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Abstract

Let (M, g) be a Riemannian manifold and T'M its tangent bundle with com-
plete lift connection and adapted almost complex structure. We determine the
infinitesimal holomorphically projective transformation on T'M. Furthermore, if
T M admits a non-affine infinitesimal holomorphically projective transformation,
then M and T'M are locally flat.
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81. Introduction

Let M be an n-dimensional manifold and T'M its tangent bundle. We denote by
7 (M) the set of all tensor fields of type (r, s) on M. Similarly, we denote by T4 (T M)
the corresponding set on T'M.

Let V be an affine connection on M. A vector field V' on M is called an infinites-
1mal projective transformation if there exists a 1-form (2 on M such that

(LyV)(X, Y) = 2(X)Y + 2(Y)X

for any X, Y € T}(M), where Ly is the Lie derivation with respect to V. In this
case {2 is called the associated 1-form of V. Especially, if {2 = 0, then V is called an
infinitesimal affine transformation.

Next let (M, J) be an almost complex manifold with affine connection V. A vector
field V on M is called an infinitesimal holomorphically projective transformation if
there exists a 1-form 2 on M such that

(LyV)(X, Y) = 2(X)Y + Q(V)X — Q(JX)JY — QJY)JX

for any X, Y € T5(M). In this case 2 is also called the associated 1-form of V. Es-
pecially, if £2 = 0, then V' is the infinitesimal affine transformation. S. Ishihara [3] has
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introduced the notion of infinitesimal holomorphically projective transformation, and
S. Tachibana and S. Ishihara [6] investigated infinitesimal holomorphically projective
transformations on Kaehlerian manifolds. In [1] we have proved that (1) an infinitesi-
mal holomorphically projective transformation is infinitesimal isometry on a compact
Kaehlerian manifold with non-positive constant scalar curvature and (2) a compact
Kaehlerian manifold M with constant scalar curvature is holomorphically isometric
to a complex projective space with Fubini-Study metric if M admits a non-isometric
infinitesimal holomorphically projective transformation.

It is well-known that there are several lift connections of V on TM ([7, 8]). In our
previous paper [2], we study the infinitesimal holomorphically projective transforma-
tion on T'M with horizontal lift connection and proved the following:

Theorem A. Let (M, g) be a Riemannian manifold and T M its tangent bundle
with horizontal lift connection and adapted almost complex structure. A vector field
V' is an infinitesimal holomorphically projective transformation with the associated
I-form (2 on TM if and only if there exist ¢, ¥ € T3(M), B = (B"), D = (D") ¢
THM), A= (A"), C=(C,") € TI(M) satistying

(1) (V" vh
= (B"+y A + 200" — y"y W, D" +yCl + 200" + Py D),
(2, ) = (00, Dip) = (W, Dy),
V6 =0, V¥ =0,
VA" = @60 — @;6h,

V,;C;" = w6l — w6 — K,,;" B,

V;V,D" = —&;6 — &,
ACK

ajih + 2()0K h — 0,

)
)
)
)
6) Lpl"=V;V;B"+K,,"B* =w;0! + ;"
)
) kji
)

WK, "= 0,

where (Vh, XN/;‘) =VeE, +ViE, =V, (fz,», (Nh) = fzadxufzaaya = (2, V denotes
the Riemannian connection on M, Fjih the coefficients of V and K = (Kkjih) the
Riemannian curvature tensor of (M, g) defined by Kkjih = akrjih —0;I;" +
I Ty = T Ty

Theorem B. Let (M, g) be a complete Riemannian manifold and TM its
tangent bundle with horizontal lift connection and adapted almost complex structure.
If TM admits a non-affine infinitesimal holomorphically projective transformation,
then M and TM are locally flat.

