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Abstract

This paper deals with weakly pseudo-symmetric Riemannian manifold. In
this paper, weakly pseudo-symmetric manifold (W.S), is introduced and then
decomposable weakly pseudo-symmetric manifolds are examined and some the-
orems about them are proved. In the other part of it, the cyclic Ricci tensor of
this manifold is studied.
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1 Introduction

The notions of weakly symmetric and weakly projective symmetric manifolds were
introduced by Tamassy and Binh [1]. A non-flat Riemannian manifold V,, (n >
2) is called a weakly symmetric manifold if the curvature tensor Rp,ji satisfies the
condition:

(1.1) Rpijig = aiRpiji + b Riijie + ciRuijk + dj Ruak + exRniji

where a,b,c,d,e are 1-forms (non-zero simultaneously) and the comma ’; denotes
covariant differentiation with respect to the metric tensor of the manifold.

It may be mentioned in this connection that although the definition of a (WS),
is similar to that of a generalized pseudo-symmetric manifold studied by Chaki and
Mondal [2], the defining condition of a (W.S),, is weaker than that of a generalized
pseudo-symmetric manifold. A reduction in generalized pseudo-symmetric manifolds
has been obtained by Chaki and Mondal. But, in [3], the authors investigated and a
reduction in (W.S),, is obtained in a simpler form

(1.2) Rhijkg = arRpiji + bnRiiji + biRniji + dj Rk + diRuiji

The name weakly-symmetric was chosen, because if in (1.2), a;, b;, d; are taken as
zero, then the equation (1.2) takes the form Rp;jx,; = 0 and the manifold reduces to
a symmetric manifold in the sense of Cartan.
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In the present paper, some results on a (PS),, are established. In section III, it
is shown that if a (W.S),, is a decomposable manifold V,.xV,,_. (r > 1,n —r > 1),
then one of the decomposition manifolds is flat and the other is a weakly symmetric
manifold. In section IV, the Ricci-associate of a vector field is defined and some
theorems are proved. In addition, for B # 0 or D # 0, the decomposable manifold
(WS),, has a zero scalar curvature.

The last Section is concerned with (WS),, admitting a concurrent or a recurrent
vector field, [4].

2 Weakly pseudo-symmetric manifolds (IW.5),.

In this section, we shall obtain some formulas which will be required in this study of
(WS)n.

Let R;; and R denote the Ricci tensor and the scalar curvature, respectively. Then,
from (1.2), we get

(2.1) Riji = aiRij + biRy; + dj Ry + V" Ryij + d* Ry
Transvecting (2.1) with ¢/, we have
(2.2) Ry =aqR+ Q(bh + dh)Rhl

Moreover, contraction of (1.2) with g g"*, we get
Ry h h
(23) 7 =a Rhl + le + (b —d )Rhl

and multiplying (1.2) by ¢"*¢7!, we find

R
(2.4) 71 = "Ry + bR+ (d" — ") Ry

On the other hand, transvecting (1.2) by g7!, we get

R
(2.5) 71 = a" Ry + bR+ (0" — d") Ry,

From (2.3) and (2.4), we can easily see that the following expression holds
(2.6) (by—di)R=0

Similarly, using (2.4) and (2.5), we have

(2.7) bRy = d'Ry,

From (2.2) and (2.7), we obtain

(2.8) @R gy — am Ry = A" Ry — amb" Rpy)

Further, we find

(2.9) R(arm — am1) + (@R m — amRy1) +4((0" Rit) i — (0" Rim) 1) = 0
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3 Decomposable (WS),.

A Riemannian manifold V,, is said to be decomposable if it can be expressed as a
product V,.xV,,_, for some r, i.e., if coordinates can be found so that its metric takes
the form

™ n
(3.1) ds? = Z Gapdztda® + Z gagdmo‘dxﬁ
a,b=1 a,B=r+1
where g5 are functions of z!, 22, ..., 2" (r < n) and g,p are functions of z" 1, 2" +2 .. 2"

only; a,b,c,... are taken to have range 1 to r and «, 3,7,... are taken to have the range
r+ 1 to n. The two parts of (3.1) are metrics of V,. and V,,_,. which are called the
decomposition manifolds.

