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Abstract

M. Neagu and C. Udriste in [6]-[9] introduced and studied the multi-time
Lagrange spaces supplied with d-connection. V. Balan in [2] and [3] examined
geodesics, paths, Jacobi fields in these spaces. Here the connection is generalized
and the relations for torsion and curvature tensors appeare in widely achieved
form. The introduced notation help us to write that complicated expressions in
simpler form.
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1. Adapted bases

Let E be a n + p + np dimensional C∞ manifold. Some point u of E in some local
chart (U,ϕ) has coordinates

(xi, tα, xi
α), i, j, k, . . . = 1, n, α, β, γ, δ, . . . = 1, p.

If in some other chart (U ′, ϕ′) the same point u has coordinates (xi′ , tα
′
, xi′

α′), then
the allowable coordinate transformations are given by

xi′ = xi′(xi) ⇔ xi = xi(xi′)(1.1)

tα
′

= tα
′
(tα) ⇔ tα = tα(tα

′
)

xi′
α′ = Bi′

i Bα
α′x

i
α, Bi′

i =
∂xi′

∂xi
, Bα

α′ =
∂tα

∂tα′
.

The transformations of (1.1) are regular, so exist inverse transformations and we
have

Bi′
i Bi

j′ = δi′
j′ , Bi

i′B
i′
j = δi

j , Bα′
α Bα

β′ = δα′
β′ , Bα

α′B
α′
β = δα

β .(1.2)

Theorem 1.1. The transformations of type (1.1) form a pseudo-group.
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The natural basis B̄ of T (E) is

B̄ =
{

∂i =
∂

∂xi
, ∂α =

∂

∂tα
∂α

i =
∂

∂xi
α

}
.(1.3)

Under coordinate transformation (1.1) the elements of B̄ are transforming in the
following way:

∂i′ = Bi
i′∂i + B i

j′ i′B
α′
α xj′

α′∂
α
i(1.4)

∂α′ = Bα
α′∂α′ + Bi

i′B
γ′

α βBβ
α′x

i′
γ′∂

α
i

∂α′
i′ = Bα′

α Bi
i′∂

α
i .

The above equation in the matrix form can be written as follows

[∂i′∂α′∂
α′
i′ ] = [∂i∂α∂α

i ] ·



Bi
i′ 0 0

0 Bα
α′ 0

B i
j′ i′B

α′
α xj′

α′ Bi
i′B

γ′

α βBβ
α′x

i′
γ′ Bi

i′B
α′
α


(1.5)

The natural basis B̄∗ of T ∗(E) is

B̄∗ = {dxi, dtα, dxi
α}.(1.6)

Under coordinate transformation (1.1) the elements of B̄∗ are transforming as
follows

dxi′ = Bi′
i dxi(1.7)

dtα
′

= Bα′
α dtα

dxi′
α′ = B i′

j i Bα
α′x

j
αdxi + Bi′

i B γ
α′ β′B

β′
α xi

γdtα + Bi′
i Bα

α′dxi
α.

(1.7) in the matrix form is given by following relation




dxi′

dtα
′

dxi′
α′


 =




Bi′
i 0 0

0 Bα′
α 0

B i′
j i Bα

α′x
j
α Bi′

i B γ
α′ β′B

β′
α xi

γ Bi′
i Bα

α′







dxi

dtα

dxi
α.


(1.8)

Theorem 1.2. The duality of B̄∗ to B̄ is coordinate invariant.

Proof. Let us suppose that



dxi

dtα

dxi
α


 [∂k∂γ∂γ

k ] =




δi
k 0 0
0 δα

γ 0
0 0 δγ

αδi
k


(1.9)
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then using (1.8), (1.9) and (1.4) we have



dxi′

dtα
′

dxi′
α′


 [∂k′∂γ′∂

γ′

k′ ] =




Bi′
i 0 0
0 Bα′

α 0
B i′

j i Bα
α′x

j
α Bi′

i B γ
α′ β′B

β′
α xi

γ Bi′
i Bα

α′







δi
k 0
0 δα

γ 0
0 0 δγ

αδi
k


 ·




Bk
k′ 0

0 Bγ
γ′ 0

B k
h′ k′B

γ′
γ xk′

γ′ Bk
k′B

δ′
α κBκ

γ′x
k′
δ′ Bk

k′B
γ′
γ


 =




Bi′
i 0 0

0 Bα′
α 0

B i′
j i Bγ

α′x
j
γ Bi′

i B γ
α′ β′B

β′
α xi

γ Bi′
i Bα

α′







Bi
k′ 0 0

0 Bα
γ′ 0

B i
h′ k′B

γ′
α xh′

γ′ Bi
k′B

δ′
α κBκ

γ′x
k′
δ′ Bi

k′B
γ′
α




=




δi′
k′ 0

0 δα′
γ′ 0

Ā B̄ δi′
k′δ

γ′

α′


 ,

where
Ā = B i′

j i Bi
k′B

α
α′x

j
α + Bi′

i Bα
α′B

i
h′ k′B

γ′
α xh′

γ′(1.10)

B̄ = Bi′
i B γ

α′ δ′B
δ′
α xi

γBα
γ′ + Bi′

i Bα
α′B

i
k′B

δ′
α κBκ

γ′x
k′
δ′ .(1.11)

