The connections of 3-types in fiberings over centred
Grasmmann manifolds
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Abstract. The centred Grassman manifold (a family of planes, passing
through one point) is considered in the projective space. The principal
fiber bundle which arises has as typical fiber the stationarity subgroup of
a centred plane. A fundamental-group connection is given in this fiber-
ing. The curvature object of the connection is introduced. It is shown,
that this object is a tensor containing certain subtensors. It is proved,
that Bortolotti’s equipment [3] of the centred Grassman manifold induces
connections of 3-types in associated fibering. The conditions of their co-
incidence and their interdependence are obtained.
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Let P, be the n—dimensional real projective space referred to the mobile frame
{A,Ar} (I, J,K,...=1,n), with infinitesimal displacements defined by:

dA = 0A + W' A, dA; = A +wi Ay + wiA. (1)
The forms w, w§,w1 satisfy the structural equations of the projective group GP(n):
Duw! = w! AWl Dwl = o AWk + 5lwg A Fwi AWl Dwr =w! Awy. (2)

In the projective space P, we shall consider the centred Grassman manifold V* =
Gr*(m,n), i.e. the family of all m—dimensional planes L,,, passing through a fixed
point. We specialize a mobile frame {A, A,, Ao} (a,b,c,... = 1,m; o,B,7,... =
m + 1,n), putting the top A in the given point, and tops A, — on the centred plane
L¥, = [A, A,]. While fixing a point A, we obtain the identity w! = 0. From (1) follows,
that the equations w = 0 are conditions of stationarity of the plane L}, i.e. the forms
wg are main, and for the centred Grassman manifold — basic (dim V* = m(n —m)).
From (2) it follows that these satisfy the structural equations

Dw? = wy A (88w — d5w?h). (3)
The exterior differentials of the fibre forms look as follows:

Duwy = wi Awf +wif Awl, Dw§ = wl Aws +wh Awl, Dwl = wh Awp +wh Awg; (4)
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Duwy = Wb Awp + W2 AW, Dwe = w2 Awg +w? Awpg.

A principal fiber bundle G(V*) is constructed over the manifold V* whose fiber is
the subgroup G of stationary centred planes L, € V*. The fibering G(V*) contains
the affine factor fibering H(V*) with the structural equations (3), (4). In the prin-
cipal fiber bundle G(V*) we shall set the fundamental-group connection by means of
Laptev’s method [4]. We shall consider the transformation of secondary forms with
the help of the basic forms of the manifold V*:

~a _ .a _ Tac, .o ~o oo aa, Y a ab
wy = wy — pawe,wg =wg —I'glw), 0wy =wg =T ﬁwb,
~ b a -~ a
Wq =wq — g wp',Wa = wo — Faﬁwg.

A connection in the principal fiber bundle is given with the help of a field of connection
object I on base V* whose components should satisfy the equations:

b
AT} + Spwy = Tposw e,AF —0Jwh =Tg7 Wy,
AFZ Fcﬁw + Faﬂw Fg’ng; AT 4T we + 6bw, = Fgaﬁwc, (5)
AT 5 + Fa“ﬁwb — I‘Zﬁwg + I‘ngw7 = a,@ng7

where the operator A acts in usual manner (see, e.g., [1]).
The structural equations of the connection forms are

Dof = 0§ N + RELwS Awly, DO = Y+ RS WY AW,

D&% = % Ao} —I—wﬁ/\wﬁ—i-RZbﬁcvwb Aw),Dig = &b /\wb—i—Raaﬁwb A WP,

D&y, = @3 /\wa+w /\w;;—l—R w /\wb,

aBy

where the components of the curvature object R of the group connection I' are ex-
pressed by the formulas:

Rigs = T3[a5] - TolaTes) RES = T515] — TRLTo),
Rals, = Talbe] + TelsTes] - T,
Ryts = Talos) — Talalés),

Raﬁ'y [gv} - Fg[grgv] —TIe [%Ffw}'

They satisfy the following relations on the module of basic forms w§

ARgSE =0, ARG, = 0, AR, — REFwE, + RA wft =0,

Byw — afy apy%u
b
AR5+ Ribswe = 0, AR + RAG w, + RGE we — REG wE, = 0.

Theorem 1. The object of curvature R is a tensor, containing 2 elementary

subtensors ([5]): Rgg;%, Rg,‘;z.

