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Abstract. In [4], Y.-C Wong conjectured that the covariant derivative
of the recurrence covector field of an affinely connected recurrent space
A, with a torsion-free connection will be symmetric if and only if the
Ricci tensor of A, is symmetric. In [6], it is proved that for a Recurrent
Weyl space with a non-vanishing scalar curvature the covariant derivative
of the recurrence vector field is symmetric if and only if the Weyl mani-
fold is locally Riemannian. In [7], De and Guha introduced Generalized
Recurrent Riemannian manifolds and in [8], Singh and Khan studied the
nature of the recurrence vectors appearing in the definition of the Gener-
alized recurrent Riemannian manifold. In the present work, Generalized
Recurrent Weyl manifolds are defined and proved that for a Generalized
Recurrent Weyl manifold with a non-vanishing constant scalar curvature
the covariant derivatives of the recurrence vector fields are both symmetric
if and only if the Weyl manifold is locally Riemannian. Moreover, some
results about hypersurfaces of Generalized Recurrent Weyl manifolds are
obtained.

M.S.C. 2000: 53B15, 53B25.
Key words: Weyl spaces, recurrent Weyl spaces, generalized recurrent Weyl spaces.

1 Introduction

Let A, be an n-dimensional affinely connected space with torsion-free connection V
whose curvature tensor R is recurrent, i.e. there exists some non-zero 1-form ¢ such
that VR = ¢ ® R.

In [1], Walker proved that for a Riemannian connection with VR = ¢ ® R and
¢ Z£ 0, the tensor V¢ is symmetric.

For a sub-flat or projectively flat without torsion, Wong [2] and Wong and Yano
[3] have shown that if VR = ¢® R, ¢ £ 0, the tensor V¢ will be symmetric if and only
if the Ricci tensor is symmetric. Later, in reference [14] of his paper [4], Wong proved
that for a 2-dimensional linear connection without torsion and with VR = ¢ ® R
¢ # 0, V¢ is symmetric iff the Ricci tensor is symmetric. Following these results

Differential Geometry - Dynamical Systems, Vol.8, 2006, pp. 34-42.
(© Balkan Society of Geometers, Geometry Balkan Press 2006.



On generalized recurrent Weyl spaces 35

Wong proposed the following conjecture: For every linear connection with torsion
zero and with VR = ¢ @ R (¢ £ 0), the tensor V¢ is symmetric iff the Ricci tensor
is (everywhere) symmetric. In his paper [5], Pandey gave an affirmative answer to
Wong’ s conjecture under the additional assumption that the curvature tensor is
locally decomposable in the form R?j =X thJk where R,hj . are the components of R
and X! and Y;) are the components of the any non-zero tensors.

In [6], Canfes and Ozdeger proved that the Wong’ s conjecture is not true for a
Weyl space unless it is locally Riemannian.

In [7], De and Guha introduced a type of non-flat Riemannian space whose cur-
vature tensor R of type (1,3) satisfies the condition

(VuR)(X,Y, Z) = A(U)R(X,Y, Z) + B(U)(9(Y, 2)X — g(X, 2)Y)

where A and B (B # 0) are two 1-forms. In [8], Singh and Khan have shown that in
a generalized recurrent Riemannian space of non-zero constant scalar curvature the
the covariant derivative of the 1-form A is symmetric if and only if the the covariant
derivative of the 1-form B is symmetric.

In the present work, as a generalizaion of the above mentioned results the general-
ized recurrent Weyl manifolds are defined and proved that for a generalized recurrent
Weyl manifold with a non-vanishing constant scalar curvature the covariant deriv-
atives of the recurrence vector fields are both symmetric if and only if the Weyl
manifold is locally Riemannian.

2 Generalized Recurrent Weyl Spaces

As it is well-known, an n-dimensional differentiable manifold with torsion-free (sym-
metric) connection V and a conformal metric tensor ¢ satisfying the compability
condition

(2.1) Vg=2T®g
for some non-zero 1-form T is called a Weyl manifold which will denoted by W,,(g,T)

[9].
Under the renormalization
(2.2) g=Ng,

the vector field T is transformed into, by [9],
(2.3) T=T+dn\

This transformation is called a gauge transformation. If the vector field T is locally
zero or locally gradient, then W,, is locally Riemannian.