We now suppose that (WS), (n > 2) is decomposable with V, and V,_, as
decomposition manifolds. From [3], we have

(32) Rabcd,a = AaRabcd + BaRabcd + BbRaacd + DcRabad + DdRabca

In view of the fact that the curvature tensor and its covariant derivative are product
tensors, the above equation takes the form

(3.3) AgRapea =0
Also, from [3], we have
(34) Raﬁ’y&a = AaRaﬁ'yé + BaRaB'yé + BﬁRaavé + D'yRaﬁaé + D'yRaﬁ'ya

Since the curvature tensor of the space and its covariant derivative are product tensors,
the equation (3.4) takes the form

(35) AaRaﬁ'yti =0
Similarly, we get

(36) BaRabcd = 0, BaRaB’yé =0
(37) Do Rapea = 0, DaRa,@'y(S =0

Since A;, B;, D; are non-zero vectors, all its components cannot vanish. Suppose
Ay # 0 for some «. Then, from (3.3), we get Rapeq = 0 which means that the
decomposition manifold is flat. If A, # 0 for some a, then by similar argument, we
have R,gys = 0 which means that the decomposition manifold V;,_, is flat. Similarly,
the conditions B, # 0, D, # 0 for some « and B, # 0, D, # 0 for some a hold, it is
easy to see that the decomposition manifolds V,. and V,,_,. are flat.

We suppose that Ragys=0. Then, Rapcq # 0, because, by hypothesis, (WS5),, is not
flat. Hence, from (3.3), (3.6) and (3.7), we get A, = 0,B, = 0 and D,, = 0. Since
A;, B; and D; are non-zero vectors, all its components can not be vanish. Hence,
A, #0,B, #0,D, # 0 for some a. Therefore, from (1.2), we obtain

(38) Rabcd,e = AeRabcd + BaRebcd + BbRaecd + DcRabed + DdRabce

By virtue of (3.8), it follows that the part V,. is a (W.5),..
We can therefore state the following theorem:
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Theorem 3.1 If a (WS),, is a decomposable manifold V,.aVy,_. (n > 1, n—r > 1),
then one of the decomposition manifolds is flat and the other is a weakly symmetric.

An n-dimensional Riemannian manifold V™ is said to be decomposable if in some
coordinates its metric is given by

(3.9) ds? = g;jda'da? = Z Gapdzda® + Z gy da® da
a,b=1 a’,b'=r+1

where g, are functions of z', 2%, ...,2" (r < n) denoted by Z and g%/, are functions of
"t 2™+2 | z™ denoted by *;a, b, c, ... run from 1 tor and @/, ¥, ¢, ..., run from r+41
to n. The two parts of (3.9) are the metrics of a V" (r > 1) and a V™" (n —r > 1)
which are called the decomposition manifolds of V" = V"2V"~". Throughout this
paper each object denoted by a bar is assumed to be from g, and of V", and each
object denoted by a star is formed from g%, and of V"~". From (3.9), we have

1/
*a'b

a’b

(3'10) Gab = Gabs YJa'b) = g;’bh gab = gab’ g = g s Yaa' = guu' =0

The only non-zero Christoffel symbols of the second kind are as follows: A comma
and a dot shall denote covariant differentiation in V™ and V", respectively. Hence,
we obtain the following relations:

(3.11) Raped = Raped,  Rarvear = Ryera

We suppose that V" = V"zV"~" and B # 0. By using (1.2), we get
Rarped.a = AaRarved + Bar Rabed + BoRaraca + DeRarvad + DaRarbea

in this case, we obtain

(3.12) By Rapea =0

Similarly, after some calculations, we get

(3.13) By Ruywrar =0

Since B # 0, all its components cannot vanish. Hence, we consider the following two
cases:

Case (i): Suppose that B, # 0 for a fixed a’. Then from (3.11) and (3.12), we
have

Rabcd =0

Transvecting the above equation by g?® and g*, we get R = 0. From (3.11), we
obtain

(3.14) R=R*

(ii): Suppose B, # 0 for a fixed a. Then, from (3.13) it follows that Ryperar =0
for all a’t’'c’d’. From (3.11), we have

(315) R:;Iblcld/ = 0
Multiplying (3.15) with g*'?", g*¥'¢’ we get R* = 0. From (3.14), we get
(3.16) R=0

for D # 0, we obtain the same results.
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Theorem 3.2 For B # 0 or D # 0, a decomposable manifold (WS),, has zero scalar
curvature.

The remaining sections deal with non-decomposable manifolds (W'.S),,.

4 Ricci-associate of the vector field ;.
Let the expression
(41) V; = Rhl)\h

}iolds. Then the vector field v; shall be called the Ricci-associate of the vector. Let
A = a, then we get

(4.2) v; = Rpia"  (a' d; = 0F)
If R is constant, then from (2.5), (2.7) and (4.2), we get
(43) v = —blR

If R is zero, then using the same equations, we find ¥ = 0. Therefore, R is not zero.
From (2.6), we say that the vector b is not orthogonal to d. Using (4.3), we have that
the vector v is not orthogonal to both band d. If R is a constant, then the vector
field v; is collinear with the vector field b;.Then we obtain

alv; = aiRhZ—ah
Thus, if the Ricci form Rj;a"a’ is indefinite, then from the relation Yo alat = g,
T T

we get R = 0. Since R # 0, the Ricci form Rp;u"u’ is definite, then v;, a; are not
orthogonal vectors. By the aid of (2.2) and (2.7), we get a; and b; are not orthogonal
vectors. Therefore, any vector of (W.S),, is not orthogonal to each other.

