Multi-Time Lagrange Spaces

Irena Comié

Abstract

M. Neagu and C. Udriste in [6]-[9] introduced and studied the multi-time
Lagrange spaces supplied with d-connection. V. Balan in [2] and [3] examined
geodesics, paths, Jacobi fields in these spaces. Here the connection is generalized
and the relations for torsion and curvature tensors appeare in widely achieved
form. The introduced notation help us to write that complicated expressions in
simpler form.

M.S.C. 2000: 53B40, 53C60.
Key words: generalized multi-time Lagrange spaces, torsion tensors,
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1. Adapted bases

Let E be a n + p + np dimensional C*° manifold. Some point u of E in some local
chart (U, ) has coordinates

(xz7ta7xza)7 i7j7k7"':1’n) aaﬁ77)67"':17p'

If in some other chart (U’, ¢’) the same point u has coordinates (xi/, ' xg,), then
the allowable coordinate transformations are given by

-/ -/ - . . -/

(1.1) 2 = 2 (2') e’ =a"(a")
= () st =)
y y . L o2t ot™
xzy, = B} Bz, Bj = Fe = TR

The transformations of (1.1) are regular, so exist inverse transformations and we

have
(1.2) B; B;», =4’ BZ,B;. = (5}, BY BE‘, = (52‘,, Bg,Bg = 5%‘.

= 0jr,

Theorem 1.1. The transformations of type (1.1) form a pseudo-group.
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The natural basis B of T'(E) is

_ ) o .. 0
(1.3) B_{ai_axi’aa_ata 0 _axg}'

Under coordinate transformation (1.1) the elements of B are transforming in the
following way:

. _ i i o j qa
(1.4) 82/ — ,L-/al + BJI i’Ba :L‘a,ai
0o = BX0w +ByB) Bl al,of
5 = BYBLOY

The above equation in the matrix form can be written as follows

B, 0 0
(15) (000208 = [0:0a07] - | O . Ba 0
B} .BY«!, BLBJ,BYal, BLBY

The natural basis B* of T*(E) is
(1.6) B* = {dz*,dt*, dx)}.

Under coordinate transformation (1.1) the elements of B* are transforming as
follows

(1.7) dz’ = BUda’
" = BYdt”
del, = Bj;Bhaxldx'+ Bj B) 5 BY xldt® + B B3.dxl,.

(1.7) in the matrix form is given by following relation

’

(18) d’ | =10 By 0 de
da?, BBl BIB.] 4Bl BIBS | | dzi.

Theorem 1.2. The duality of B* to B is coordinate invariant.

Proof. Let us suppose that

dat S0 0
(1.9) dt* | (00,07 =| 0 62 0
da?, 0 0 o0
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then using (1.8), (1.9) and (1.4) we have

[ da? )
At | [0p 0, 0], =
L dfl;é/
[ B! 0 0 5 0
0 BY 0 0 6 0
| Bj;B%xl, BIB,, ,BYx! B!BS 0 0 &6
[ By, 0
0 B, 0 —
| B wBYat, BB Bk, BBl
[ BY 0 0 Bi, 0
0 BY 0 0 BY,
| Bf; BL.#) B} B 5Bz B} B B BY al,  Bj.B2, Bk,
O 0
= 0 63/ 0 B
A B e,
where - L 4 ) 4 o
(1.10) A =B}, B}, By}, + B} BBy, 1, B] z%,
(1.11) B=B!B) ;BB + B! BSB},BY, B ak,.
From B! Bi, = 6%, it follows
(1.12) B/ By, + B B}, ,BI =0.

The substitution of the above equation into A results

(1.13)

A == _BZ Bkl/ J,Bg Bgzﬁja + BZI 0(/ ]Z/ k‘,Bg .’E',]Y/.
From (1.1) and (1.2) it follows that

[e3
i’ g i'BY BY i 3§57 i 3 i
z.,B] = Bj B),B] vl = Bj 0,2’ = Bj x},,

which together with (1.12) gives B
(1.14) A=0.