From Bi′
i Bi

k′ = δi′
k′ it follows

B i′
i j Bi

k′ + Bi′
i B i

k′ j′B
j′
j = 0.(1.12)

The substitution of the above equation into Ā results

Ā = −Bi′
i B i

k′ j′B
j′
j Bα

α′x
j
α + Bi′

i Bα
α′B

i
j′ k′B

γ′
α xj′

γ′ .(1.13)

From (1.1) and (1.2) it follows that

xj′

γ′B
γ′
α = Bj′

j Bγ
γ′B

γ′
α xj

γ = Bj′
j δγ

αxj
γ = Bj′

j xj
α,

which together with (1.12) gives
Ā = 0.(1.14)

As Bγ
δ′B

δ′
κ = δγ

κ we have

B γ
δ′ α′B

δ′
κ + Bγ

δ′B
δ′

κ αBα
α′ = 0.(1.15)

(1.1) and the substitution of the above equation into (1.11) result:

B̄ = −Bi′
i Bγ

δ′B
δ′

κ αBα
α′x

i
γBκ

γ′ +

Bi′
i Bα

α′B
i
k′B

δ′
α κBκ

γ′x
k′
δ′ ,
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i.e.
B̄ = B δ′

κ αBα
α′B

κ
γ′(−xi′

δ′ + xi′
δ′) = 0 2.(1.16)

Definition 1.1. The adapted basis

B = {δi, δαδα
i }

of T (E) is given by

δi = ∂i −N k
iβ∂β

k(1.17)

δα = ∂α −M k
αβ ∂β

k

δα
i = ∂α

i .

We want, that elements of the adapted basis B under (1.1) transform as tensors
i.e.

δi′ = Bi
i′δi, δα′ = Bα

α′δα, δα′
i′ = Bα′

α Bi
i′δ

α
i .(1.18)

Theorem 1.3. The elements of the adapted basis B of T (E) are transforming as
tensors (i.e satisfy (1.18)), when the functions N k

jβ and M k
αβ satisfy (1.19) and (1.20):

N k
jβ = N k′

j′β′B
j′
j Bk

k′B
β′

β + Bk
k′B

k′
h j xh

β(1.19)

M k
αβ = M k′

α′β′B
α′
α Bk

k′B
β′

β + B γ
α′ β′B

α′
α Bβ′

γ xk
β .(1.20)

Proof. If we substitute (1.17) into (1.18) we get

N k
iβBi

i′ = N k′
i′β′B

β′

β Bk
k′ −B k

j′ i′B
α′
β xj′

α′ .(1.21)

M k
αβBα

α′ = M k′
α′β′B

β′

β Bk
k′ −Bk

i′B
γ′

β γ Bγ
α′x

i′
γ′ .(1.22)

From (1.12) and (1.15) we obtain

−Bk
j′i′B

α′
β xj′

α′ = Bk
j′B

j′

hiB
i
i′x

h
β .(1.23)

−Bk
i′B

γ′

βγBγ
α′x

i′
γ′ = Bγ

α′β′x
k
βBβ′

γ .(1.24)

The substitution of (1.23) into (1.21) gives (1.19) and the substitution of (1.24)
into (1.22) results (1.20).

Definition 1.2. The adapted basis

B∗ = {δxi, δtα, δxi
α}(1.25)

of T ∗(E) is given by

δxi = dxi, δtα = dtα(1.26)

δxi
α = dxi

α + M i
αβdtβ + N i

αjdxj .
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The transformation on law of functions M i
αβ and N i

αj should be determined in
such a way that δxi, δtα, δxi

α transform as tensors, i.e

δxi′ = Bi′
i δxi, δtα

′
= Bα′

α δtα, δxi′
α′ = Bi′

i Bα
α′x

i
α.(1.27)

Theorem 1.4. The elements of the adapted basis B∗ of T ∗(E) are transforming as
tensors, when the functions N i

αj, M i
αβ satisfy (1.28) and (1.29)

Nk
βi = Nk′

β′i′B
i′
i Bk

k′B
β′

β + Bk′
ji B

k
k′x

j
β .(1.28)

Mk
βα = Mk′

βα′B
α′
α Bk

k′B
β′

β + Bγ
β′α′B

β′

β Bα′
α xk

γ .(1.29)

Proof. The substitution of (1.26) into (1.27) gives

N j
αiB

α
α′B

i′
j = N i′

α′j′B
j′
i + Bi′

jiB
α
α′x

j
α.(1.30)

M i
γαBi′

i Bγ
α′ = M i′

α′γ′B
γ′
α + Bi′

i Bγ
α′β′x

i
γBβ′

α .(1.31)

From (1.30), (1.31) and (1.2) it follows (1.28) and (1.29). 2

From Theorem 1.4 it follows

Nk
βi = Nk

βi(x
j , tα, xj

α) Mk
βi = Mk

βi(x
j , tα, xj

α).(1.32)

Theorem 1.5. The functions N k
jβ and Nk

βj, further M k
αβ and Mk

βα have the same
law of transformation.

Proof. It follows from comparison of (1.19) with (1.28) further (1.20) with (1.29).

Theorem 1.6. If the natural bases B̄∗ and B̄ are dual to each other, then the adapted
bases B∗ and B are dual to each other if and only if

N k
jβ = Nk

βj M k
αβ = Mk

βα.(1.33)

Proof.