If R is constant, then the vector field v; is collinear with the vector field b;. We
consider the manifold (W.S),, (n > 2) of non-constant scalar curvature in which the
Ricci-associate of a; is not necessarily collinear with b;. Now, for v; = Rhiah, we get,

a'v; = a' Rp;a”

Thus, if the Ricci form Rp;u’u’ is definite, then a’v; # 0, i.e., a; and v; are not
orthogonal vectors. Similarly, any vector of (WW.S),, is not orthogonal to v; and the
vectors a; and d; are not orthogonal.

From (2.6), we get b is not orthogonal to d. If we put X=borA=din (4.1), we
obtain the same results.

This leads to the following theorem:

Theorem 4.1 In a (WS),, (n > 2) with constant scalar curvature, if the vector fields
a; form an orthogonal ennuple, then the Ricci-associate of a; are mot orthogonal to
the any vector of (WS),. If in (WS),, (n > 2) with non-constant scalar curvature,
the Ricci form Rp;u"u’ is definite, then the any vector of (W.S),, is not orthogonal to
each other.
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Now, we consider the manifold (WS),, with non-constant scalar curvature. Then R
will be another non-zero vector field. A vector field u; is called closed if 1} y, =t = 0.

We enquire if the Ricci-associate of a; and a; can be both closed. In virtue of
v; = Rp;a”, the equations (2.8) and (2.9) can be expressed as follows:

(4.4) @R — am R = 4(aivm — amvy)
and
(45) R(al,m — amyl) + (alRym — amRJ) + 4(Ul,m — 'Um,l) =0

From (4.5), it follows that
(4.6) alle — amR,l =0
and therefore, using (4.4), we get

(4.7) AU — mv; = 0

Now, from (4.6) and (4.7), it follows that the vector field R ; is collinear with
both the vector fields a; and v;. We can therefore state as follows:

Theorem 4.2 In the manifold (WS),, with non-constant scalar curvature, the Ricci-
associate of a; and a; cannot be both closed, unless the vector field R ; is collinear
with both a; and its Ricci-associate.

5 The manifold (WYS), (n > 3) with cyclic Ricci ten-
sor.

A Riemannian manifold is said to be cyclic Ricci tensor if the condition
(5.1) Rijr+ Rjki + Ryij =0

holds. According to [5], from (5.1), we have R = const. Hence, using (2.5) and (2.7),
we get

(5.2) a"Rp +byR=0, R=const#0

In this section, we suppose that a (W.S),(n > 2) has cyclic Ricci tensor. Using (2.1)
and I. Bianchi Identity, we get

(6.3) Rijk+ Rjki + Riij = (a; +bi +di) Rji, + (a; + b +dj) Rys + (ar + bi + di) Ry
With the help of (2.6), the equation (5.3) can be written as

(5.4) AiRji + Aj Ry + A Rij = 0

where AY = a; + 2b;. Transvecting (5.4) with A}, we obtain

(5.5) A" AfRjp + A" A5 Ry + A" A Rij = 0
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where A} = a® + 2b%. By the aid of the equations (2.2), (2.5), (2.7) and (5.2), we can
easily obtain that

A*R
(5.6) AM Ry = ——
Then, using (5.5) and (5.6), we have
(5.7) A" ATRj, = AJALR
In this case, transvecting (5.7) with A** and using the equation (5.6), we get
3 Ik A% Ax
(5.8) SAFATATR =0
i.e.,
(5.9) AfA* =0 or A;=0

Suppose that AFA™ = 0 and the metric of this manifold is positive definite. In this
case, we obtain

(5.10) AFA™ = (@; + 2b;) (@ + 2b") = (@ + 2b)?
Therefore, A¥ A™ # 0. From (5.9), we have
(5.11) A7 =0

If A7 = 0, then from (5.7), we have ;) = 0. By the aid of (5.2), we get b; = 0. (since
R # 0). Using (2.2) and (2.6), we obtain a; = d; = 0, i.e., in the manifold (WS),
with a positive metric, if A7 = 0, then this manifold is a symmetric manifold. For
this reason, the condition A7 # 0 must be hold. Therefore, by the aid of (5.8), we

say that R = 0. From (5.3), we obtain
(5.12) AP* A" Ry 4+ A7 A Ry + A A" R;; = 0

where A7* = a’ + b° + d’. In this case, with the help of (2.2), (2.4) and (2.7), we get
AP* Ry = 0. Tt is easy to see that the equation (5.12) can be changed into the form
A* A" Rj, = 0. Then, we get

(5.13) AFA = (0 + 0" + d")(an + by + dp) = (@ + b + d)?