As B, BY = 67 we have
(1.15) By . BY + B}B?. B =0.
(1.1) and the substitution of the above equation into (1.11) result:

B = -B!'B}B?, BB+

Bi' aBi B5' B* k'
i Pa PR ok ’y’x(SH

17

i ’
BL B
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i.e.
(1.16) B=BJ,BYB(~ah +al)=0 DO

Definition 1.1. The adapted basis
B = {6;,646]}

of T(E) is given by

(1.17) 6 = 0; — N;koP
b0 = 0o — M} 0]
0 = 0F.

We want, that elements of the adapted basis B under (1.1) transform as tensors
ie.
(1.18) i = Bid;, 0o = B%6a, 0% = BY BLY.
Theorem 1.3. The elements of the adapted basis B of T(E) are transforming as
tensors (i.e satisfy (1.18)), when the functions lefa and Makﬁ satisfy (1.19) and (1.20):

(1.19) N,4 = N, ' B] B}, By + Bf.B)F,

(1.20) M

(03

b =M,bBY BEB] + B 5B BY o

Proof. If we substitute (1.17) into (1.18) we get

(121) NZkB;/ — Nllk‘ﬁl/Bg,Bg/ — Bj]/ci/Bg/J:‘Z:/.
(1.22) MBS = M, BY B, — BEB;. BY,al,.

From (1.12) and (1.15) we obtain

k o g k npi’ pi .k
kEpY il kE pB’
(124) —Bi/Bg,\{Bl,J},Y/ = Bg,ﬂ/xﬁB’Y .

The substitution of (1.23) into (1.21) gives (1.19) and the substitution of (1.24)
into (1.22) results (1.20).

Definition 1.2. The adapted basis

(1.25) B* = {62",6t% 0z’ )}
of T*(E) is given by

(1.26) dxt =dzt, 6t = dt®

Sxl, = dal, + M gdt? + N d’.
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The transformation on law of functions M/, and N; should be determined in
such a way that dz%, 6t®, 6z transform as tensors, i.e

(1.27) 6z = B 6x', 6t = B 6t bzl = B B%al,.

Theorem 1.4. The elements of the adapted basis B* of T*(E) are transforming as
tensors, when the functions N M’ﬁ satisfy (1.28) and (1.29)

aj?
(1.28) Nk = Nk, BI' Bl B} + BY Blad,.
(1.29) M}, = M}, BY BY. B + B}, B BY 2%

Proof. The substitution of (1.26) into (1.27) gives

(1.30) N3,B%BY = NZ,. Bl + Bi,B%xl.
(1.31) M B! B], =M%, ,B) + B! B],,«' B .

From (1.30), (1.31) and (1.2) it follows (1.28) and (1.29). O
From Theorem 1.4 it follows

(1.32) N = NEi (29, %, 2d)  Mf; = M (27, ¢, 27).

Theorem 1.5. The functions Nj’;, and Ngj, further M ’ﬁ“ and M’c have the same
law of transformation.

Proof. Tt follows from comparison of (1.19) with (1.28) further (1.20) with (1.29).

Theorem 1.6. If the natural bases B* and B are dual to each other, then the adapted
bases B* and B are dual to each other if and only if

k k
(1.33) Nk =NE Mk =ME,.
Proof.

(62%,6;) = (da',0; — N;§0;) = 6}
(02',64) = (da', 04 ’;,a,f):
(62", 68) (dm 8a>
<5ta,(53> = <dt 65—M5W8> (53
(6t*,67) = (dt*,0]) =0
(62%,6;) = (dai +Mzﬁdt5 Nida®,8; — NE9]) =

(0xl,05) = (dal + M. dt" + N..da* 05 — Mg 0]) =
—ME6100 + M2, 0% = 0= Myl = M} 5.0
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2. Different kinds of connections on T'(F)

Let us denote by Ty, T1, To the subspaces of T(E) generated by {d;}, {0a}, {05}
respectively and by T¢, Ty, Ty the subspaces of T*(E) generated by {0z}, {§t*} and
{6z¢ } respectively.

Some tensor T'on Ty ® Ty @ T7 ® T1 @ T3 ® T3 is given by

T=T7"0"62"®8; ® 6t @ 0 @ dak @ 5.

