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Abstract. In the recent theory on the Hamilton space of the order two
(see R.Miron [9], [10], where k = 2, and R. Miron and his partners [11]), a
linear connection has the smallest possible number of sets of components,
namely three, given by

(
Ha

bc, C
a

bc, Ca
bc

)
, (a, b, c = 1, ..., n; n = dim M).

In this paper a linear connection in the differential geometry of the 2-
cotangent bundle

(
T ∗2M, π∗2,M

)
, needed in the study of the Hamilton

spaces of the order two, will have nine sets of coefficients. The whole
calculus: the parallelism of vector fields, the torsion, the curvature, the
structure equations, the Ricci and Bianchi identities, etc., can be based of
the set of these nine coefficients (see [6]).

M.S.C. 2000: 53B05, 58A30.
Key words: second order cotangent bundle, nonlinear connections, metric structures,
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1 The manifold T ∗2M.Nonlinear connection.

Let M be a real differentiable manifold of dimension n. A point of M will be denoted
by x and its local coordinate system by (U,ϕ) , ϕ (x) = (xa) . The indices a, b, ... run
over set {1, ..., n} and Einstein convention of summarizing is adapted all over this
work. Let (TM, π,M) be the tangent bundle of the manifold M and (T ∗M,π∗,M)
its cotangent bundle, [11], [15].

Definition 1.1 ([11]) We call the dual bundle of the 2−tangent bundle (T 2M, π2,M),
the differentiable bundle (T ∗2M, π∗2,M) whose total space is

(1.1) T ∗2M = TM ×M T ∗M.

Sometimes we denote
(
T ∗2M, π∗2,M

)
by T ∗2M.A point u ∈ T ∗2M will be denoted

by u = (x, y, p) having the local coordinates (xa, ya, pa) . The projection π∗2 (u) =
π∗2 (x, y, p) = x. Evidently, we take the projections on the factors of the fibered
products (1.1):π∗21 : T ∗2M −→ TM, π : TM −→ M as being π∗21 (x, y, p) = (x, y)
and π∗ (x, y) = x; also, π∗ : T ∗2M −→ T ∗M is given by π∗ (u) = π∗ (x, y, p) = (x, p) .
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The change of local coordinates on the manifold T ∗2M is:

(1.2)





x̃a = x̃a
(
x1, ..., xn

)
, det

(
∂x̃a

∂xb

)
6= 0,

ỹa =
∂x̃a

∂xb
yb,

p̃a =
∂xb

∂x̃a
pb.

The dimension of the manifold T ∗2M is 3n.
The null section 0 : M → T ∗2M of the projection π∗2 is defined by 0 : (x) ∈ M →

(x, 0, 0) ∈ T ∗2M we denote by T̃ ∗2M = T ∗2M \ {0} .
Let us consider the tangent bundle of the differentiable manifold T ∗2M ,(

TT ∗2M, τ∗2, T ∗2M
)
, where τ∗2 is the cannonical projection and the vertical dis-

tribution V : u ∈ T ∗2M −→ V (u) ⊂ TuT ∗2M,, generated by the vector fields{
∂

∂ya
|u,

∂

∂pa
|u

}
, ∀u ∈ T ∗2M. As usually, the natural basis, let us denote

(1.3) ∂a =
∂

∂xa
,
·
∂a =

∂

∂ya
,
·
∂a =

∂

∂pa
.

By means of (1.2), we can consider the following subdistributions of V :

(1.4) V1 : u ∈ T ∗2M −→ V1 (u) ⊂ TuT ∗2M,

and

(1.4′) W2 : u ∈ T ∗2M −→ W2 (u) ⊂ TuT ∗2M,

locally generated by the vector fields
{ ·

∂a |u, u ∈ T ∗2M
}

and
{ ·

∂a |u, u ∈ T ∗2M
}

,

respectively. Clearly,we have

(1.5) V (u) = V1 (u)⊕W2 (u) , ∀u ∈ T ∗2M.

Let us consider the following forms

(1.6) ω = padxa (Liouville 1-form),

(1.7) θ = dω = dpa ∧ dxa.

Theorem 1.1 ([11]) 1◦.The differential forms ω and θ are globally defined on the
manifold T ∗2M.

