Myller configurations in Finsler spaces.

Applications to the study of torse forming vector fields

Oana Constantinescu

Abstract. In this article we define the Myller configurations in Finsler
spaces and the new notion of torse forming vector fields in the sense of
Myller in a Myller configuration, with respect to the Cartan Finsler con-
nection. We apply the results to study vector fields tangent to a given
Finsler submanifold, which are torse forming vector fields with respect to
the induced Finsler connection.
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1 Preliminaries and notations

All the geometric objects used in this material are of class C*°.

Let M be a real, differentiable manifold of dimension n, (T'M, 7, M) the tangent
bundle. We denote by (m , 7, M) the vector bundle of non vanishing vectors, tan-
gent to M, where @ = m/5,. Let (ﬂ*TM,ﬂ'*,m) be the pull-back bundle of the

tangent bundle by 7, and I'(n*T' M) its F (fM )- module of sections. In this material
the sections of the pull-back bundle will be called 7- vector fields [9]. We consider
local system of coordinates on M, T'M and 7*T'M, denoted like usual by (xi)ieﬁ,
(#',9") ;1 and respectively (Z');c15:-

Any local section of the tangent bundle determines a local section of the pull
back bundle: for any X € x(U), let X € T(77Y(U),7*TM) be defined by: X(z) =
(%, X(7(2))), VZ € #~Y(U). X is the lift of the vector field X on M to a local section
of ™TM and is called a 7 - vector field. Particularly, {52}
I'(#Y(U), ™ TM).

We suppose that F™ = (M, F(x,y)) is a Finsler space:[1] It means a pair F" =
(M, F(x,y)), where F' : TM — R is a scalar function such that: 1) F(z,y) is dif-
ferentiable on TM and continuous on the null section; 2) F(z,y) > 0 on TM ; 3) F
is positively homogeneous of order 1 on the fibers of the tangent bundle: F(z, \y) =

AF(z,y), VA > 0. 4)the distinguished tensor field g;;(z,y) = %%(%y) is posi-

icTm 18 a local basis in

tively defined = rank[g;;(x,y)] =n on TM .
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The fundamental tensor g¢;;(z,y) determines a Riemannian natural metric on
™TM: g = ¢;;dT" ® d7’ € T(@%*7*T*M), where {dz'} is the basis in 7*T*M,
dual to {g} In this paper w’ill work with the Cartan Finsler connection on
F™. We also use the next morphism of vector bundle: p : T(m ) — mTM,
p(X) = (ﬂm(j(), dit(X)), that induces a morphism between the f(m)— mod-
ules of sections, denoted also by p and called the lift of a vector field on TM to a #-
vector field.

2 Myller configurations ./\/l(é , &, T™) and torse form-
ing vector fields in the sense of Myller

In this section we generalize the notion of Myller configuration from Riemann spaces
[6] to Finsler spaces. The first generalisations to Finsler spaces are made by Khu
Quoc Anh [5]. Here, we introduce in a new way the Myller configurations in a Finsler
space. For a more detailed study of Myller configurations in Finsler spaces please
consult [3].

Let C be a regular curve on m, differentiable of class C°°, locally given by
xt = 2%(s), y' = y'(s), with s the arc - length parameter of the projection C' = 7 o C.
We also consider a regular distribution of class C*° and dimension m, 1 <m < n—1,
restricted to C:

(2.1) T C(s) = T™(C(s)) C mi TM

and (C, &) a 7- versor field from the given distribution:

£1(C(s) e T™(C(s)), Vs e,

B 9 o o
(2.2) =855, 9&,&)= 96161 = 1.

So, we obtain the triplet M(C’, &, T™) and we call it a Myller configuration in the
Finsler space F™ .

The case m = n — 1 is treated in [4].
Let FC = (HT M, V) be the Cartan Finsler connection of F™ and % the operator
of covariant differentiation along C. ~

For any s € I, we consider the orthogonal complement (with respect to g(C(s))) of
the linear subspace T™(C'(s)) in ﬂg(s)TM , and we denote it by T?(C(s)), p =n—m.

We decompose Vdg;l (C(s)) in T™(C(s))@T?(C(s)), putting in evidence the lengths

and the versors of the sections:
(2.3) %(C’(S)) = G1(C(9)72(C(5)) + N11(C(s))n (C (), s € 1,

(
G1>20form >3 and N;; >0 forp > 2.
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We remark that 72, 7; have geometric character and Gy, N1y are invariants. If Gy # 0,
we decompose VTZ?(Q(S)) with respect to &1 (C(s)), ﬁQEC(S)) and to their orthogonal
complement in 7™ (C(s)), also with respect to n1(C(s)) and its orthogonal com-
plement in TP(C(s)). Using the fact that &1, 179,71 are orthogonal unitary sections
and that the Cartan connection is metrical with respect to g, we obtain the unique
decomposition:
Vi _
(24) dZZ = —G1& + Gans + Narfig + Nagnig
G2>20(m=>4), Nip 20(p=3),
(€1,72,73) an orthogonal triplet in 7™ and (721, 72) an orthogonal pair in T7 .

If G5 # 0 the method can be continued and, by induction, one can prove the next
result:

Theorem 2.1. The fundamental formulae of the T-versor field (é, £€1) in the Myller
configuration M(C | &, T™) of the Finsler space F™ are:

A%, P _
(2.5) dza = —Gorlla1 +Gallap1 + ) Nagnp, a€Tm, =&,
=1
Vit v % _
(2.6) s = _ZNbanb+ZMa,@nﬁa a€clp,

b=1 B=1

and its invariants verify :
forp<m:

Gy, >0, a€l,m—-2, Go=G, =0,

(2.7) Noa >0, a€lp—1, Ngpg=0,a<g,
Maﬂ+Mﬂa:0a

forp>m:

G, >0, acelm-—1, Go=G,, =0,
(2.8) Nyo >0, aclm, Nog=0,a <0,
Maﬁ+Mga:07 Mi1m+i>0,i61,p—m—1, Mi,m+j:07j>7f.'