The quantity A is called a satellite of weight p of the tensor g;; if it admits a
transformation of the form A = AP A under the renormalization (2.2),[9].

The prolonged covariant derivative of a satellite A of g of weight p is defined by

(2.4) VA=VA-pTaA).

It is easy to see that prolonged covariant derivative preserves weight.
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Let R(X,Y)Z = VxVyZ — VyVxZ — Vix,y]Z denote the curvature tensor
associated with the connection V.
The first and the second Bianchi identities for Weyl spaces are, by [6],

(2.5) R(X,Y)Z+R(Y,Z)X + R(Z, X)Y =0,

(2.6) (VxR)(Y,Z) + (VyR)(Z,X) + (VzR)(X,Y) = 0.

A non-flat Weyl space is called recurrent, by [6], if its curvature tensor R satisfies

and it is denoted by (RW),,, where ¢ is a nonzero 1-form of weight zero and R(X,Y, Z)
is the curvature tensor of type (1,3).

A non-flat Weyl space is called generalized recurrent whose curvature tensor
R satisfies the condition

(2.8)  (VuR)(X,Y,Z) = A(U)R(X,Y,Z) + B(U)(g(Y,Z)X — g(X,Z)Y)

where R is the curvature tensor of (1,3), A and B are two 1-forms of weights 0 and
-2, respectively.

Such a space is denoted by (GRW),,. It is easy to see that if the 1-form B is zero,
then (GRW),, is (RW),,.

Contracting (2.8) with respect to X we get

(2.9) (VyRic)(Y, Z) = A(U)Ric(Y, Z) + (n — 1) B(U)g(Y, Z).

Here Ric is the Ricci tensor of type (0,2).

Since the prolonged covariant derivative will be use throughout the paper it will
be convenient to use expressions in the local coordinates.

By writing (2.9) in local coordinates, we have

(2.10) leij = AlRij + (n — 1>Blgij

Changing the order of ¢ and j in (2.10) and subtracting the equation so obtained
from (2.10), we get '
(2.11) ViRjij) = AiRjij)

where bracket denotes antisymmetrization.

In fact, this is the relationship between recurrence vector A and complementary
vector T'.

Similary, changing the order of ¢ and j in (2.10) and adding the equation so
obtained to (2.10), we get

(2.12) le(ij) = AlR(ij) + (n — 1>Blgij
where paranthesis in R(;;) denotes symmetrization.

Theorem 2.1 In a generalized recurrent Weyl space, with non-zero constant scalar
curvature r, the recurrence vector B is locally a gradient if and only if the vector A—2T
is locally a gradient.
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Proof:
Contracting (2.12) with g% we get

(2.13) Vir = A +n(n —1)B,

where r is the scalar curvature of weight -2.
Therefore by using (2.4) , we get

(2.14) Vir+2Tir =rA; +n(n—1)B;.

If r is a constant and different from zero, then we have

(2.15) 2Tyr = Air + n(n — 1)B.

Taking covariant derivative of (2.15) with respect to k, we get
(2.16) 2rVi Ty + 21 Ver = Vi A+ AVgr +n(n — 1)V By
Since r is a constant and different from zero, then we have
(2.17) (=2ViT, + Vi Ar + n(n — 1)V B; = 0.
Changing the order of the indices k and ! in (2.17) we get
(2.18) (=2V Ty, + Vi Ap)r + n(n — 1)V, B, =0,
and subtracting (2.18) from (2.17), we obtain

(2.19) r(VixCy) +n(n — 1)V By = 0.

where C; = A; — 2T;. Since r # 0, C] is locally a gradient if and only if B, is locally
a gradient 0.

The above theorem may be stated in a different manner as follows:

For a Generalized Recurrent Weyl manifold with a non-vanishing constant scalar
curvature the tensor VB is symmetric if and only if V(A — 2T) is symmetric.

Therefore we have,

Corollary 2.1 A Generalized Recurrent Weyl manifold with a mon-vanis-hing
constant scalar curvature is locally Riemannian if and only if the covariant deriv-
atives of the recurrence vector fields are both symmetric.

In addition, for a (GRW),, with a non-constant scalar curvature, we can state,

Theorem 2.2 In a generalized recurrent Weyl space, with non-constant scalar
curvature r, if the tensors VC and VB are are both symmetric (equivalently B and
C' are both locally gradient), then C and B are collinear, where C = A — 2T.