2◦. The 2-form θ is closed and rank θ is 2n.
3◦.θ is a presymplectic structures on T ∗2M.
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Also, the following F (
T ∗2M

)
-linear mapping

J : X (
T ∗2M

) → X (
T ∗2M

)
,

defined by

(1.8) J (∂a) =
·
∂a, J

( ·
∂a

)
= 0, J

( ·
∂a

)
= 0, ∀u ∈ T̃ ∗2M,

has geometrical meaning. It is not difficult to prove:

Theorem 1.2 1◦. J is a tensor field of type (1, 1) on manifold T ∗2M.
2◦. J is a tangent structure on T ∗2M , i.e. J0J = 0.
3◦. J is a integrable structure.
4◦. J0J = J2 = 0.
5◦. KerJ = V1 ⊕W2, ImJ = V1.

With these object fields we can construct the geometry of the manifold T ∗2M.
Now, we extend the classical definition [14], of the nonlinear connection on the

total space of the dual bundle
(
T ∗2M, π∗2,M

)
.

Definition 1.2 A nonlinear connection of the manifold T ∗2M is a regular distri-
bution N on T ∗2M, supplimentary to the vertical distribution V, i.e.

(1.9) TuT ∗2M = N (u)⊕ V (u) , ∀u ∈ T ∗2M.

Taking into account (1.5) it follows that the distribution N has the property

(1.10) TuT ∗2M = N (u)⊕ V1 (u)⊕W2 (u) ,∀u ∈ T ∗2M.

Therefore, the main geometrical objects on T ∗2M will be reported to the direct
sum (1.10) of vector spaces.

We denote by

(1.11)
{

δ

δxa
,

∂

∂ya
,

∂

∂pa

}
, (a = 1, ..., n) ,

a local adapted basis to N,V1,W2. Clearly, we have

(1.12)
δ

δxa
=

∂

∂xa
−N b

a

∂

∂yb
+ Nab

∂

∂pb
.

The sistem of functions
(
N b

a (x, y, p) , Nab (x, y, p)
)

are the coefficients of the non-
linear connection N.

With respect to the coordinate transformations (1.2), we have the rule:

(1.12′)
δ

δxa
=

∂x̃b

∂xa

δ

δx̃b
,

∂

∂ya
=

∂x̃b

∂xa

∂

∂ỹb
,

∂

∂pa
=

∂xa

∂x̃b

∂

∂p̃b
.

Theorem 1.3 With respect to (1.2) the coefficients (Na
b, Nab) of a nonlinear con-

nection N on T ∗2M obey the rule
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(1.13)
Ña

c
∂x̃c

∂xb = N c
b

∂x̃a

∂xc − ∂ỹa

∂xb ,

Ñab = ∂xc

∂x̃a
∂xd

∂x̃b Ncd + pc
∂2xc

∂x̃a∂x̃b .

Conversely, if the system of functions (Na
b, Nab) are given on the every domain of

local chart of the manifold T ∗2M, such that the equations (1.13) hold, then (Na
b, Nab)

are the coefficients of a nonlinear connection on T ∗2M.
Assuming that the manifold M is paracompact it follows that the manifold T ∗2M

is paracompact, too. Let γab (x) , x ∈ M be a Riemannian metric on M and γa
bc (x)

its Christoffel symbols. Setting

(1.14) fb = γa
bc (x) payc,

then, the system of functions

(1.15) Na
b =

·
∂afb, Nab =

·
∂bfa,

are geometrical object fields on T ∗2M, having the rules of transformations (1.13),
with respect to the changing of local coordinates (1.2). Hence:

Theorem 1.4 If the base manifold M is paracompact, then there exist nonlinear
connection on the manifold T ∗2M.

From now we denote the basis (1.11) by:

(1.11′)
{

δa,
·
∂a,

·
∂a

}
.

The dual basis of the adapted basis (1.11) is given by

(1.16) {dxa, δya, δpa} ,

where

(1.16′) δya = dya + Na
bdxb, δpa = dpa −Nbadxb.

With respect to (1.2), the covector fields (1.16) are transformed by the rules:

(1.16′′) dx̃a =
∂x̃a

∂xb
dxb, δỹa =

∂x̃a

∂xb
δyb, δp̃a =

∂xb

∂x̃a
δpb,

2 The Algebra of distinguished tensor fields.

Let N be a nonlinear connection on T ∗2M. It determines, at every point u ∈ T ∗2M,
the direct sum (1.10) of the linear space Tu

(
T ∗2M

)
.

