with
the warped metric: g = g1 + f2g2 (see, for instance [3]).

It is well-known that the notion of warped products plays some important role in
differential geometry as well as in physics. For a recent survey on warped products
as Riemannian submanifolds, we refer to [3].

Let ¢ : My xp My — M (¢) be an isometric immersion of a warped product
M x y M into a Riemannian manifold M (c) with constant sectional curvature c¢. We
denote by h the second fundamental form of ¢ and H; = n%_trace hi, where trace h;
is the trace of h restricted to M;. We call H; ( ¢ = 1,2) the partial mean curvature
vectors. The immersion ¢ is said to be mized totally geodesic if h(X,Z) = 0, for any
vector fields X and Z tangent to M; and My respectively.

Recently, in [6] B. Y. Chen established the following sharp relationship between
the warping function f of a warped product M; X My isometrically immersed in a
real space form M (c) and the squared mean curvature ||H||? .

Theorem 1.1 ([6]).  Let ¢ : My x; My — M(c) be an isometric immersion of
a warped product into a Riemannian m-manifold of constant sectional curvature c.
Then, we have

Af  (ng+ng)? 9
(1 1) f —_ 477/2 || H nlc,
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where A is the Laplacian operator of M;.

As an immediate application, he obtained necessary conditions for a warped product
to admit a minimal isometric immersion in a Euclidean space or in a real space form.

On the other hand, for the above related researches B. Y. Chen investigated the
inequality (1.1) of a warped product submanifold into complex hyperbolic space ([5])
and complex projective space form ([2]). Also, K. Matsumoto and I. Mihai ([8])
studied the inequality (1.1) of a warped product submanifold into Sasakian space
form of constant p-sectional curvature.

In this paper, we prove similar inequality for warped product submanifolds of
cosymplectic space forms of constant ¢- sectional curvature c.

82. Preliminaries

Let M be a (2m+1)-dimensional almost contact manifold endowed with an almost
contact structure (@, &, n), that is, ¢ is a (1,1) tensor field, £ is a vector field and 7 is
a 1-form such that

p?=—-IT+n®¢ and n(€) =1

Then, p(§) =0 and no e =0.
Let g be a compatible Riemannian metric with (p,&,n), that is, g(¢X, YY) =
9(X,Y) —n(X)n(Y) or equivalent, g(X,9Y) = —g(¢X,Y) and g(X,§) = n(X) for
all X,Y € M. Then, M becomes an almost contact metric manifold equipped with
an almost contact metric structure (p, ¢, N g). An almost contact metric manifold
is cosymplectic ([1]) if Vxo = 0, where V is the Levi-Civita connection of the Rie-
mannian metric g. From the formula Vx¢ = 0 it follows that Vx& = 0.
A plane section 7 in T}, M of an almost contact metric manifold M is called a

p-section if 1 L € and (7 ) = 7. M is of constant @-sectional curvature if sectional
curvature K (m) dose not depend on the choice of the p-section m of T), M and the

choice of a point p € M. A cosymplectic manifold M is of constant ¢-sectional
curvature c if and only if its curvature tensor R is of the form ([7])

AR(X,Y, Z,W) = c{g(X, W)g(Y, Z) — g(X, Z)g(Y, W)
+ (X, oW)g(Y,9Z) — g(X, 0Z)g(Y, pW)
(2.1) —29(X, pY)g(Z, W)
= g(X, W)n(Y)n(Z2) + g(X, Z)n(Y )n(W)
—9(Y, Z)n(X)n(W) + (Y, W)n(X)n(Z)}.

Let M be an n-dimensional submanifold of a manifold M equipped with a Riemannian
metric g. The Gauss and Wiengarten formulas are given respectively by

VxY =VxY +h(X,Y) and VxN = —-AxX + V%N

forall X,Y € TM and N € T+ M, where V,V and V1 are the Riemannian, induced
Riemannian and induced normal connections in M , M and the normal bundle T+ M
of M respectively, and h is the second fundamental form related to the shape operator
Aby g(h(X,Y),N) = g(AnX,Y).
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For any vector X tangent to M we put p.X = PX + FX, where PX and F X are
the tangential and the normal components of ¢ X, respectively. Given an orthonormal
basis {e1,...,en} of M, we define the squared norm of P by

1P| = Zg pei, e5)

3,7=1

and the mean curvature vector H(p) at p € M is given by H = 2 37" | h(e;, ;).
We put

n

hi; = g(h(ei,ej),e,) and |[h]]* = > g(h(ei,e;), hleise;))

4,5=1

where {€n11,...,€m41} is an orthonormal basis of T;-M and r =n+1,...,2m+1.
A submanifold M is totally geodesic in M if h = 0, and minimal if H = 0.