〈δxi, δj〉 = 〈dxi, ∂j −N k
jβ∂β

k 〉 = δi
j

〈δxi, δα〉 = 〈dxi, ∂α −M k
αβ∂β

k 〉 = 0

〈δxi, δα
i 〉 = 〈dxi, ∂α

i 〉 = 0

〈δtα, δi〉 = 〈dtα, ∂i −N k
iβ∂β

k 〉 = 0

〈δtα, δβ〉 = 〈dtα, ∂β −M k
βγ∂γ

k 〉 = δα
β

〈δtα, δβ
i 〉 = 〈dtα, ∂β

i 〉 = 0

〈δxi
α, δj〉 = 〈dxi

α + M i
αβdtβ + N i

αkdxk, ∂j −N k
jβ∂β

k 〉 =

−N k
jβδi

kδβ
α + N i

αkδk
j = 0 ⇒ N i

jα = N i
αj

〈δxi
α, δβ〉 = 〈dxi

α + M i
αγdtγ + N i

αkdxk, ∂β −M k
βγ∂γ

k 〉 =

−M k
βγ δi

kδγ
α + M i

αγδγ
β = 0 ⇒ M i

βα = M i
αβ .2
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2. Different kinds of connections on T (E)

Let us denote by T0, T1, T2 the subspaces of T (E) generated by {δi}, {δα}, {δα
i }

respectively and by T ∗0 , T ∗1 , T ∗2 the subspaces of T ∗(E) generated by {δxi}, {δtα} and
{δxi

α} respectively.
Some tensor T on T ∗0 ⊗ T0 ⊗ T ∗1 ⊗ T1 ⊗ T ∗2 ⊗ T2 is given by

T = T j β δ h
i α kγ δxi ⊗ δj ⊗ δtα ⊗ δβ ⊗ δxk

δ ⊗ δγ
h.

If in another chart (U ′, ϕ′)T has the form

T = T j′ β′ δ′ h′

i′ α′ k′γ′ δx
i′ ⊗ δj′ ⊗ δtα

′ ⊗ δβ′ ⊗ δxk′
δ′ ⊗ δγ′

h′ ,

then using the transformation law of adapted bases vectors, which span T0, T1, T2,
T ∗1 , T ∗1 , T ∗2 ((1.18) and (1.27)) we get

T j βδ h
i α kγ = T j′ β′δ′ h′

i′ α′ k′γ′ B
i′jα′βδk′hγ′

ij′αβ′δ′kh′γ ,(2.1)

where
Bi′jα′βδk′hγ′

ij′αβ′δ′kh′γ = Bi′
i Bj

j′B
α′
α Bβ

β′B
δ
δ′B

k′
k Bh

h′B
γ′
γ .

Let us suppose that on T ∗(E) ⊗ T ∗(E) the metric tensor G is given in normal
form:

G = gijδx
i ⊗ δxj + gαβδtα ⊗ δtβ + gαβ

ij δxi
αδxj

β .(2.2)

In this case T0, T1 and T2 are mutually orthogonal with respect to G.

Theorem 2.1. The following equations are coordinate invariant

gijδx
i = δj ⇔ gijδj = δxi(2.3)

gαβδtα = δβ ⇔ gαβδβ = δtα

gαβ
ij δxi

α = δβ
j ⇔ gij

αβδβ
j = δxi

α

where
gijg

jk = δk
i , gαβgβγ = δγ

α, gαβ
ij gjk

βδ = δk
i δα

δ .(2.4)

Proof. Using (1.18), (1.27) and (2.1) we have

gi′j′δx
i′ = Bi j

i′j′gijB
i′
k δxk = gkjB

j
j′δx

k = Bj
j′δj = δj′ ,

gα′β′δt
β′ = Bα β

α′β′gαβBβ′
γ δtγ = gαγBα

α′δt
γ = Bα

α′δα = δα′ ,

gα′β′

i′j′ δxi′
α′ = gαβ

ij Bα′β′i j i′δ
α βi′j′kα′δx

k
δ = gδβ

kj Bβ′ j
β j′ δx

k
δ = Bβ′j

βj′ δ
β
j = δβ′

j′ . 2

If the relations (2.3) are valid, using the metric tensor, we can change the place
of indices in tensors in the following way:

T j
i δxi ⊗ δj = T j

i gikδk ⊗ δj = T kjδk ⊗ δj ,(2.5)

T j
i δxi ⊗ δj = T j

i δxi ⊗ gkjδx
k = Tikδxi ⊗ δxk,

Tα j
i βδxi

α ⊗ δβ
j = Tα j

i βgi k
α εδ

ε
k ⊗ δβ

j = T kj
εβ δε

k ⊗ δβ
j , . . .
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Theorem 2.2. In tensors the indices can change their place using the metric tensor
only, when

gij = gij(xk, tγ , xh
δ ),(2.6)

gαβ = gαβ(xk, tγ , xh
γ),

gαβ
ij = gαβ

ij (xk, tγ , xh
δ ).

Proof. As δi is the function of N k
iβ , δβ of M k

βγ and δxi
α is the function of N k

iβ and
M k

βγ and (1.32) is valid, from (2.4) we conclude (2.6).