Let (M, g) be a Riemannian manifold and V its Riemannian connection. The
horizontal lift connection of V does not coincide with the Riemannian connection
of horizontal lift metric of g to T'M with respect to V. Two connections coincide
if and only if M is locally flat. On the other hand the complete lift connection of



44 Izumi Hasegawa and Kazunari Yamauchi

V is the Riemannian connection of complete lift metric of g. Here, since ¢ satisfies
Vg = 0, the complete lift metric of g coincides with the horizontal lift metric of g (see
[7, 8]). Moreover, in the case of horizontal lift connection it is necessary to assume
that M is complete to prove Theorem B, but not necessary in the case of complete
lift connection (see Theorem 2 stated below). Therefore, in this paper we investigate
the case of complete lift connection and prove the following:

Theorem 1. Let (M, g) be a Riemannian manifold and TM its tangent
bundle with complete lift connection and adapted almost complex structure. A vector
field V' is an infinitesimal holomorphically projective transformation with associated
I-form §2 on TM if and only if there exist p, 1 € T}(M), B = (B"), D = (D") €
THM), A= (A, C=(C,") € TH(M) satistying

(1 (v vh

_ (Bh + yaAah + 280yh _ yhya!pa’ Dh + yacah + 2,¢yh + yhyagpa)7
V,®; =0, V;¥; =0,

VA = 451-5;‘ —;0h,
V,;C; = wisl — ot — K, "B,

aji

2
3
4

(2)

(3)

(4)

(5)

(6) Lply"=V,;ViB"+ K, "B*=w;6l +w;oh,
(7)

(8)

(9)

(

7) Lpl,"=V;ViD"+ K, D" = —&;6! — &;5",

8) ASK,"+ 20K, =0,

9 qSlKkj/L =0, U K,.M=0,

kji
10) BUV,K, ' = K, 2C — K, ;" C* — K,V B — K, 'V B,

a aji

where (f/h7 17’3) =V, + ViE, =V and (ﬁz, _(NZ;) = Q,dz® + f?aéy“ =0.

Theorem 2. Let (M, g) be a Riemannian manifold and TM its tan-
gent bundle with complete lift connection and adapted almost complex structure.
If TM admits a non-affine infinitesimal holomorphically projective transformation,
then M and TM are locally flat.

In the present paper everything will be always discussed in the C*°-category, and
manifolds will be assumed to be connected and dimension n > 1.

The authors would like to express their hearty thanks to the referee for the valuable
suggestions.

§2. Preliminaries

In this section we shall give some definitions and formulae on T'M for later use
(for details, see [7, 8]). Let (M, g) be a Riemannian manifold, V the Riemannian
connection of ¢ and Fjih the coefficients of V, i.e., Fji‘laa = Vy,0;, where 0y, = a%h
and (z") is the local coordinates of M.
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Adapted frame of T M.
We define a local frame {E;, F;} of TM as follows:

(2.1) E;:=0;, —y'I,"0; and E;:=03;,

where (2", y") is the induced coordinates of T'M derived from the local coordinates
(z") of M and 0; := 0% This frame {F;, F;} is called the adapted frame of TM.
Then {dz", §y"} is the dual frame of {E;, E;}, where §y" := dy" + y*I",,"dz®.

By the definition of the adapted frame, we have the following

Lemma 1 The Lie brackets of the adapted frame of TM satisfy the following
identities:

(1) [E;, B]= beijbaEa

(2) [Ej, Ej] = FjiaEFh
(3) [Ej, Ef]=0.

Complete lift connection of V

Let X = X9, be a vector field on M. Then the complete lift X of X is defined
by

(2.2) X% .= X°E, + 4"V, X E;.
There exists a unique affine connection V on TM which satisfies
(2.3) VyeYC = (VxY)°

for any X, Y € T}(M). This affine connection is called the complete lift connection
of V to T'M. Then we have

Vi B =1"E, + bebjiaEa
(2.4) Ve, E; =I;,"Ea,
Ve Ei=0, VpgE=0.

Adapted almost complex structure on TM

Let X = X%0, be a vector field on M. Then the vertical lift XV and the horizontal
lift X* of X with respect to V are defined as follows:

(2.5) XH .= X°F, and XV := X°E,.
We now define a tensor field J of type (1,1) on TM by
(2.6) JXx.=xvV, ~ JgxV.=-xH
for any X € TH(M), i.e.,

JE; =F; and JE;=-FE,.