On the other hand, M is said to be a totally real submanifold if P is identically
zero, that is, X € TPLM for any X € T,M,p € M.
For an n-dimensional Riemannian manifold M, we denote by K () the sectional cur-
vature of M associated with a plane section m C T,M,p € M. For any orthornormal

basis e, ..., e, of the tangent space T),M, the scalar curvature 7 at p is defined by
to be
(2.2) T(p) =Y Kle;i Nej).

i<j

83. Some inequality for warped product submanifolds

We give the following lemma for later use.

Lemma 3.1 ([4]). Let ay,...,an,ant1 be n+ 1 (n > 2) real numbers such that
n
(3.1) (Z a1> (n—1) (Z a? + an+1> .
i=1
Then, 2a1a2 > apy1, with the equality holding if and only if a1 +a2 =as = -+ = ay.

We investigate warped product submanifolfs tangent to the structure vector field
¢ in a cosymplectic space form M (c).

Theorem 3.2. Let ¢ : My x; My — M(c) be an isometric immersion of an n-
dimensional warped product into a (2m + 1)-dimensional cosymplectic space form of
constant p-sectional curvature ¢ whose structure vector field € is tangent to My. Then,
we have

Af _

3.1) 7S flIHHZ) (n1+2)

where n; = dimM;,i = 1,2, and A is the Laplacian operator of Mj.
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Proof.  Let My x y My be a warped product submanifold of a cosymplectic space form
M (c) with constant p-sectional curvature ¢ whose structure vector field £ is tangent
to Mj. Since My x ¢ My is a warped product, it is easily seen that

1
f

for any vector fields X, Z tangent to My, Mo, respectively. If X and Z are unit vector
fields, it follows that the sectional curvature K (X A Z) of the plane section spanned
by X and Z is given by

(3.2) VxZ=VzX=—=(Xf)Z,

(33)  K(XAZ)=g(VsVxX — VxVzX,Z) = §{<vxx>f _ X2y

We choose an orthonormal basis {e1, ..., €n,€n41,.-.,€2m+1} suchthat ey, ... ey, =
& are tangent to My, en, 41, ..., €, are tangent to My and ey, is parallel to H. Then,
using (3.3) we obtain

(3.4) — = ZK(ej Aes),

for each s € {n; +1,...,n}.
From the equation of Gauss, we obtain

C
(3.5) 27 = {n(n — 1)+ 3||P||* — 2n + 2}1 +n?||H||* — |||
We denote
2
(3.6) 5:27—{n(n—1)+3|\P||2—2n+2}£—%||H||2.

Substituting (3.5) in (3.6), we have
(3.7) n?||H[[* = 2(5 + ||h]*).

With respect to the above orthonormal basis, (3.7) takes the following form:

n 2 n 2m+1 n
(o) =2 (o Doty e Tages 3 S,
i=1 i=1 i#j r=n+2i,j=1

which implies
3 2 3 2m+1 n
(o) 2fosyde T ore 3 Sy
i=1 i=1 1<i#j<n r=n+21i,j=1
(3.8) ! ’
D D )y R N TOal Vs
2<j#k<ny ni1+1<s#t<n

— pntl _ Y\ gpntl _\\n n+1
where a1 = hyy" a2 = Y Lo by and ag =) L, b
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Applying Lemma 3.1 to (3.8) yields

1 1 1 1
PO ED DI e

1<j<k<n, n1+1<s<t<n
(39) 5 2m—+41 n
n+1
S3e Y mpey Y Y
1<a<pB<n r=n+2 a,3=1

with equality holding if and only if we have

(3.10) Zh"“ Z A

t=n1+1

On the other hand, (2.5) and (3.4) imply

ngAff T — Z K(ej Neg) — Z K(es Ney)

1<j<k<n; ni1+1<s<t<n
ni(ny —1l)c  3c 9 c
=T Z g(Pej,ek)fZ(lfnl)
1<j<k<n,
(3.11) mt1

S (kg — (%) - ”2(7128* Lc

r=n+11<j<k<n;
2m—+1

36 T T T
—T 2 FPese)= 3 DT (ALAL = (1)),
n1+1§s<t§n r=n+ln;+1<s<t<n
Combining (3.9) and (3.11) and taking account of (3.4), we have
A n(n —1 c 0 ¢
nQTf <7 — %c—i— Jmne =g - 1(1 —nq)
(3.12) 3c 3c
- Z Z QQ(Pej?ek) - Z Z gz(PeS’et)'
1<j<k<ny n1+1<s<t<n
By (3.6), the inequality (3.12) reduces to
Af c 3c
&= 7||H||2 (”1—1)1"'@ Z 9*(Pej, er)
7 agigm
(3.13) ni+1<t<n
n? c 3c ni
< —I||H|? —1)—+ —mins —,1¢.
< Sl o = 1+ Fmin {221

We distinguish two cases:
(a) n1 < ng, in this case the inequality (3.13) implies (3.1).
(b) n1 > ngo, in this case (3.13) also becomes (3.1). It completes the proof. [J

Corollary 3.3. Let ¢ : M = My xy My — M(c) be an isometric immersion of an
n-dimensional totally real warped product into a (2m + 1)-dimensional a cosymplectic
space form whose the structure vector ﬁeld & is tangent to My. Then, we have

Af

(3.14) 7

C
H||? + —1)=
< i I+ (- 1)
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where, n; = dimM;,i = 1,2, and A is the Laplacian operator of M.