Definition 2.1. The linear connection ∇ : (T (E) × T (E) → T (E), ∇ : (X,Y ) →
∇XY for ∀X,Y ∈ T (E) is defined by

∇δiδj = Γ k
j iδk + Γ γ

j iδγ + Γ k
jγiδ

γ
k ,(2.7)

∇δiδα = Γ k
α iδk + Γ γ

α iδγ + Γ k
αγiδ

γ
k ,

∇δiδ
β
j = Γβk

j iδk + Γβγ
j iδγ + Γβk

jγ iδ
γ
k ,

∇δαδj = Γ k
j αδk + Γ γ

j αδγ + Γ k
j γαδγ

k ,

∇δαδβ = Γ k
β αδk + Γ γ

β αδγ + Γ k
βγαδγ

k ,

∇δαδβ
j = Γβk

j αδk + Γβγ
j αδγ + Γβk

jγ αδγ
k ,

∇δα
i
δj = Γ kα

j i δk + Γ γα
j i δγ + Γ kα

jγi δγ
k ,

∇δα
i
δβ = Γ kα

β iδk + Γ γ α
β i δγ + Γ kα

βγi δγ
k ,

∇δα
i
δβ
j = Γβkα

j i δk + Γβγα
j i δγ + Γβkα

jγ i δ
γ
k .

Definition 2.2. The linear connection defined by (2.7) is d-connection if on the right
hand side in (2.7) only the underlined terms remain, the other are equal to zero.

It can be seen, that for the d-connection if Y belongs to one of T0, T1 or T2, then
∇XY belongs to the same subspace of T (E) for every X ∈ T (E).

Remark. In papers [6], [7], [8], [9] d-connection is considered.

Definition 2.3. The linear connection is called strongly distinguished connection
(s.d. connection) if it is defined by

∇δiδj = Γ k
j iδk,∇δαδβ = Γ γ

β αδγ ,∇δα
i
δβ
j = Γβkα

jγi δγ
k ,(2.8)

the other connection coefficients are equal to zero.
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For the s.d. connection X, Y and ∇XY belong to the same subspace T0 or T1 or
T2.

Proposition 2.1. The components of the linear connection ∇ under transformations
given by (1.1) behave as follows:

(a) Γ k′
j′ i′ = Γ k

j iB
i j k′

i′j′k + Bk
j′i′B

k′
k(2.9)

(b) Γ α′
j′ i′ = Γ α

j i B
i j α′

i′j′α

(c) Γ k′
j′β′i′ = Γ k

jβiB
j k′β i
j′kβ′i′

(a) Γ k′
α′ i′ = Γ k

α iB
αk′i
α′ k i′(2.10)

(b) Γ β′

α′ i′ = Γ β
α iB

α β′i
α′β i′

(c) Γ k′
α′β′i′ = Γ k

αβiB
α k′β i
α′kβ′i′

(a) Γβ′k′

j′ i′ = Γβk
j iB

j β′k′i
j′β k i′(2.11)

(b) Γβ′γ′

j′ i′ = Γβγ
j iB

j β′γ′i
j′β γ i′

(c) Γβ′k′

j′γ′i′ = Γβk
jγ iB

j β′k′γ i
j′β k γ′i′ + δβ′

γ′B
k

j′ i′B
k′
k

(a) Γ k′
j′ α′ = Γ k

j αBj k′α
j′k α′(2.12)

(b) Γ γ′

j′ α′ = Γ γ
j αBj γ′α

j′γ α′

(c) Γ k′
j′γ′α′ = Γ k

jγαBj k′γ α
j′k γ′α′

(a) Γ k′
β′ α′ = Γ k

β αBβ k′α
β′k α′(2.13)

(b) Γ γ′

β′ α′ = Γ γ
β αBβ γ′α

β′γ α′ + B γ
β′ α′B

γ′
γ

(c) Γ k′
β′γ′α′ = Γ k

βγαBβ k′γ α
β′k γ′α′

(a) Γβ′k′

j′ α′ = Γβk
j αBj β′k′α

j′β k α′(2.14)

(b) Γβ′γ′

j′ α′ = Γβγ
j αBj β′γ′α

j′β γ α′

(c) Γβ′k′

j′γ′α′ = Γβk
jγαBi β′k′γ α

j′β k γ′α′ + δk′
j′ B

β′
αγBα

α′B
γ
γ′
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(a) Γ k′α′
j′ i′ = Γ kα

j i Bj k′α′i
j′k α i′(2.15)

(b) Γ γ′α′

j′ i′ = Γ γ α
j i Bj γ′α′i

j′γ α i′

(c) Γ k′α′
j′γ′i′ = Γ k α

jγ i Bj k′γ α′i
j′k γ′α i′

(a) Γ k′α′
β′ i′ = Γ kα

β i Bβ k′α′i
β′k α i′(2.16)

(b) Γ γ′α′

β′ i′ = Γ γα
β i Bβ γ′α′i

β′γ α i′

(c) Γ k′α′
β′ γ′i′ = Γ kα

βγ i Bβ k′γα′i
β′k γ′α i′

(a) Γβ′k′α′

j′ i′ = Γβγα
j i B

j β′k′α′i
j′β k α i′(2.17)

(b) Γβ′γ′α′

j′ i′ = Γβγα
j i B

j β′γ′α′i
j′β γ α i′

(c) Γβ′k′α′

j′γ′i′ = Γβkα
jγi Bj β′k′γ α′i

j′β k γ′α i′

Proof. From

∇δi′ δj′ = ∇Bi
i′δi

Bj
j′δj = Bi

i′(δiB
j
j′)δj + Bi j

i′j′∇δiδj ,

∇δi′ δj′ = Γ k′
j′ i′δk′ + Γ α′

j′ i′δα′ + Γ k′
j′ β′iδ

β′

k′ ,

(1.17) and (2.7) we obtain (2.9a), (2.9b) and (2.9c). The other relations can be
obtained on the similar way.