If the metric of the manifold is positive definite, then A*A™** = 0. Therefore, we
have R;, which means that the manifold is an Einstein manifold with zero scalar
curvature.

It is known [6] that an n-dimensional (n > 2) Einstein manifold has constant
curvature. Then, an Einstein manifold (W.S)3 is locally symmetric. Nevertheless, the
condition Rp;j,,; # 0 is satisfied.

In view of these results, it follows that an Einstein (W.S),(n > 2) does not exist,
i.e., R # 0, the manifold (WWS),, can not be an Einstein manifold with a cyclic positive
definite Ricci tensor.

Thus, we can state the following theorem:

Theorem 5.1 If a manifold (WS),, (n > 2) with positive definite metric has cyclic
Ricci tensor, then this manifold is an Einstein manifold with zero scalar curvature.
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6 (WS), admitting a concurrent or a recurrent vec-
tor field.

This section consists of two parts, the first deals with a (W S),, admitting a concurrent
vector field u*, [4], given by
(6.1) u'; = p5§

)]

where p is a non-zero constant and the second deals with a (WS), admitting a
recurrent vector field u*, [4], given by

(6.2) ufj = B;u’

where [3; is a non-zero covariant vector.

Part I.

According to [5], we have
(6.3) W Rpije =0, u"Rup =0, pRisjk +u"Rpijrs =0
Transvecting (1.2) with u”, we get

u" Ry = apu” Rpiji + bpu™ Rygjp + bou™ Rygji + dju" Ry, + diu™ Ry
In virtue of (6.3), the above equation takes the form
Ruijr(p + bpu™) =0

Since Ry, # 0, we get
(6.4) p+ub, =0
i.e., the condition u"b, = —p # 0 holds.

Multiplying (2.1) by u* and u!, respectively, and using the symmetric properties
of Rpiji and from (6.3), we get
(6.5) uPdy = —p#0,  u'Rpijrg = aiu' Rpijr
From (6.5), we have
(6.6) u'Ry = au'R
Using (2.5), (2.7), (6.3)2 and (6.6), we get

(6.7) (a; — 2b)u'R =0

(6.8) aut =20t or  R=0
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We suppose that the condition R # 0 holds, by the aid of (6.4), (6.5) and (6.8),we
say that: If the manifold (WS),, admits a concurrent vector field u’ given by (6.1),
then w; is not orthogonal to the vectors of (W S),.

Suppose that R = 0, from (2.1) and (6.3), we obtain

(6.9) uiRij,l = Uibile
Using (6.1) and (6.3)3, (6.9) takes the form
(6.10) (p— u'b;) Ry =0

Then, with the help of (6.4) and (6.10), we find R;; = 0, which means that the
manifold is an Einstein manifold with zero scalar curvature.
This leads to the following theorem:

Theorem 6.1 If, in a (WS),, which admits a concurrent vector field u® given by (6.1),
R is non-zero then u; is not orthogonal to the vectors of (WS),. Otherwise, the
manifold is an Finstein manifold with zero scalar curvature.

Part II.
If the recurrent vector field u® given by (6.2) is non-null, then we have
(6.11) " Rpijea =0,  u'Rpi, =0

Using the expressions (1.2) and (6.11), we have uhthlijk = 0. Since Ry # 0, it is
easy to see that

(6.12) ulby, =0

By the aid of (1.2) and (6.11) and remembering the symmetric properties of Rpijk,
we get

(6.13) ufdp =0
Using (6.11), we have
(6.14) Uthk,l = 0, uthk =0

By the aid of (2.3), (2.7), (6.13) and (6.14), u'R; = 0 holds. Then, from (2.2), we
have q;u' R = 0. Let us suppose that R # 0. Hence, we get

(6.15) aut =0

Differentiating (6.11)y covariantly and using (6.2), we get Sju! = 0, i.e., 3 is orthog-
onal to u'.
Hence, we can state the theorem as follows:

Theorem 6.2 If a (WS),, (with R # 0) admits a non-null recurrent vector field u’
given by (6.2), then the associated vector field of recurrence [3; is orthogonal to u; and
u; 1s orthogonal to the vectors of (W.S),,.
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