Then we obtain
J? =1
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Therefore J is an almost complex structure on T'M. This almost complex structure
is called the adapted almost complex structure. It is known that J is integrable if and
only if M is locally flat.

83. Proofs of Theorems

Proof of Theorem 1.

Here we prove only the necessary condition because it is easy to prove the sufficient
condition. Let V' be an infinitesimal holomorphically projective transformation with
the associated 1-form (2 on T'M.

(3.1) (LyV)(X, Y) = 2X)Y + 2(V)X — Q(JX)JY — Q(JY)JX
for any X, Y € TY(TM).
From (LyV)(E;, E;) = :5; + Q:E; — ,E; — (;;, we obtain

(3.2) 80,V = ;6! — ;0"
and

7h O sh 0. sh
(3.3) 83&141/ = (2351- + Q;(Sj.

From (3.2), there exist ¢ € TY(M), ¥ = (¥;) € TVY(M), B = (B") € TL{(M) and
A= (Al € TH(M) satisfying

(3-4) )= —p+ 1y,
(3.5) Qi =0pp =
and
(3.6) V= B" 4y Al + 209" — y Tay”,
where QZ = —L&—f/“.
n+1

Similarly, from (3.3), there exist ¢ € TY(M), & = (¥;) € TY(M), D = (D") €
TH(M) and C = (C;h) € TH(M) satisfying

(3.7) @ =1+ y P,

(3.8) L=0p=0

and

(3.9) Vi = D" 4 y2C" 4 20y" + y Dy,
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Next, from (3.1) we have
(3.10) (LyV)(E;, E;) = 0,E; + $,E; + U, E; + U, E;
or B
(LVV)(EJ-, E;)=9¢,;E, +d,E; + ¥, E; + Y, B3,
from which, we get
(D;67 + @67 ) Eq + (V307 + ¥;05) g
= {(V;A," +2080;0) — 4" (55 V3% + 67V ;W) } E,
(3.11) + {(Ky;;*B® + V,;C;* 4 25¢0;1)
+ yb(AbCchia — A K"+ ApKy "t + 0y VP + 67V i Py)
+ i‘/cyb(g’inCba —20.K,;;") } Eg.
Comparing both hands of the above equation, we obtain
b; = 0;p, V;®; =0,
¥, = 07, V;¥; =0,
(3.12) VA = &0l — @567,
VGt =l — w6 — K" BY,
AkaKajih = —QWKkj¢h7 WlKkjih =0.

Lastly, from (L V)(E;, E;) =W;E; +V;E; — ®;FE; — ®; 5, we obtain

(@07 + Wi67 ) By — (9505 + Pi05) Ea
= (Lply;")Eo +{Lpl};"
+ 1P (BVE,; " — K,;;°C." + K" Cy° + K, "V ;B + K,,; "V B°)
+ ycyb@chjia + DKy — Ky, — PiK "
+ 20V Ky " + 20V K3, + Achdejia + AV K 43,") } Ea,

from which, we get the following important information:

(3.13) Ll =w;0! + ;60

(3.14) Lply" = —&;6] — ;00"
(That is, B and D are infinitesimal projective transformations on M)

(3.15) BavaKk],Lh = Kk?jlac h - Kajzhcka - Kk.aihvaa - Kkjahsza

a

(3.16) O K" = 0.

This completes the proof. O
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Proof of Theorem 2.

Let V be a non-affine infinitesimal holomorphically projective transformation on
TM. Using (3) in Theorem 1, we have V;||®||? = V,;||¥||? = 0. Therefore, ||@|| and
||&|| are constant on M. Suppose that M is not locally flat, then & = ¥ = 0 by virtue
of (9) in Theorem 1, that is, V is an infinitesimal affine transformation. This is a
contradiction. Therefore M is locally flat.

_In this case, TM is also locally flat, because the Riemannian curvature tensor of
V is the complete lift of K ([7, 8]). O
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