A vector field X ∈ χ
(
T ∗2M

)
and an one form ω ∈ χ∗

(
T ∗2M

)
uniquely can be

written in the form:
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(2.1)
X = XH + XV1 + XW2 ,

ω = ωH + ωV1 + ωW2 .

Clearly if h, v1, w2 are the projectors determined by the direct decomposition
(1.10), we have

(2.2)
XH = hX, XV1 = v1X, XW2 = w2X,

ωH = ω ◦ h, ωV1 = ω ◦ v1, ωW2 = ω ◦ w2.

Definition 2.1 ([10]) A distinguished tensor field (briefly, d− tensor field) on the
manifold T ∗2M is a d−tensor field T of type (r, s) on T ∗2M, with the property:

(2.3)
T

(
1
ω, ...,

r
ω, X

1
, ..., X

s

)
= T

(
1
ωH , ...,

r
ωW2 , X

1

H , ..., X
s

W2

)
,

∀ 1
ω, ...,

r
ω ∈ χ∗

(
T ∗2M

)
, ∀X

1
, ..., X

s
∈ χ

(
T ∗2M

)
.

For instance, every components XH , XV1 , XW2 of a vector field X is a d−tensor field
of type (1, 0) , and every components ωH , ωV1 , ωW2 of a 1−form ω is a d−tensor field
of type (0, 1).

In the adapted basis
(

δa,
·
∂a,

·
∂a

)
and its dual basis (dxa, δya, δpa) a d−tensor

field T of type (r, s) can written in the form:

(2.4)T = T a1...ar

b1...bs
(x, y, p) δa1 ⊗ ...⊗

·
∂bs ⊗ dxb1 ⊗ ...⊗ δpar ,

where

T a1...ar

b1...bs
(x, y, p) = T

(
dxb1 , ..., δpar , δa1 , ...,

·
∂bs

)
.

It follows that the set
{

1, δa,
·
∂a,

·
∂a

}
generates the algebra of the d−tensor fields

over the ring of functions F (
T ∗2M

)
, (see R. Miron [9], [10]).

With respect to the transformation of the coordinates on T ∗2M, the local coeffi-
cients T a1...ar

b1...bs
of T are transformed by classical rule:

(2.5) T̃ c1...cr

d1...ds
=

∂x̃c1

∂xa1
...

∂x̃cr

∂xar

∂xb1

∂x̃d1
...

∂xbs

∂x̃ds
T a1...ar

b1...bs
.

Exemples

1. If f ∈ F (
T ∗2M

)
, then every set of functions δaf,

·
∂a,

·
∂af is a d−covector field,

and
·
∂af is a d−vector field.

2. Let us consider a Riemann structure G on T ∗2M and assume that the distrib-
utions N, V1, W2 are orthogonal in pairs, with respect to G:
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(2.6) G
(
XH , Y V1

)
= G

(
XH , Y W2

)
= G

(
XV1 , Y W2

)
= 0,

∀X, Y ∈ χ
(
T ∗2M

)
.

In this case G can be uniquely written as a sum of d−tensors:

(2.7) G = GH+GV1+GW2 ,

where, for any X,Y ∈ T ∗2M, we have

(2.7′)
GH (X,Y ) = G

(
XH , Y H

)
,GV1 (X,Y ) = G

(
XV1 , Y V1

)
,GW2 (X, Y ) = G

(
XW2 , Y W2

)
.

Consequently, in the adapted cobasis, G can be uniquely written as

(2.8) G = g
(0)

abdxa ⊗ dxb + g
(1)

abδy
a ⊗ δyb + g

(2)

abδpa ⊗ δpb,

where

(2.8′) g
(α)

ab (x, y, p) = g
(α)

ba (x, y, p) , ‖ g
(α)

ab ‖=‖ g
(α)

ab ‖−1,

(2.8′′) rank ‖ g
(α)

ab ‖= n, (α = 0, 1, 2) .

The quantities g
(α)

ab, (α = 0, 1, 2) , are d−tensors of type (0, 2) on T ∗2M, and g
(α)

ab, (α = 0, 1, 2) ,

are d−tensors of type (2, 0) on T ∗2M.