From the above we have

Theorem 2.3. All coefficients of linear connection ∇ defined by (2.7) are tranas-
forming as tensors except Γ k

j i, Γ γ
β α, Γβ j

j γ α, Γβk
jβi (no summation over j and β).

They have the following law of transformation:

Γ k′
j′ i′ = Γ k

j iB
i j k′

i′j′k + B k
j′ i′B

k′
k(2.18)

Γ γ′

β′ α′ = Γ γ
β αBβ γ′α

β′γ α′ + B γ
β′ α′B

γ′
γ .(2.19)

Γβ′k′

j′β′i′ = Γβk
jγiB

j β′k′γ i
j′β k β′i′ + B k

j′ i′B
k′
k(2.20)

Γβ′j′

j′γ′α′ = Γβk
jγαBj β′j′γ α

j′β k γ′α′ + B β′
α γBα

α′B
γ
γ′(2.21)

(j′ and β′ are fixed).
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Definition 2.4. The action of the linear connection ∇ on the T ∗(E), ∇ : T (E) ×
T ∗(E) → T ∗(E), ∇ : (X,ω) → ∇Xω ∈ T ∗(E), X ∈ T (E), ω ∈ T ∗(E) is defined by

∇δiδx
j = Γ̄j

kiδx
k + Γ̄j

γiδt
γ + Γ̄jγ

kiδx
k
γ(2.22)

∇δi
δtβ = Γ̄β

kiδx
k + Γ̄β

γiδt
γ + Γ̄βγ

kiδx
k
γ

∇δiδx
h
δ = Γ̄h

δkiδx
k + Γ̄h

δγiδt
γ + Γ̄hγ

δkiδx
k
γ

∇δα
δxj = Γ̄j

kαδxk + Γ̄j
γαδtγ + Γ̄jγ

kαδxk
γ

∇δαδtβ = Γ̄β
kαδxk + Γ̄β

γαδtγ + Γ̄βγ
kαδxk

γ

∇δαδxh
δ = Γ̄h

δkαδxh + Γ̄h
δγαδtγ + Γ̄hγ

δ kαδxk
γ

∇δα
i
δxj = Γ̄j α

ki δxk + Γ̄j α
γi δtγ + Γ̄jγα

k iδx
k
γ

∇δα
i
δtβ = Γ̄β α

k iδx
k + Γ̄β α

γ iδt
γ + Γ̄βγα

k iδx
k
γ

∇δα
i
δxj

β = Γ̄j α
βki δxk + Γ̄j α

βγi δtγ + Γ̄jγα
βki δx

k
γ .

Theorem 2.4. The connection coefficients Γ and Γ̄ are connected by:

Γ̄j
ki = −Γ j

k i, Γ̄j
γi = −Γ j

γ i, Γ̄jγ
ki = −Γγj

k i(2.23)

Γ̄β
ki = −Γ β

k i, Γ̄β
γi = −Γ β

γ i, Γ̄βγ
k i = −Γγβ

k i

Γ̄h
δki = −Γ h

kδi, Γ̄h
δ γi = −Γ h

γδi, Γ̄hγ
δk i = −Γγh

kδ i.

All formulae in (2.23) are valied if everywhere the index i is substituted by α or
by α

i .
Proof. From the duality of the adapted bases B and B∗ we obtain

〈δxh, δj〉 = δh
j , 〈δxh, δβ〉 = 0, 〈δxh, δγ

k 〉 = 0 ⇒

〈∇δiδx
h, δj〉 = 〈Γ̄h

kiδx
k + Γ̄h

γiδt
γ + Γ̄jγ

k iδx
k
γ , δj〉 =

−〈δxh,∇δiδj〉 = −〈δxh, Γ k
j iδh + Γ β

j iδβ + Γ k
jγiδ

γ
k 〉 ⇒

Γ̄h
ji = −Γ h

j i(2.24)

〈∇δiδx
h, δβ〉 = 〈Γ̄h

k iδx
k + Γ̄h

γ iδt
γ + Γ̄hγ

k iδx
k
γ , δβ〉 =

−〈δxh,∇δiδβ〉 = −〈δxh, Γ k
β iδk + Γ γ

β iδγ + Γ k
βγ iδ

γ
k 〉 ⇒

Γ̄h
βi = −Γ h

β i.(2.25)
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〈∇δi
δxh, δγ

k 〉 = 〈Γ̄h
kiδx

k + Γ̄h
γiδt

γ + Γ̄hδ
j iδx

j
δ, δ

γ
k 〉 =

−〈δxh,∇δi
δγ
k 〉 = −〈δxh, Γγj

k iδj + Γγβ
k iδβ + Γγh

k δ iδ
δ
h〉 ⇒

Γ̄hγ
ki = −Γγh

k i.(2.26)