The Bortolotti’s equipment of the centred Grassman manifold V* is set. It consists
of addition to each centred plane L, of an (n — m — 1)-dimensional plane P,,_,,_1,
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which has no common points with the plane L, . The equipping of the plane P, _,,_;
is defined by the sum total of points B, = A, + A%A, + Ao A. The conditions of
stationarity of the equipping plane P,_,,_1 are:

AN + Wi —)\aﬁwb,A)\ + Aowe + wa —)\aﬁw (6)

Theorem 2. The Bortolotti’s equipment setting by a field of quasitensor A =
A2 A} on the manifold V*, induces the 1-st type connection
«

0 o1
F { bou B'yvrga’ gzbﬁa B}
in the fibering G(V*).
The first encompassing of the components of the connection object by the com-

ponents of equipping quasitensor is made with the help of the hypotheses and looks
as follows:

0 0
o= gL, TG0= —09XG, T = 6o Aa, (7)
01 b 01
Tol= —AGAL T 5= —A%As. (8)

With the help of the object of the group connection I', we shall define the concept
of covariant differential and of covariant derivative of the quasitensor A regarding to
this connection. By defining the connection forms @ in (6), we obtain the covariant
differentials of the components of the object A

VAL = dX2 + A0 of — N3@8 + @8, VA = dAa + A2@q — Ag@ + @q (9)
and the covariant derivatives

b b b b b
VBAZ == Agﬁ - Agrgﬂ + Azrzﬁ Otﬁ’ Vﬁ)\ )\géﬁ - )\argﬁ + A’yrg% - gﬁ (10)

Theorem 3. The covariant derivatives (10) of the equipping quasitensor A in the
group connection I' are tensors, containing subtensors.

Proof. We examine the components of the covariant derivatives, which have the
form:
AVHAL =0, AVEA, + Vi w, = 0.

With the help of the structural equations, we shall find the exterior differentials from
the covariant differentials (9) of the components of equipping quasitensor A

DVAL = VAL AGf — VASAGE + T2 w) Au),

DV/\O,—V/\“/\wa—Vx\g/\w + T

ozﬁ'y a /\(.L)b,

where

Tag?y Rabc + )\iRgg?Y _ )\aRubc T o R

nab
o aBy utlapys +)\0Rcﬁ'y )\ R

aBy aBy*

Thus, the exterior differentiation of the covariant differential contains an object of
relative motion ([6]) whose components are combinations of the components of cur-
vature tensor of the group connection having as coefficients the components of the



32 O. O. Belova

equipping quasitensor. The given object T' = {T “gﬂy, g,g’v} is a tensor, including the

subtensor Tg‘:bc77 with the following differential relations on the components:
b b o
ATSs, =0, AT + Togwe = 0.
The condition of vanishing of the covariant derivatives (10) of the components of
equipping quasitensor \ is invariant (see Theorem 3). Setting them to zero, we shall
find the expressions of the components I'ag ‘&% of the connection object I" through
the components I'yS, I'GY, '’ . We get a bunch of connections of 2-nd type. Taking

ba
into account the encompassing (7), we have

02
o= Aag — wxﬁ,raﬁ_ ALl — 2038 (11)

Theorem 4. The Bortolotti’s equipment of the centred Grassman manifold V*
induces a setof connections of 2-nd type in the associated fibering G(V*) from which
a unique connection of 2-nd type is infered

02
b b
F { ba?Fﬁ'y?Faaﬂ gzﬁ? ,8}

We further construct the third encompassing of the components of connection object
I". We shall take into account the continued differential relations of the components
of equipping quasitensor A, the differential equations (5) which are satisfied by the
components of connection object I', and the encompassing (7). Then the following
formulas hold true

03 03

aﬁ_ )‘a,6’7 Z,@: _)‘Zﬁ' (12)

Theorem 5. Bortolotti’s equipment induces a connection of the third type

L
F { bavrﬁ'yaraav Zﬁ? ﬁ}

A condition of coincidence of the three constructed encompassings is the equality

a\b a __ \a
)\alg == )\ﬁ)\O”)\aﬂ = )\a)\ﬁ

Theorem 6. The connection of the 1-st type is the average ([5]) of the connections
01 02 03
of 2-nd and 3—d types, i.e. T = 1(1" +1).
Proof.  Straightforward, using the formulas (8), (11), (12), which express the
connection components.

Remark. The similar theorem is proved in [2] for the noncentred Grassman
manifold.
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