3 The almost contact structure F
The nonlinear connection N being fixed we have the decomposition (1.9), (1.10) and
the corresponding adapted basis (1.11).

Let us consider the F (
T ∗2M

)−linear mapping:

F : χ
(
T ∗2M

) −→ χ
(
T ∗2M

)
,

determined by

(3.1) F (δa) = −
·
∂a, F

( ·
∂a

)
= δa, F

( ·
∂a

)
= 0.

Then, we deduce
Theorem 3.1 The mapping F has the following properties:

1◦. It is globally defined on T̃ ∗2M.
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2◦. F is a tensor field of type (1, 1) .
3◦. Ker F = W2, ImF = N ⊕ V1.
4◦. rank F = 2n.
5◦. F3 + F = 0.

Proof. See [11] pg.259.
We can say that F is a natural almost contact structure determined by the

nonlinear connection N.
Remark 3.1 In the case when we have a Riemann structure G on T ∗2M and the

following relation holds

(3.2) G (FX, Y ) = −G (X,FY ) , ∀X, Y ∈ χ
(
T̃ ∗2M

)
,

then the pair (G,F) is a Riemann almost contact structure on T̃ ∗2M. The mani-
fold T ∗2M endowed with these structure gives us the geometrical model

{
T ∗2M,G,F

}
for this space.

By direct calculus, we get:
Theorem 3.2 If G is a Riemann structure on T ∗2M given in the adapted cobasis

(1.15) by

G = g
(00)

abdxa ⊗ dxb + g
(01)

abdxa ⊗ δya + g
(02)

a
bdxa ⊗ δpb + ... + g

(22)

abδpa ⊗ δpb,

then, the pair (G,F) is a Riemann almost structure on T̃ ∗2M if and only if in the
adapted basis determined by N and V the tensor G has the form

(3.3) G = gabdxa ⊗ dxb + gabδy
a ⊗ δyb + habδpa ⊗ δpb.

where gab (x, y, p) , hab (x, y, p) have the propetries (2.8′) and (2.8′′) .
Corollary 3.1 With respect to the Riemann structure (3.3) the distributions

N, V1,W2 are orthogonal in pairs.

4 N−linear connections on T ∗2M

A linear connection on T ∗2M is an application

D : χ
(
T ∗2M

)× χ
(
T ∗2M

) −→ χ
(
T ∗2M

)
, (X, Y ) 7−→ DXY,

with the properties:
1. DX1+X2Y = DX1Y + DX2Y,

DfXY = fDXY, ∀f ∈ F (
T ∗2M

)
, ∀X,X1, X2, Y ∈ χ

(
T ∗2M

)
.

2. DX (Y1 + Y2) = DXY1 + DXY2, ∀X, Y1, Y2 ∈ χ
(
T ∗2M

)
.

3. DX (fY ) = (Xf) Y + fDXY, ∀X, Y ∈ χ
(
T ∗2M

)
, ∀f ∈ F (

T ∗2M
)
.

We consider X, Y ∈ χ
(
T ∗2M

)
. With respect to decomposition of type (2.1), we

have
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(4.1) DXY =
2∑

α=0

(
DXH Y Vα + DXV1 Y Vα + DXW2 Y Vα

)
,

where V0 = H and V2 = W2.
The components DXH Y Vα , DXV1 Y Vα , DXW2 Y Vα , (V0 = H, V2 = W2) , are vec-

tor fields not necessary distinguished.
The linear connection D on T ∗2M is uniquely determined by its 27 coefficients,

written in the adapted basis .
To work with these 27 coefficients is not imposible, but is laborious.
We will use in continuation the N−linear connections whose coefficients are much

easy to shunt.
Let N be a nonlinear connection on T ∗2M.

Definition 4.1 A linear connection D on T ∗2M is called an N -linear connection
if it preserves by parallelism the horizontal and vertical distributions N,V1 and W2

on T ∗2M.
By the general theory of connections on manifolds, the horizontal and vertical

distributions are preserves by parallelilsm if for any X ∈ χ
(
T ∗2M

)
, DX

carries the horizontal vector fields to the horizontal vector fields and the vertical
vector fields to the vertical vector fields. Thus DXY H is always an horizontal vector
field, and DXY Vβ are verticals, (β = 1, 2; V2 = W2) .