(2.24), (2.25) and (2.26) are the first three equations in (2.23). The other can be
proved on the similar way. 2

Theorem 2.5. If the linear connection ∇ acts on T (E) as d-connection, then its
action on T ∗(E) is given by

∇δi
δxj = −Γ j

k iδx
k, ∇δi

δtα = −Γ α
γ iδt

γ ,∇δi
δxh

δ = −Γγh
kδ iδx

k
γ(2.27)

∇δα
δxj = −Γ j

k αδxk, ∇δα
δtβ = −Γ β

γ αδtγ , ∇δα
δxh

δ = −Γγh
kδ αδxk

γ

∇δα
i
δxj = −Γ j α

k i δxk, ∇δα
i
δtβ = −Γ βα

γ i δtγ , ∇δα
i
δxh

δ = −Γγ h α
k δ i δxk

γ .

Theorem 2.6. If the linear connection ∇ on T (E) as s.d. connection, then its action
on T ∗(E) is given by

∇δiδx
j = −Γ j

k iδx
k,(2.28)

∇δαδtβ = −Γ β
γ αδtγ ,

∇δα
i
δxj

β = −Γγ j α
k β i δx

k
γ ,

the other connection coefficients are equal to zero.

Theorem 2.7. If X,Y ∈ T (E), i.e.

X = XAδA = Xiδi + Xαδα + Xi
αδα

i

Y = Y BδB = Y jδj + Y βδβ + Y j
β δβ

j ,

then

∇Y X = XA
|BY BδA =(2.29)

Xi
|jY

jδi + Xα
|jY

jδα + Xi
α|jY

jδα
i +

Xi
|βY βδi + Xα

|βY βδα + Xi
α|βY βδα

i +

Xi|βj Y j
β δi + Xα|βj Y j

β δα + Xi
α|βj Y j

β δα
i ,

where

Xv
|u = δuXv + Γ v

k uXk + Γ v
γ uXγ + Γγv

k uXk
γ ,(2.30)

u ∈ {j, β, β
j }, v ∈ {i, α, i

α}.
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For instance we have

Xi
|j = δjX

i + Γ i
k jX

j + Γ i
γ jX

γ + Γγi
k jX

k
γ ,

Xi
α|βj = δβ

j Xi
α + Γ i β

kαj Xk + Γ iβ
γαjX

γ + Γγiβ
kαjX

k
γ , . . .

Theorem 2.8. If ω ∈ T ∗(E), i.e.

ω = ωiδx
i + ωαδtα + ωα

i δxi
α,

then

∇Y ω = ωi|jY jδxi + ωα|jY jδtα + ωα
i|jY

jδxi
α +(2.31)

ωi|βY βδxi + ωα|βY βδtα + ωα
i|βY βδxi

α +

ωi|βj Y j
β δxi + ωα|βj Y j

β δtα + ωα
i |βj Y j

β δxi
α,

where

ωv|u = δuωv − Γ k
v uωk − Γ γ

v uωγ − Γ k
vγuωγ

k(2.32)

u ∈ {j, β, β
j }, v ∈ {i, α, α

i }.
For instance

ωα
i|β = δβωi

α − Γαk
i βωk − Γαγ

i βωγ − Γαk
iγβωγ

k ,

ωα
i |βj = δβ

j ωα
i − Γαkβ

i j ωk − Γαγβ
i j ωγ − Γαkβ

iγj ωγ
k , . . . .

If the function f = f(xk, tγ , xk
γ) is defined on E, then

∇Y f = f|jY j + f|βY β + f |βj Y j
β ,(2.33)

where

f|j = δjf = (∂j −Nk
γj∂

γ
k )f(2.34)

f|β = δβf = (∂β −Mk
γβ∂γ

k )f

f |βj = ∂β
j f.

Theorem 2.9. For the d-connection (2.29) is valid, but now we have

Xi
|u = δuXi + Γ i

j uXj(2.35)

Xα
|u = δuXα + Γ α

β uXβ

Xi
α|u = δuXi

α + Γγi
kαuXk

γ

u ∈ {j, β, β
j }
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For the s.d. connection we have

∇XY = Xi
|jY

jδi + Xα
|βY βδα + Xi

α|βj Y j
β δα

i ,(2.36)

and

Xi
|j = δjX

i + Γ i
k jX

k,(2.37)

Xα
|β = δβXα + Γ α

γ βXγ ,

Xi
α|βj = δβ

j Xi
α + Γγiβ

kαjX
k
γ .

Definition 2.5. The s.d. connection is called recurrent connection if for the metric
tensor

g = gijδx
i ⊗ δxj + gαβδtα ⊗ δtβ + gαβ

ij δxi
α ⊗ δxj

β

the following relations are valid:

gij|k = δkgij − ghjΓ h
i k − gihΓ h

j k = λkgij(2.38)

gαβ|γ = δγgαβ − gδβΓ δ
α γ − gαδΓ δ

β γ = λγgαβ

gαβ
ij |γk = δγ

kgαβ
ij − gδβ

hj Γαhγ
iδk − gαδ

ih Γβhγ
jδk = λγ

kgαβ
ij ,

where
λ = λkδxh + λγδtγ + λγ

kδxk
γ(2.39)

is a 1-form field. If in (2.38)

λh = 0, λγ = 0, λγ
h = 0

the connection is called metric connection.