If in another chart (U’,')T has the form

T=T] 79" 52" 8 @6t © 65 © 6zl ©6),,

i ol

then using the transformation law of adapted bases vectors, which span Ty, T1, Tb,
Ty, Ty, Ty ((1.18) and (1.27)) we get

jBSh _ g B R pilja’ BSk"hy
(21) Tz a ky T T;" o' kv Bij’aﬁ’&kh“y’

where
il B Y i’ 1 1’ 1B 18 Bk Tk 1
szj/gg/(;/khly == BZ B:]]/Bg BB'B(S/BIC Bh’B"I .
Let us suppose that on T*(E) ® T*(FE) the metric tensor G is given in normal

form: _ ‘ A '
(2.2) G = g;j02" @ 027 + gapdt™ @ 6t7 + g dul 007,

In this case Ty, 17 and T are mutually orthogonal with respect to G.
Theorem 2.1. The following equations are coordinate invariant
(2.3) gijoxr' = 0; & g5; = o’
Gapdt® = 85 & g*P55 = 5t°
oatl, = 67 & g,07 = oa!
9ij 0Ta = 05 < Gap0j = 0Tq

where
j ik
(2.4) 959" =08, gapg® =00, g3l gly = o765

Proof. Using (1.18), (1.27) and (2.1) we have

gi/jlé,’ti/ = Bf,g,gijB,i/(S:vk = gijj:/(Sl‘k = B‘;,éj = (Sj/,
Garpr0t% =BG, gapBY 017 = goy B0t = BS0o = dur,

1 .’ Il . -/6 k 5 ’ . k 7. ’
goll ol = g2 B L sk = g30 B doak = B8 =60 O

If the relations (2.3) are valid, using the metric tensor, we can change the place
of indices in tensors in the following way:

(2.5) T,/ ® 6; = T, %6y, @ 6; = T8y, ® 4,
Tijéxi ®0; = Tijdxi ® gkj&vk = T;02" ® (5(L'k,

TP Joal, @00 = T2 Jgikof @ 6 =Moo @0l ...
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Theorem 2.2. In tensors the indices can change their place using the metric tensor
only, when

(26) 9ij = gij(xkvt’y,xg)a
Jap = gaﬁ(-xkat’yal'z)v
g0l = gpl (k0 ).

Proof. As §; is the function of Nilg, 0g of Mﬁff and dz!, is the function of Nilg and
Mﬁliy and (1.32) is valid, from (2.4) we conclude (2.6).

Definition 2.1. The linear connection V : (T'(E) x T(E) — T(E), V : (X,Y) —
VxY for VXY € T(E) is defined by
(2.7) V5,65 = T\06 + 10, +T 5,67,

V5,00 =T F6, +T7,6, +T 5.6,

(e %%

Vs, 0) =T0%6, + 106, + 108 6]

V5,05 =T/ 0, + 17,0, +T, %67,

v5a65 = Fﬁkaé‘k + F[;YQ(S’Y + Fﬁgaéz’

Vsn 8] =T0% 6 + 177 6, + T o],

Viedy =T/ 20, + 56, +T;526],

K2

Vsads =T5" 6k +T 7 6, + T 45007,

Vsed] =T/ 6p +T7758, +T7550].

Definition 2.2. The linear connection defined by (2.7) is d-connection if on the right
hand side in (2.7) only the underlined terms remain, the other are equal to zero.

It can be seen, that for the d-connection if Y belongs to one of Ty, T; or T3, then
VxY belongs to the same subspace of T(E) for every X € T(E).
Remark. In papers [6], [7], [8], [9] d-connection is considered.

Definition 2.3. The linear connection is called strongly distinguished connection
(s.d. connection) if it is defined by

(2.8) Vs, 0j =T J06,Vs,05 =T 0y, Vsad =T006)

the other connection coefficients are equal to zero.
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For the s.d. connection X, Y and VxY belong to the same subspace Ty or T} or
Ts.