Proof:
Suppose r is not constant, from (2.14) we get

(2.20) ViVir+2rVi T, + 21)Vr = rVi A + Vir4, + n(n — 1)VkBl.
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Interchanging the indices k and [ in (2.20) and subtracting the equation so obtained
from (2.20), we get

(2.21) (V[kC’l])r +n(n— l)C[lvr]T + V[kBl] +n(n—1)(BrC; — BiCx) =0

where C; = A; — 2T1;.
(From (2.21), it follows that

(2.22) (V[kcl])T +n(n— 1)V[kBl] + n(n —1)(BrC; — BiC) =0

which completes the proof O.

If, in particular, the complementary vector field T is locally gradient or zero, i.e.
W, is locally Riemannian, then we obtain the corresponding results in [8].

If B =0 the Weyl space under consideration becomes a recurrent Weyl space.

In [6], it is proved that the Ricci tensor of (RW),, can not be symmetric unless the
space is locally Riemannian. Consequently, we obtain the following result concerning
the Wong’s conjecture [4]:

The Wong’ s conjecture is not true for any recurrent Weyl manifold with a non-
vanishing scalar curvature, unless it is locally Riemannian.

3 Generalized Projectively Recurrent Weyl Spaces

A Weyl space W,, is called generalized projectively recurrent if its projective
curvature tensor W of type (1,3) satisfies the condition

(3.1)  (VuW)(X,Y,Z) = AU)W(X,Y,Z)+ BU)(g(Y,Z)X — g(X, 2)Y)

where A and B are two 1-forms of weights 0 and -2, respectively.
The projective curvature tensor is given by [10], in local coordinates,

(3.2) [ (61 (nRji + Rij) — 6; (nR;x + Ry;)]

i 2 7
+ Rjkl + T n 15jR[kl]

It is well-known that the projective curvature tensor satisfies the following identities.

(3.3) Wi + Wiy, =0
(3-5) iikl = me =0
o (n—2) [ . 1 . .
(3.6)  ViWj, = n-1) ViR — Vi Rj + m(ka[m — ViRyy)

Theorem 3.1 A Weyl manifold which is either generalized projectively recurrent
or recurrent is projectively recurrent.
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Proof:

Suppose W, is generalized projectively recurrent, then expressing (3.1) in local
coordinates we have _ 4 _ _
(37) vTW_;k)l = A’I‘W;kl + BTG;kl

where G;kl = 0igjr, — 65gj1. Contracting the indices ¢ and [ in (3.7), we get

(3.8) Verki = Aerm + BTG;'ki'
Since W;m = 0, then we have
(3.9) (n—1)Brgjr =0

therefore (3.9) implies that B, = 0. So from (3.8) we get
(310) VTW;M == ATWj?kl

Now suppose that W, is recurrent with recurrence vector ¢, , then by taking prolonged
covariant derivative of (3.2) we have

(311) VWi, = ﬁ{é}; (WTRWWRU) 5 (anRjk-‘rerkj)}

s . 2
+ erjkl‘erm(SjR[kl]

And using (2.7), we obtain _ 4 ,
(3.12) VWi = Wiy

4  Hypersurfaces of Generalized Recurrent Weyl
Spaces

Let W, (gi;, Tk) be a hypersurface, with coordinates u’(i = 1,2, ---,n) of a Weyl space
Wit1(gap, Te) with coordinates *(a = 1,2,---,n+1). The metrics of W,, and W,, 41
are connected by the relations

(4.1) 9ij = gaxial  (i,7=1,2,---.n;ab=12-- n+1)

where 2¢ denotes the covariant derivative of x% with respect to u.
It is easy to see that the prolonged covariant derivative of a satellite A, relative
to Wy, and W, 41, are related by

(4.2) Vid=2(V.A (k=1,2,---,n; c=1,2,---,n+1)

Let n® be the contravariant components of the vector field of W,, ;1 normal to W,
which is normalized by the condition

(4.3) gapn®n® = 1.
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The moving frame {z%,n,} in W, reciprocal to the moving frame {x¢ n®} is
defined by the relations

(4.4) nexd =0 nl =0 2%l =4,

Since the weight of z¢ is {0}, the prolonged covariant derivative of ¢ with respect
to u* is found as
(4.5) ka;l = V5ix% = wypn®
where w;y, is the second fundamental form.