Using the usual procedure the connection coefficients can be obtained as functions
of the metric tensors and the one form field λ.

3. The torsion tensor

The torsion tensor in the space E is given as usual by

T (X, Y ) = ∇XY −∇Y X − [X,Y ].

Proposition 3.1. The Lie brackets on T (E) are given by

[δi, δj ] = K h
jδiδ

δ
h,(3.1)

K h
jδi = −[(∂iN

h
δj −Nk

γi∂
γ
k Nh

δj)− (i/j)]

[δi, δβ ] = K h
βδiδ

δ
h,
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K h
βδi = −[(∂iM

h
δβ −Nk

γi∂
γ
k Mh

δβ) +

(∂βNh
δi −Mk

γβ∂γ
k Nh

δi)]

[δi, δ
β
j ] = Kβh

jδiδ
δ
h, Kβh

jδi = ∂β
j Nk

δi

[δα, δβ ] = K h
βδαδδ

h,

K h
βδα = [(∂αMh

δβ −Mk
γα∂γ

k Mh
δβ)− (α/β)]

[δα, δβ
j ] = Kβh

j δαδδ
h, Kβ h

j δα = ∂β
j Mh

δα

[δα
i , δβ

j ] = 0.

From the above it follows that all Lie brackets of the basis vectors of T (E) lie in
T2, generated by {δδ

h}.
The components of the torsion tensors are:

T (δi, δj) = T h
j iδh + T α

j iδα + T h
j δiδ

δ
h,(3.2)

where

T k
j i = Γ k

j i − Γ k
ij

T α
j i = Γ α

j i − Γ α
i j

T h
j δi = Γ h

j δi − Γ h
i δj −K h

j δi.

T (δi, δα) = T k
α i + T β

α iδβ + T h
αδiδ

δ
h,(3.3)

where

T k
α i = Γ k

α i − Γ k
i α

T β
α i = Γ β

α i − Γ β
i α

T h
α δ i = Γ h

αδ i − Γ h
iδα −K h

αδi,

T (δi, δ
β
j ) = T βk

j iδk + T βα
j iδα + T βh

j δiδ
δ
h,(3.4)

where

T βk
j i = Γβk

j i − Γ kβ
i j

T βα
j i = Γβα

j i − Γ αβ
i j

T β h
j δ i = Γβ h

j δ i − Γ hβ
i δ j −Kβh

j δi,



Multi-Time Lagrange Spaces 29

T (δα, δβ) = T k
β αδk + T γ

β αδγ + T h
βδαδδ

k,(3.5)

where

T k
β α = Γ k

β α − Γ k
α β

T γ
β α = Γ γ

β α − Γ γ
β α

T h
β δα = Γ h

βδα − Γ h
αδβ −K h

βδα

T (δα, δβ
j ) = T βk

j αδk + T βγ
j αδα + T βh

j δαδδ
h,(3.6)

where

T βk
j α = Γβk

j α − Γ kj
α β

T βγ
j α = Γβγ

j α − Γ γβ
α j

T βh
j δα = Γβh

j δα − Γ hβ
αδj −Kβh

j δα

T (δα
i δβ

j ) = T βkα
j i δh + T βγα

j iδγ + T βhα
j δi δδ

h,(3.7)

where

T βkα
j i = Γβkα

j i − Γαkβ
i j

T βγα
j i = Γβγα

j i − Γαγβ
i j

T βhα
j δ i = Γβhα

j δ i − Γαhβ
i δ j

From the above we obtain

Theorem 3.1. The torsion tensor in T (E) for the linear connection ∇ is given by

T (δA, δB) = T k
B Aδk + T γ

B Aδγ + T k
BδAδδ

k,

A ∈ {i, α, α
i }, B ∈ {j, β, β

j },

where

T k
B A = Γ k

B A − Γ k
A B

T γ
B A = Γ γ

B A − Γ γ
A B

T h
BδA = Γ h

BδA − Γ h
AδB −K h

AδB .

If we put X = XAδA, Y = Y BδB, then using the bilinearity of T we get

T (X,Y ) = T C
B AXAY BδC ,
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where
C ∈ {k, γ, δ

h}
and the summation is going over all three types of indices. (If C = δ

h appeares as
upper index it becomes h

δ ).

Theorem 3.2. For the d-connection the torsion tensor has the form

(A) (a) T (δi, δj) = T k
j iδk −K k

jδiδ
δ
h, T k

j i = Γ k
j i − Γ k

i j

(b) T (δi, δα) = T β
α iδβ −K h

αδiδ
δ
h, T β

α i = Γ β
α i

(c) T (δi, δ
β
j ) = T βk

j δiδ
δ
k, T βk

j δi = Γβk
j δi −Kβk

j δi

(d) T (δα, δβ) = T γ
β αδγ −K h

βδαδδ
h, T γ

β α = Γ γ
β α − Γ γ

β α

(e) T (δα, δβ
j ) = T βk

j δαδδ
k, T βh

j δα = Γβh
j δα −Kβh

j δα

(f) T (δα
i , δβ

j ) = T βkα
j δi δδ

k, T βkα
j δi = Γβkα

j δi − Γαkβ
i δj .