Proposition 2.1. The components of the linear connection V under transformations
given by (1.1) behave as follows:

! ijk 4
(2.9) (a) T;Fu =T}B,%% + BjuBy

o _papija
(b) F]’ i = jiB‘/-/

A e

K _pkpikBi
(C) Fj/ﬁ/i' = FjﬁiBj’kﬂ’i’

(2.10) (a) TF,=TF B,

B _pB papi
(b)) T =Ty :Bysir

a’ i

E ok K'Bi
(c) Fa’ﬁ’i’ = FaﬁiBgfkﬁf;

/k/ k - /k/i
(2.11) (a) T)%, =17 BLEL

By _ By piBAi
(b) Tyly =T7"Bjs 0

Blk/ o 5]{; j ,g,k,"‘{l ﬂ/ k,‘ kl
(¢) Uiy =T33 iBjig ki + 05 By By

! j ko
(212) (a) Fj/k ol — ijaB‘?/k‘ ol

() 1,7, =T7.Bie

JaTjlyal

(¢) TK. =Tk BiEe

JyaTj'k ' al

4 ko
(2.13) (a) Ty =TF.Bors,

’ . ﬁ / ’
) Ty =T7.B37 %+ B, B)

K _p k pBk
(C) FB/,Y/a/ = Fﬁ’yaBﬁ/k :Yylg/

/k/ k . /k?,Oé
(2.14) (a) TOF, =T BLOYS,

j/ ol

By _ By piBAa
0) T =B

=T BN, 4 o8 BY BY B,

(C) F@/k/

'y’ JvaTj' B kA al
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rr 4k/ 1z
(2.15) (o) TN =T/Bly ol

7 . N n
Yo' _pyapiyadi
(b) Ly =T B aw

o' _ 1 kapjik'yai
(C) Fjl,yli/ = Fj"/’i B]’k v i

! y k/ 1
(2.16) (a) TS =TheBore,

(b) Ty'% =T30ByYs

kKo _ ka pB k'va'i

i =

/k/al o . /k/a/i
(2.17) (a) TS =0PeBlore

B'y'a’ _ pByapi B9'ali
(®) Typ" v =T Bjigyaw

(C) Fﬁl/k//s“/ _ F/BkaB] ﬁ/k‘/"/ oli

3’ vt CjB kv i
Proof. From
Vs, 05 = Vi 5, BL8; = Bi(6:B))8; + Bil V5,65,

Vs, 05 =07 0w + 1,000 + T Koy,

(1.17) and (2.7) we obtain (2.9a), (2.9b) and (2.9c). The other relations can be
obtained on the similar way.
From the above we have

Theorem 2.3. All coefficients of linear connection ¥V defined by (2.7) are tranas-

%7 TP% (o summation over j and f3).

forming as tensors except T'F Fga, iy e g

Jj

They have the following law of transformation:

(2.18) 0F =T)BAY + BN BY
(2.19) Ty =T].B57 % + Byl B
(2.20) Foe = DIBlG L o + Byl BY
(2.21) 097, =1 i+ BY BB,

(j' and @ are fixed).
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Definition 2.4. The action of the linear connection V on the T*(E), V : T(E) x
T*(E) - T*(E), V: (X,w) > Vxw e T*(F), X € T(E), w € T*(E) is defined by

(2.22) Vs, 027 =T 60 + T2 6t7 + T77,6a%
Vs, 0t? =T, 0% + T7 57 + 7 62"
Vs, 0zl = Ty 02" + T 6t + Ty 6ak
Vs, 02! =T7 2% + TV 6t + 7] oak
Vs, 0t =10 6a* + 19 ot7 + T oak
Vs, 0ah =T 0x" + T 6t + T4 oak
Viedad =T9 202" + T7 3617 + V)62
Voo dt? =T 500k + T2 G617 + T7) G0k

Viedad =T%, 262% + T 26t7 + T2 0ab.