The generalized Gauss and Mainardi-Codazzi equations are obtained in [6], re-
spectively as

(46) Rpijk = Qpijk + Edbcemgl’?ﬂfgfﬂz
(4.7) kaij - ijik + Edbcel‘?:r?xznd =0,

where Rgpee is the covariant curvature tensor of Wit and Qypijr = wpjWik — WpkWij-

Let W,, be a hypersurface of a Generalized Recurrent Weyl space W, with
recurrence vectors A, and B, which are not orthogonal to the hypersurface W,,. If
we denote the tangential components of A, and By, respectively, by Ay and By, then
we have

(48) Ak = l'gAa, Bk = (EZBG.
and o o
(4.9) VeRyeq = AeRpeq + BeGieg

where Gi,; = 059vc — 05 gpa- By taking prolonged covariant derivative of Gauss equa-
tion with respect to u”, we get

- - ~ (D a b .c .d
(4.10) Vi Rijgn = V?‘Qijkh + Vr(Rabch?i acjxkxh).
Furthermore,
: : > 5 bc..d - bc,.d
erijkh:vrQijkh + (veRabcd):E?Ijxixhxi+Rabcdxszxhwirna
- d b, P b,.d
+  RapedxiTixpwirn —i—Rabcdm?xjmhwkrnc
+  Rapeatatafwnrn
Since W, 41 is Generalized recurrent, from (2.8), we have
- - §5) a b, .c. .d_ e a b, .c .d_ e
ViRijkn = ViQijin +AcRapea; T TLT T, + B.Gaped; TR T,
5} b .c..d a D a_.c .d b
+ Rabcda:jxkxhwirn + Raped®i xixpwirn
- b,.d - b d
+ Rabed®] TjTpwern” + Raped i T TpWhen

where Guped = Gadgbe — Jacgbd- Using (4.1), (4.8) and the Gauss equation , we have
where Gijxn = gingjk — JikJjh-

. . _ b e d
(4.11a)V, Rijin — Ar Rijkn—BrGijkn = Vi Qijin —ArQijen+ Rabed T T T hwirn®
+ Rabcdxfximiwjrnb —|—Rabcdx$x§’-mﬁwk,.nc

%) a,b,.c d
+  Raped®; T;Tpwhrn
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Theorem 4.1 A hypersurface of a Generalized Recurrent Weyl space satisfies the
relation

ArRijen + AnRijrk + AxRijhr = ArQijin + AnQijrr + ArQijnr
+ B,Gijkn + BhGijri + BiGijnr.

where Gy, is the Sylvestrian of g;;.
Proof:

If we change the indices k, h, r cyclically in (4.11a), we obtain two more equations.
Namely

(4.11b) Vi Rijnr— AxRijnr—BrGijnr = ViQijnr — AxQijnr + Rapearlataiwn®
J
5} 35} b,.d
+ Rapeaziataiwin® +Rabed®] TTpwhrn

5} a b, .c d
+ RabedT5 T;T,wipn

(4.11¢) Vi Rijrk — AnRijri— BhGijrk = VaQijrk — AnQijrk +Eabcd$g$2$f¢dikna
+ Eabcdx?mszwjknb—&—Eabcda@?m;’»xfu}hknc
+ Eabcdaz?m?wf;wrknd
adding (4.11a), (4.11b), (4.11c) and using second Bianchi identity we finally get

Ay Rijkn + AnRijri + AgRijhr = ArQijin + AnQijri + ApQijnr
+ B, Gijkn + BnGijrk, + BrGijnr-

Moreover, from second Bianchi identity we conclude,

Corollary 4.1 If a hypersurface of Generalized Recurrent Weyl space is general-
ized recurrent with recurrence vectors A, and B,., then we have

ArQijin + AnQijrr + ApQijnr = 0.

Definition 4.1 A Hypersurface of a Weyl space is called totally geodesic if w;; =
0.

By (4.11a), we can easily deduce that,

Theorem 4.2 If a hypersurface of a Generalized Recurrent Weyl space is totally
geodesic, then the hypersurface is Generalized Recurrent Weyl with recurrence vectors
A, and B,.

I°. f B, =0, we get the results obtained in [6].
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