Obviously, the local description of an N−linear connection DΓ (N) on T ∗2M is
given by nine unique adapted coefficients:

(4.2) DΓ (N) :=

�
H
(00)

a
bc, H

(10)

a
bc, H

(20)
a

b
c, C

(01)

a
bc, C

(11)

a
bc, C

(21)
a

b
c, C

(02)

a
b
c, C

(12)

a
b
c, C

(22)
a

bc

�
.

We have
Theorem 4.1 1◦. An N−linear connection D on T ∗2M can be uniquely repre-

sented in the adapted basis
(

δa,
·
∂a,

·
∂a

)
in the form

(4.3)





Dδcδb = H
(00)

a
bcδa, Dδc

·
∂b = H

(10)

a
bc

·
∂a, Dδc

·
∂b = − H

(00)
a

b
c

·
∂a,

D ·
∂c

δb = C
(01)

a
bcδa, D ·

∂c

·
∂b = C

(11)

a
bc

·
∂a, D ·

∂c

·
∂b = − C

(21)
a

b
c

·
∂a,

D ·
∂c

δb = C
(02)

a
b
cδa, D ·

∂c

·
∂b = C

(12)

a
b
c
·
∂a, D ·

∂c

·
∂b = − C

(22)
a

bc
·
∂a.

2◦. With respect to the coordinate transformation (1.2), the coefficients

H
(α0)

a
bc,

(
α = 0, 1, 2; H

(20)

a
bc := H

(20)
b
a

c

)
obey the rule of transformation:

(4.4) H̃
(α0)

a
de

∂x̃d

∂xb

∂x̃e

∂xc
=

∂x̃a

∂xe
H

(α0)

e
bc − ∂2x̃a

∂xb∂xc
.

3◦.The system of functions

C
(α1)

a
bc, C

(α2)

a
b
c, (α = 0, 1, 2; C

(21)

a
bc := C

(21)
b
a

c; C
(22)

a
b
c := C

(22)
b
ac )
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are d−tensor fields of type (1, 2) and (2, 1) , respectively.
We have the following theorem of existence of N−linear connection on T ∗2M.

Theorem 4.2 If the manifold M is paracompact and N is a nonlinear connection
on T ∗2M with coefficients Na

b, Nab, then there exists an N−linear connection on
T ∗2M.

Proof. Since M is paracompact, there exists a linear connection on M of local
coefficients, say Γa

bc (x) .Let Na
b (x, y, p) and Nab (x, y, p) be the local coefficients of the

nonlinear connection N. We set H
(00)

a
bc = Γa

bc (x) , H
(10)

a
bc =

·
∂bN

a
c, H

(20)

a
bc =

·
∂aNbc.

Thus, we obtain three set of function which transform, with respect to (1.2), by (4.4).
It result that DΓ (N) given by

(4.5) DΓ (N) =
(

Γa
bc (x) , ∂̇bN

a
c, ∂̇

aN bc, 0, 0, 0, 0, 0, 0
)

,

defines an N−linear connection on T ∗2M.

5 The hα−, v1α− and w2α−covariant derivatives in
the local adapted basis, (α = 0, 1, 2)

The N−linear connection DΓ (N) induces the linear connections on the d−tensors set
of the 2−cotangent bundle

(
T ∗2M,π∗2, M

)
, in a natural way. Thus, starting with a

d−vector field X and a d−tensor field T, locally expressed by

(5.1) X = X(0)aδa + X(1)a
·
∂a + X

(2)
a

·
∂a,

(5.2) T = T a1...ar

b1...bs
(x, y, p) δa1 ⊗ ...⊗

·
∂bs ⊗ dxb1 ⊗ ...⊗ δpar ,

we can define the covariante derivative

(5.3)
DXT =

{
X(0)dT a1...ar

b1...bspαd+

+X(1)dT a1...ar

b1...bs
|αd +X

(2)
dT

a1...ar

b1...bs
|αd

}
δa1 ⊗ ...⊗ δpar ,

where

(5.40)
T a1...ar

b1...bspαd = δdT
a1...ar

b1...bs
+ H

(α0)

a1
cdT

ca2...ar

b1...bs
+ ... + H

(α0)

ar
cdT

a1...c
b1...bs

−
− H

(α0)