Theorem 2.4. The connection coefficients I' and T are connected by:

(2.23) D =-T}; fjvi - 7F“ii’ M=,
8 B B B By B
=Ty, T7,=-T,, I7,=-I7"
=h b Tk ho oh h
Toi = —Trsin Tsyi=-—Tosin Tsily=-Tlss

All formulae in (2.23) are valied if everywhere the index 7 is substituted by a or
by ¢.
Proof. From the duality of the adapted bases B and B* we obtain

(62" 6;) = o0, (6", 65) =0, (62",6))=0=
(Vs,02",6;) = (Th 62k + T ;6t7 + T77 625, 8;) =
— (02", V5,6;) = — (02", T F;60 + Ffiaﬁ +TE60) =

nh h
(2.24) = -1/

J
(Vs,0a",65) = (D", ;0x" + T ;67 +T") 02k, 65) =

—(02",V5,65) = — (02" T J ;06 + T 765 + Ty i6)) =

(2.25) Iy =-Tj..



Multi-Time Lagrange Spaces 25

(Vs,02",87)) = (Th,;6a" + T ;6¢7 + T 62],8)) =
— (62", V5,07) = — (62", 177 .6; + T7°.65 + T .60) =

(2.26) ™, =-17".

(2.24), (2.25) and (2.26) are the first three equations in (2.23). The other can be
proved on the similar way. O

Theorem 2.5. If the linear connection V acts on T(E) as d-connection, then its
action on T*(E) is given by

(2.27) V5,027 = T/ 6aF, V5,0t = —1.2,6t7, Vs 6ah = —T)} 02"
Vs 0a! = =T 6z%, Vs 6t° = -T2 61", Vs ol = -I7F oak

Viedw! = —T,7 ¢6a%,  Vsedt? = —T 067, Vgadal = T} *oab.

Theorem 2.6. If the linear connection V on T(E) as s.d. connection, then its action
on T*(E) is given by

(2.28) Vs, 0x) = T} 62",
Vs, ot? = —T.0, 67,

. , .

Vo 633%3 = —Fzé?&vw
the other connection coefficients are equal to zero.
Theorem 2.7. If XY € T(E), i.e.

X = X4 = X6+ X + X5

Y =YB6 =Y75;, + VP65 + Y]’

873>

then
(2.29) VyX = X{pYP6a=

XY76 4+ X$Y 60 + X, Y700 +

U BSs. (e B i B sa

X10v6; + X0V o0 + X1 |7V 62,
where
(2.30) U= 0 XY+ T X T, XY + T XE,

we{5,8,7}, wvefiail
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For instance we have

7 % % j % 2 k
Xy =0 X"+ T ;X7 + T, X7+ T X7,

Xill=o0Xxi+1, 00Xk 4 XY 4 1) Xk
Theorem 2.8. Ifw € T*(E), i.e.

W = wibx’ + weot™ + woxt,,

then

(2.31) Vyw = wi‘ij(hi + wa‘ij&a + wf‘ij(hfl +
wimYﬂéxi + wa‘gYﬁ(Sto‘ + wﬁﬁYﬁéa:g +
wi\ngéaEi + wa|5Yﬁj(5ta + wia|fYﬂj(5xg,

where

(2.32) Wyly = Ouwy — TN wie = T wy — T8 W)

we{j,B.5}Y vefiaf}
For instance

wifs = pwh, — Te* g, — T gwy — T,

wf‘bﬂ = (5?(»19‘ —F?k?wk —F?V?wv —Fqkﬂwz,....

Ced)

If the function f = f(a*, 17, xf/) is defined on E, then

(2.33) Vyf=fY7 + fisY? + 7Y,
where
(2.34) fii=0;f =(0; — NE,o)) f

fis =0pf = (05 — ME;O)) f

15 =9

Theorem 2.9. For the d-connection (2.29) is valid, but now we have

(2.35) X, =6, X" +T}, X
b= 6 X+ rg, X’
e = 0u XL+ T, XE

alu kau

ue {87}

kaj Yo kaj<tvyo -

Irena Comié¢
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For the s.d. connection we have

(2.36) VxY = X1,Y96; + X9,V 76, + X[ |]V]6p,
and
(2.37) X=X +T) ;X"

X% = 05X +T.05X7,

Xi|F =00 xi + 170 Xk,

Definition 2.5. The s.d. connection is called recurrent connection if for the metric
tensor

9= 9i02" ® 627 + gapdt® @ 6t° + g7 dal, ® 62
the following relations are valid:

(2.38) Gijlk = Okgis — gm0l — ginT s = Akgis

Japly = 679(16 - géﬁrsy - gaél—‘ﬁéy = )\'ygoc,B
) h h
95 1 = 0095 — anTose — 9 Tse = Ngiy’.

where
(2.39) A= bz + Ay 6t7 + Aok

is a 1-form field. If in (2.38)

the connection is called metric connection.
Using the usual procedure the connection coefficients can be obtained as functions
of the metric tensors and the one form field A.
3. The torsion tensor
The torsion tensor in the space E is given as usual by
T(X,Y)=VxY -VyX —[X,Y].

Proposition 3.1. The Lie brackets on T(E) are given by

(3.1) [0:,6;] = K;}op,
Kjéhi = —[(@'Né’j - Nﬁﬁ;ZN%) - (Z/J)]
[61'755} = Kﬂ(}SLv(;i,
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= —[(0; M} — NEOIMSs) +

(05N5; — MJs00N;,)]
= Kf&%i KfélzzajﬁNfi
= Kghadh,
= [(angLﬁ - M'chaagMgL,B) - (04/@]
— KL K=ol
= 0.

From the above it follows that all Lie brackets of the basis vectors of T'(E) lie in

Ty, generated by {69 }.

The components of the torsion tensors are:

(3.2)

where

(3.3)

where

(3.4)

where

T(6;,

T(é,,(i]) - Tj}é(sh + Tjai(sa + Tj 21527

k __ k k
Ty =15 = 1y

o (e} «
;% =17 =15

h _ T h h h
T} 5i_rj 5i — L 6j_Kj 5i

T((siz(sa) = Talz + Taﬁiéﬂ + Ta(?i(sli’

Tk _1k_T.k

a i
B8 _ B B
Taiiraii]‘—‘ia

_Kh

h h h
T - Fa5i - Fi&oc adir

adi

07) =T7% 60 + TP 00 + T30,

Bk _ Bk _p kB
Lr=T -1

TP =17% 1.

J 1

B h _ 1B h hB Bh
Tj 6i_Fj 6i_ri5j_Kj5’i’
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(3.5) T (80, 08) = T5%0k + Ty 0y + Tpi 0
where

Tk =T4 —T.%

Ty, =T5 —T4,

Ts %a = Fﬁga - Fag - Kﬁgba

(3.6) T(60,07) = T* 0k + T 00 + 115, 50,

where

Bk _ Bk kj
L A

B _ 18 B
Tj”/a_l-\j’ya_ra"/j

Bh  _ 1Bh hB Bh
Tjéa *Fjéairaéj 7Kj5a

(3.7) T(6887) = TP 6, + T%0, + TIP3 5y,
where
Bka _ ppPka akpB
Tj [ Fj i Fi J

Bra _ B B
T =1 -1

Bha Bha ahfB
jdi _Fjéi_rizij
From the above we obtain

Theorem 3.1. The torsion tensor in T(E) for the linear connection V is given by
T(54,68) = Tp a0k + T 46y + T5400,
Aefiaf), Be{i8l),
where
Tga=TEa-Tip
Ty a=Tp 4—Tisg
TBgLA = FB%A - FA%B - KA%B'
If we put X = X464, Y =Y Bop, then using the bilinearity of T we get

T(X,Y) =T, XY Boc,
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where
Ce{k,v.5}

and the summation is going over all three types of indices. (If C = 2 appeares as
upper indez it becomes g)

Theorem 3.2. For the d-connection the torsion tensor has the form

(A) (a) T(6:,6;) = Tjki(sk - Kjékidza Tjki = iji - Fikj

(b) T(0i,00) = Taﬁiéﬁ - K.} 5;‘2, Taﬁi = Faﬁi

adi

k k k k
(c) T (6, 5?) = Tf&‘si» Tf&i = F?M - K}‘géi

(d) T((SOH 65) = TB’YQ(S’Y - Kﬂga(s;sw TB’Ya = FB’YQ - F,B’Ya

(¢)  T(6a,07) = Tfj;faag, Tff;a - rf’;a - nga

o ko ko ko ak
(f) T(9; 75?) = Tféi 52, Tf&i = F?éi -1 5§3~

Theorem 3.3. For the s.d. connection we have
(B) (a) T(5z’a5j) = Tjkiak - Kjfi‘sza Tjkz’ = iji - Fikj - Fi’;