Moreover, the equality case of (3.14) holds if and only if ¢ is a mized totally
geodesic immersion and niH1 = noHo, where, H;,i = 1,2 are the partial mean cur-
vatures.

Proof. By (3.13), we can easily obtain the inequality (3.14). Also, we see that the
equality sign of (3.13) holds if and only if

(3.15) hiy=0, 1<j<mni, m+1<t<n, n+l<r<2m+l,
and

ni n
(3.16) Shiy= > hiy=0, n+2<r<2m+l.

=1 t=ni1+1

Obviously (3.15) is equivalent to the mixed totally geodesic of the warped product M
and (3.10) and (3.16) imply ny Hy; = naHs. The converse statement is straightforward.
O

Corollary 3.4. Let My x¢ My be a totally real warped product in a cosymplectic

space form M(c) whose the structure vector £ is tangent to My(n1 > 1) and a warping
function f is a harmonic. Then, My X y My admits no minimal totally real immersion

into a cosymplectic space form M(c) with ¢ < 0.

Proof. Assume f is a harmonic function on M; and M; x; My admits a minimal

totally real immersion in a cosymplectic space form M (¢). Then, the inequality (3.14)
becomes ¢ > 0. U]

Corollary 3.5. Let My x § My be a totally real warped product in a cosymplectic space
form M(c) whose the structure vector & is tangent to Mi(ny > 0). If the warping
function f of a warped product My x ¢ My is an eigenfunction of the Laplacian on
M, with corresponding eigenvalue X > 0, then My x ¢ My dose not admit a minimal

totally real immersion into a cosymplectic space form M(c) with ¢ < 0.

Proof. If f is an eigenfunction of the Laplacian on M; with eigenvalue A > 0. Then
inequality (3.14) implies that (n; —1)§ > A > 0. Therefore, we have Corollary 3.5. [

Corollary 3.6. Let My x¢ My be a compact totally real warped product in a cosym-

plectic space form M(c) such that the structure vector £ is tangent to My(ny > 1) and
¢ <0. Then My xy M is a Riemannian product.

Theorem 3.7. Let ¢ : My x; My — M(c) be an isometric immersion of an n-
dimensional warped product into a (2m + 1)-dimensional cosymplectic space form of
constant p-sectional curvature ¢ whose structure vector field € is tangent to My. Then,

we have )
Af n ni\ ¢
= < —||H|*+ (3 -— -,
f 74712” I +< m n2>4
where n; = dimM;,i = 1,2, and A is the Laplacian operator of M;.

Corollary 3.8. Let ¢ : M = My xy My — M(c) be an isometric immersion of an
n-dimensional totally real warped product into a (2m + 1)-dimensional a cosymplectic
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space form whose the structure vector field & is tangent to Ms. Then, we have

Af n? 9 ni\ ¢
1 —— < —||H -—— =
(317) < (-2 5

where, n; = dimM;,i = 1,2, and A is the Laplacian operator of M.

Moreover, the equality case of (3.17) holds if and only if ¢ is a mized totally
geodesic immersion and n1Hy, = noHy, where, H;,© = 1,2 are the partial mean cur-
vatures.

Corollary 3.9. Let My x¢ My be a totally real warped product in a cosymplectic
space form M (c) whose the structure vector £ is tangent to My(ng > 1) and a warping
function f is a harmonic. Then, My x ¢ My admits no minimal totally real immersion
into a cosymplectic space form M(c) with ¢ < 0.

Corollary 3.10. Let My xy My be a totally real warped product in a cosymplectic
space form M(c) whose the structure vector £ is tangent to Ma(ng > 0). If the warping
function f of a warped product My Xy My is an eigenfunction of the Laplacian on
M, with corresponding eigenvalue X\ > 0, then My x; My dose not admit a minimal
totally real immersion into a cosymplectic space form M(c) with ¢ < 0.

Corollary 3.11. Let M, x ¢ My be a compact totally real warped product in a cosym-
plectic space form M (c) such that the structure vector & is tangent to Ma(ng > 1) and
¢ < 0. Then My x¢ My is a Riemannian product.
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