c
b1dT

a1...ar

cb2...bs
− ...− H

(α0)

c
bsdT

a1...ar

b1...c ,

(5.41)
T a1...ar

b1...bs
|αd=

·
∂dT

a1...ar

b1...bs
+ C

(α1)

a1
cdT

ca2...ar

b1...bs
+ ... + C

(α1)

ar
cdT

a1...c
b1...bs

−
− C

(α1)

c
b1dT

a1...ar

cb2...bs
− ...− C

(α1)

c
bsdT

a1...ar

b1...c ,
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(5.42)
T a1...ar

b1...bs
|αd=

·
∂dT a1...ar

b1...br
+ C

(α2)
c
a1dT ca2...ar

b1...bs
+ ... + C

(α2)
c
ardT a1...c

b1...bs
−

− C
(α2)

b1
cdT a1...ar

cb2...bs
− ...− C

(α2)
bs

cdT a1...ar

b1...c .

Definition 5.1 The local derivative operators ”pαd”, ” |αd ” and ” |αd ” are called
the hα-,v1α- and w2α- covariant derivatives of DΓ (N) , (α = 0, 1, 2).

Remark 5.1 (i) In the particular case if T is a function f(x, y, p) on T ∗2M, the
preceding covariant derivatives reduce to

(5.5)
fpαd = δdf = ∂df −N c

d

·
∂c,

f |αd=
·
∂df, f |αd=

·
∂df,∀f ∈ F (

T ∗2M
)
.

(ii) Considering the d−tensor T = Y like a d−tensor on T ∗2M,
locally expressed by

(5.6) Y = Y (0)aδa + Y (1)a
·
∂a + Y

(2)
a

·
∂a,

the following expressions of local covariant derivatives of DΓ (N) hold good:

(5.7)

Y (0)apαc = δcY
(0)a + Y (0)b H

(α0)

a
bc, Y

(1)apαc = δcY
(1)a + Y (1)b H

(α0)

a
bc,

Y
(2)

bpαc = δc Y
(2)

b − Y
(2)

a H
(α0)

a
bc,

Y (0)a |αc= ∂̇c Y (0)a + Y (0)b C
(α1)

a
bc, Y

(1)a |αc= ∂̇c Y (1)a + Y (1)b C
(α1)

a
bc,

Y
(2)

b |αc= ∂̇c Y
(2)

b − Y
(2)

a C
(α1)

a
bc,

Y (0)a |αb= ∂̇b Y (0)a + Y (0)c C
(α2)

c
ab, Y (1)a |αb= ∂̇b Y (1)a + Y (1)c C

(α2)
c
ab,

Y
(2)

b |αb= ∂̇b Y
(2)

c − Y
(2)

a C
(α2)

c
ab.

Proposition 5.1 The quantities T a1...ar

b1...bspαd, T a1...ar

b1...bs
|αd, T a1...ar

b1...bs
|αd,

(α = 0, 1, 2) are d−tensor fields on T ∗2M. The firsts six are of type (r, s + 1) , the last
three are of type (r + 1, s) .

6 Metric N−linear connections

Definition 6.1 A metric structure on the manifold T ∗2M is a symmetric covariant
tensor field G of type (0,2) which is non degenerate at each point u ∈ T ∗2M and of
constant signature on T ∗2M. If G is positive definite we say that it defines a Riemann
structure on T ∗2M.

Let us consider a metric structureG on T ∗2M for which the distributions N, V1,W2

are much general then (3.3), namely it have the decomposition:
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(6.1) G (X, Y ) = G
(
XH , Y H

)
+G

(
XV1 , Y V1

)
+G

(
XW2 , Y W2

)
, ∀X, Y ∈ T ∗2M.

With the other words, G decomposes in a sum of three d−tensor fields:

(0) GH of type (0, 2) defined by GH (X,Y ) = G
(
XH , Y H

)
,

(1) GV1 of type (0, 2) defined by GV1 (X, Y ) = G
(
XV1 , Y V1

)
,

(2) GW2 of type (0, 2) defined by GW2 (X,Y ) = G
(
XW2 , Y W2

)
.