(b)  T(5;,04) = —K, 100

adi
(¢c) T(6:,07)=—K}5.00

(d) T(aom 5[3) = T,Bﬁyaa’)’ - Kﬁgozafu TB’Ya = Fﬁya -T ’
(e)  T(6a,87])=—K5 00

jda

o ka ko ka ak
(f) 1(5; 75}[‘3) = Tjﬁéi 52’ ijéi = Fféi -I; 5}6'

4. The curvature tensor
In the space E the curvature tensor R(X,Y)Z is defined as usually by
(4.1) R(X,Y)Z =VxVyZ —VyVxZ —Vxy1Z.
If we use the notations
(4.2) X = X4 = X6+ X% + X5
Y =YB65 =Y78; + V%55 + Y]]

7 =27%¢ = 2"n+ 276, + Z15),
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and the fact that R is linear with respect to all three components we get

(4.3) R(X464,YB65)2% ¢ = R(04,08)0c XAYPZC =
REp A XAYBZ%p,

where

(4.4) RE546p = R(04,6B)dc,

(4.5) Ae{i,al}y, Be{)p%}

Ce{k5}, Defkqsjs}.

In (4.3) the summation is going over all three types of indices. From this fact it
follows that on the right hand side of (4.3) there are 3* types of summands as:

RYEXYIZMS), + R XOYIZRG 4 - +
+R)STXLY] 205
If we use the shorter representation of (2.7) we can write:
Vssde =T & pop,
VsaVipdo = {005 + T T a}0p-
We denote
(4.6) K&Pg40p = V5,Vs,00 —Vs,Vs,00 =
(54085 +TE 5T R 1) — (A/B)op.
From (3.1) it follows
[64,05) = K0, =
(4.7) Visassdc = Kgsal & nop.
From (4.4), (4.6) and (4.7) it follows

Theorem 4.1. For the linear connection V in space E the curvature tensor has the
form

D D h T D6
(4.8) R&'pa = Ko'pa — Kpsal' &7

For indices A, B, C, D, (4.5) is valid.

As was mentioned before, that there are 3* types of curvature tensors; if A =1
B :é then Kjﬁ(;h? =0.

For the d-connection in (4.6) the indices C', D and E have to be of the same kind,
so it follows
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Theorem 4.2. For the d-connection we have the following types of curvature tensor
k k 1 k
(4.9) Rypa=Ky'pa— Kpal'n

5 _ 1) l de
R’y BA — K’y BA — KBEAF'y l

R)Spa = Kispa — Kpeal)5 1,
where
K\fga=10aTF 5+ Fff,@BszA) — (A/B)]
K'y(;BA = [(5AFW53 + F'yEBFséA) - (A/B)]
K}spa = 10aT5 55 + 10 L5Ti5a) = (4/B)]
Aefi,al}, Be{jp5

From the above it is obvious that for the d-connection there are 3 - 32 types of
curvature tensors. When the indices A and B belong to T, then the second terms on
the right hand side in (4.8) are equal to zero.

Theorem 4.3. For the s.d. connection we have the following types of curvature ten-
sors:

(4.10) RF. =K,
R’véﬁa - Kvéﬁa
Rt = K
where
thji = (6irhkj + F}ﬁjrlk}) —(i/4)
K %50 = (0al,0 5 +T75T.°,) — (a/B)

k k 1B ek
K = @ + TGTEs) — /7).
For the s.d. connection all three indices in " ,fc are of the same type, the other
are equal to zero and K. , =0, when A and B belong to T».
If in the space E the metric tensor is given by (2.2) and g;; = gi;(2), gas = gas(t),
gofi = gcﬁ(a:z), then the connection coefficients

Tk

Y a gy
R Fa B L

i Bk

can be obtained as Cristoffel symbols of the corresponding metric tensors. In this
case the connection coefficients are symmetric.
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