Theorem 3.3. For the s.d. connection we have

(B) (a) T (δi, δj) = T k
j iδk −K k

jδiδ
δ
h, T k

j i = Γ k
j i − Γ k

i j − Γ k
ij

(b) T (δi, δα) = −K h
αδiδ

δ
h

(c) T (δi, δ
β
j ) = −Kβk

j δiδ
δ
k

(d) T (δα, δβ) = T γ
β αδγ −K h

βδαδδ
h, T γ

β α = Γ γ
β α − Γ γ

α β

(e) T (δα, δβ
j ) = −Kβk

j δαδδ
k

(f) T (δα
i , δβ

j ) = T βkα
j δi δδ

k, T βkα
j δi = Γβkα

j δi − Γαkβ
i δj .

4. The curvature tensor

In the space E the curvature tensor R(X, Y )Z is defined as usually by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.(4.1)

If we use the notations

X = XAδA = Xiδi + Xαδα + Xi
αδα

i(4.2)

Y = Y BδB = Y jδj + Y βδβ + Y j
β δβ

j

Z = ZCδC = Zhδh + Zγδγ + Zh
γ δγ

h
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and the fact that R is linear with respect to all three components we get

R(XAδA, Y BδB)ZCδC = R(δA, δB)δCXAY BZC =(4.3)

RD
CBAXAY BZCδD,

where
R D

CBAδD = R(δA, δB)δC ,(4.4)

A ∈ {i, α, i
α}, B ∈ {j, β, j

β}(4.5)

C ∈ {k, γ, k
γ}, D ∈ {k, δ, k

δ}.

In (4.3) the summation is going over all three types of indices. From this fact it
follows that on the right hand side of (4.3) there are 34 types of summands as:

R k
h jiX

iY jZhδk + R k
h jαXαY jZkδk + · · ·+

+Rγkβα
hδji Xi

αY j
β Zh

γ δδ
k.

If we use the shorter representation of (2.7) we can write:

∇δB
δC = Γ D

C BδD,

∇δA
∇δB

δC = {δAΓ D
C B + Γ E

C BΓ D
E A}δD.

We denote

K D
C BAδD = ∇δA

∇δB
δC −∇δB

∇δA
δC =(4.6)

[(δAΓ D
C B + Γ E

C BΓ D
E A)− (A/B)]δD.

From (3.1) it follows

[δA, δB ] = K h
BδAδδ

h ⇒

∇[δA,δB ]δC = K h
BδAΓ D δ

C hδD.(4.7)

From (4.4), (4.6) and (4.7) it follows

Theorem 4.1. For the linear connection ∇ in space E the curvature tensor has the
form

R D
C BA = K D

C BA −K h
BδAΓ Dδ

C h.(4.8)

For indices A, B, C, D, (4.5) is valid.
As was mentioned before, that there are 34 types of curvature tensors; if A = i

α,
B = j

β then Kβhα
jδ i = 0.

For the d-connection in (4.6) the indices C, D and E have to be of the same kind,
so it follows
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Theorem 4.2. For the d-connection we have the following types of curvature tensor

R k
h BA = K k

h BA −K l
BεAΓ kε

h l(4.9)

R δ
γ BA = K δ

γ BA −K l
BεAΓ δε

γ l

Rγk
hδBA = Kγk

hδBA −K l
BεAΓγk ε

h δ l ,

where

K k
h BA = [(δAΓ k

h B + Γ l
hβBΓ k

l A)− (A/B)]

K δ
γ BA = [(δAΓ δ

γ B + Γ ε
γ BΓ δ

ε A)− (A/B)]

Kγk
h δBA = [(δAΓγ k

h δB + Γγ l
h εBΓε k

l δA)− (A/B)]

A ∈ {i, α, i
α}, B ∈ {j, β, j

β .

From the above it is obvious that for the d-connection there are 3 · 32 types of
curvature tensors. When the indices A and B belong to T2, then the second terms on
the right hand side in (4.8) are equal to zero.

Theorem 4.3. For the s.d. connection we have the following types of curvature ten-
sors:

R k
h ji = K k

h ji(4.10)

R δ
γ βα = K δ

γ βα

Rγkβα
h δji = Kγkβα

h δji .

where

K k
h ji = (δiΓ k

h j + Γ l
h jΓ

k
l h)− (i/j)

K δ
γ βα = (δαΓ δ

γ β + Γ ε
γ βΓ δ

ε α)− (α/β)

Kγkβα
h δji = (δα

i Γγkβ
h δj + Γγlβ

h εjΓ
εkα
l δi )− (α

i /β
j ).

For the s.d. connection all three indices in Γ B
A C are of the same type, the other

are equal to zero and K l
BεA = 0, when A and B belong to T2.

If in the space E the metric tensor is given by (2.2) and gij = gij(x), gαβ = gαβ(t),
gαβ

i j = gαβ
i j(x

b
γ), then the connection coefficients

Γ k
i j , Γ γ

α β , Γα jγ
i β k

can be obtained as Cristoffel symbols of the corresponding metric tensors. In this
case the connection coefficients are symmetric.
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