Locally, these d−tensor fields can be written as

(6.2)





GH = g
(0)

abdxa ⊗ dxb, GV1 = g
(1)

abδy
a ⊗ δyb,

GW2 = g
(2)

abδpa ⊗ δpb,

where

(6.2′) g
(0)

ab = G (δa, δb) , g
(1)

ab = G
(
∂̇a, ∂̇b

)
, g

(2)

ab = G
(
∂̇a, ∂̇b

)
,

(6.3) rank ‖ g
(α)

ab ‖= n, (α = 0, 1, 2) , ‖ g
(2)

ab ‖=‖ g
(2)

ab ‖−1 .

Thus the decomposition (6.1) looks locally as following:

(6.4) G = g
(0)

abdxa ⊗ dxb + g
(1)

abδy
a ⊗ δyb + g

(2)

abδpa ⊗ δpb.

Definition 6.2 An N−linear connection D on T ∗2M endowed with a metric
structure G is said to be a metric N−linear connection if DXG = 0 for every X ∈
T ∗2M.

Let G be a metric structure on T ∗2M given by (6.4)
We have
Proposition 6.2 An N−linear connection on T ∗2M is a metric N−linear con-

nection with respect to G given by (6.4) if and only if

(6.5) g
(α)

abpαc = 0, g
(α)

ab |αc= 0, g
(α)

ab |αc= 0,

where ‖ g
(α)

ab ‖=‖ g
(α)

ab ‖−1, (α = 0, 1, 2) .

Remark 6.1 The conditions (6.5) are equivalent with the conditions

(6.5′) g
(α)

ab
pαc = 0, g

(α)

ab |αc= 0, g
(α)

ab |αc= 0, (α = 0, 1, 2) .

We shall now discuss the existence of metric N−linear connection on T ∗2M.
By a straightforward calculus we get



Linear connections on the cotangent bundle of order two 19

Theorem 6.1 If the manifold T ∗M is endowed with the metric structure G given
by (6.4), then there exists on T ∗2M a metric N−linear connection, depending only
on G. Its local coefficients:

DΓ (N) :=
(

H
(00)

a
bc, H

(10)

a
bc, H

(20)
a

b
c, C

(01)

a
bc, C

(11)

a
bc, C

(21)
a

b
c, C

(02)

a
b
c, C

(12)

a
b
c, C

(22)
a

bc

)
,

are as follows

(6.6)

c

H
(00)

a
bc =

1
2

g
(0)

ad

(
δc g

(0)
bd + δb g

(0)
dc − δd g

(0)
bc

)
,

c

H
(10)

a
bc = B

(11)

a
cb +

1
2

g
(1)

ad

(
δc g

(1)
bd − B

(11)

f
cb g

(1)
fd − B

(11)

f
cd g

(1)
bf

)
,

c

H
(20)

a
bc = − B

(22)

a
bc +

1
2

g
(2)

ad

(
δc g

(2)
bd + B

(22)

f
bc g

(2)
fd + B

(22)

f
dc g

(2)
bf

)
,

c

C
(01)

a
bc =

1
2

g
(0)

ad∂̇c g
(0)

bd,

c

C
(11)

a
bc =

1
2

g
(1)

ad

(
∂̇c g

(1)
bd + ∂̇b g

(1)
dc − ∂̇d g

(1)
bc

)
,

c

C
(21)

a
bc =

1
2

g
(2)

ad∂̇c g
(2)

bd,

c

C
(02)

a
bc = −1

2
g
(0)

ad∂̇c g
(0)

bd,

c

C
(12)

a
bc = −1

2
g
(1)

ad∂̇
c g
(1)

bd,

c

C
(22)

a
bc = −1

2
g
(2)

ad

(
∂̇c g

(2)

bd + ∂̇b g
(2)

dc − ∂̇d g
(2)

bc

)
.

Definition 6.3 The metric N−linear connection given by (6.6) will be called the
canonical N−linear connection associated with G.

Let

D
∗
Γ (N) =

( ∗
H
(00)

a
bc,

∗
H
(10)

a
bc,

∗
H
(20)

a
bc,

∗
C

(01)

a
bc,

∗
C

(11)

a
bc,

∗
C

(21)

a
bc,

∗
C

(02)
a

bc,
∗
C

(12)
a

bc,
∗
C

(22)
a

bc

)

be an N−linear connection on T ∗2M which is endowed with a metric structure G.

If we denote by
∗
pαc,

∗
|αc,

∗
| αc the hα−,v1α− and w2α− covariant derivations with

respect to D
∗
Γ (N) , then by a direct calculation one checks that the N−linear con-
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nection whose local coefficients are given by

(6.7)

H
(α0)

a
bc =

∗
H

(α0)

a
bc +

1
2

g
(α)

ad g
(α)db

∗
pαc

,

C
(α1)

a
bc =

∗
C

(α1)

a
bc +

1
2

g
(α)

ad g
(α)

db

∗
|αc,

C
(α2)

a
bc =

∗
C

(α2)
a

bc − 1
2

g
(α)

ad g
(α)

db
∗
| αc.

is a metrical N−linear connection .
This method of metrisation of an N−linear connection is called the Kawaguchi

metrisation process, [1], [11].
Let us associate to G the following operators of Obata type:

(6.8)
α

O
1

cd
ab =

1
2

(
δc
aδd

b − g
(α)

ab g
(α)

cd

)
,

α

O
2

cd
ab =

1
2

(
δc
aδd

b + g
(α)

ab g
(α)

cd

)
,

(α = 0, 1, 2) .

Theorem 6.2 The set of all metric N−linear connections with respect to G on
the manifold T ∗2M is given by

(6.9)

H
(α0)

a
bc =

c

H
(α0)

a
bc +

α

O
1

fa
bd

α

Xd
fc,

C
(α1)

a
bc =

c

C
(α1)

a
bc +

α

O
1

fa
bd

α

Y d
fc,

C
(α2)

a
bc =

c

C
(α2)

a
bc +

α

O
1

bd
fa

α

Zd
fc,

(α = 0, 1, 2) ,

where
(

c

H
(α0)

a
bc,

c

C
(α1)

a
bc,

c

C
(α2)

a
bc

)
is the canonical N−linear connection (6.6),

α

Xa
bc,

α

Y a
bc

are arbitrary d−tensor fields of type (1, 2) and
α

Za
bc are arbitrary d−tensor fields of

type (2, 1).
For demonstration we can see V. Cruceanu, R. Miron [7], V. Oproiu [12], [13].

7 N−linear connections of Miron type on T ∗2M

An important particular case of N−linear connection on T ∗2M is given by following
definition.

Definition 7.1 An N−linear connection D on T ∗2M is called MN-linear con-
nection (N−linear connection of Miron type) if:

1◦. The 1−tangent structure J is absolute parallel with respect to D.

2◦. The presymplectic structure θ is absolute parallel with respect to D.

By straightforward calcul we get
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Theorem 7.1 An MN−linear connection on T ∗2M is characterized by the coef-
ficients MDΓ (N) given by (4.2) where

(7.1)

H
(00)

a
bc = H

(10)

a
bc = H

(20)

a
bc =: Ha

bc,

C
(01)

a
bc = C

(11)

a
bc = C

(21)

a
bc =: Ca

bc,

C
(02)

a
b
c = C

(12)

a
b
c = C

(22)

a
b
c =: Ca

b
c.

Also, we obtain

Proposition 7.1 For any MN−linear connection MDΓ (N) = (Ha
bc, C

a
bc,

Ca
bc) we have

(7.2) DXF = 0, ∀X ∈ χ
(
T ∗2M

)
.

Remark 7.1 1◦.We have {MDΓ (N)} ⊂ {DΓ (N)} .
2◦.For any MN−linear connection, the hα−, v1α− and w2α−co-

variant derivatives, (α = 0, 1, 2) , one reduce to h−, v1− and w2− covariant deriv-
atives. Also “ pαc ”, (α = 0, 1, 2) one reduce to “ pc ” only, “ |αc ”, (α = 0, 1, 2) one
reduce to “ |c ” and “ |αc ”, (α = 0, 1, 2) one reduce to “ |c ”, (c = 1, ..., n) , respec-
tively.

Whole these correspond of Acad. R. Miron theory on the Hamilton spaces of
higher order recently achieved (see R.Miron [9], [10]).

From this pharagraf we clearly see how the results of this paper generalize the
works remarked before. To work with nine coefficients for a linear connection on
T ∗2M (replaced three) is an advantage in the physical applications, because, the
torsion, the curvature, remarkable identities, etc., are much more substantial (see
[6]).
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2005 (to appear).



22 Gheorghe Atanasiu and Mirela Târnoveanu
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