We obtained an orthonormal, positively orientated frame along C,

[RM = {7_717"' aﬁwmﬁla"' 7ﬁp}7 771 :517
and Gg, Ngg, Mog, some functions that are invariant at changes of coordinates on

m*T'M and at changes of natural parameter s — s+a of C'. The sections of the frame
R s are geometrically associated to & in M(C', &, T™).

ac

Another invariants are given by the coordinates of p(%;

)in [RM:

dc _
(2.9) po) =bl&at e 46y,
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n

(2.10) > ) =1.

i=1

Definition 2.1. We call 7j, the geodesic T-versor field of rank a of €1 in ./\/l(é', &,TM),
span{i1, -+ ,7la} - the geodesic space of rank a, f, - the T- normal versor field of
rank o, span{fy, - ,fiq} - the normal space of rank «.

The invariants of the Myller configurations are called: G- the geodesic curvature
of rank a, Ny1-the normal curvature of the 7- versor field & in ./\/l(CN’7 &,T™).

Theorem 2.2. (fundamental) Let
GayNaﬁvMaﬁa ac 1am7 avﬁ em7 blv"' abna

be some continuous functions of parameter s € I, satisfying the conditions > -, (b")* =
1, (2.7) or (2.8) and let

Ro = {701, » Nom o1, s Mop}

be an g-orthonormal, positively orientated fmme{ m W;OTM, To € TM . Then, there is
in a neighborhood of To an unique curve C' : x* = x*(s) on M, such that s is its arc-
length parameter, there is an unique horizontal curve C on TM withmoC = C, there
is an unique reqular distribution T™ of dimension m restricted to C and an unique
7t-versor field & from this distribution, such that the invariants of & in M(C’, &,T™)
are ezactly the given functions Gq, Nog, Mg and the following initial conditions are
satisfied:

C(s0) = Zo, Ma(80) = Toa, a € I,m, Na(s0) = Noa , € 1,p.

Remark 2.1. We imposed the condition of horizontality to obtain the uniqueness of

C.

3 Torse forming versor / vector fields in the sense
of Myller from T™

In this section we study a new notion, introduced by Al. Myller for 3 dimensional
Euclidian case and extended by R. Miron to Riemannian spaces.

Definition 3.2. [8] 1) X € T™ is a torse forming 7- vector field in the sense of
Muyller if 5
Y (5) = o)l 5 + Bs)X (5) +1(9)n(s) s € 1,
s ds
where a, B,y € T(m), restricted to C and i € TP is a 7 - vector field normal to
the Myller configuration M(C, &, T™).

2) A w-versor field (é,él) is called a torse forming versor field in the sense of
Myller if there is a 7- vector field X(s) = \(s)&1(s), torse forming in the sense of
Myller. (C‘, &1) is named concurrent in the sense of Myller if a = cst. # 0 and 8 =0,
recurrent in the sense of Myller if o = 0 and parallel in the sense of Myller if « =0
and = 0.
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Theorem 3.3. (C’,fl) with G1 > 0 is a torse forming versor field in the sense of
Myller (a #0) if and only if

(3.1) P=...=pm=0.

Proof: We suppose that o = 1 and that there exists a vector field X (s) = A\(s)&;(s),

some real, differentiable functions 3, defined on C and a versor field 7 € Tp, such
that

d\ 3 dC _

(32) )+ M) () = o5+ AAEIE ) + 1 (s)7(s).

Replacing vdil and p(‘fg) from the fundamental equations, we get the system:

B=bt=. . =btm L =pl 4B\ GiA=0.
So, b3 = b* = ... = b™ are necessary conditions for £, to be a torse forming versor
field in the sense of Myller. For the converse statement, G; > 0 implies % # 0. We
consider X = 3—2151. Then, there exists the functions o = 1,5 = %(d%(g—i) —bl),
such that the definition 3.2 is satisfied. We obtained the next result:
For concurrent 7- versor fields we obtain a result similar with one of Professor’s

Miron [7]. The proof is similar with the former one.

Theorem 3.4. (C’,f_l) with G1 > 0 is a concurrent versor field in the sense of Myller
4

b =bt=...=p" =0,
(3.3)

2
%(gl) =pl.

And for parallelism:

Theorem 3.5. The w-versor field (C’, £1) is parallel in the sense of Myller < G1 = 0.

Applying these characterizations and the fundamental theorem, we formulate the-
orems of existence and uniqueness. Next, we can study the case of vector fields:

Theorem 3.6. A 7- vector field

m

X:ZX“‘(L

a=1

s a torse forming vector field in the sense of Myller if and only if its components in
R verify the next system of differentiable equations:

axe

(3.4) -

— G X 4+ G 1 X = ab® + BX°,

with a € 1,m, Go = G, =0 and o, 3 functions of class C* on f]\vi, restricted to
C.
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The next theorem of existence and uniqueness is a consequence of the existence
and uniqueness of the solutions of the system above:

Theorem 3.7. Let M(C, &, T™) be a Myller configuration, o, € f(m) some

differentiable functions restricted to C' and X € T™(C(s0)). Then, there is an unique
torse forming 7-vector field X from T™ which satisfies X (sq) = Xo.

All these results can be particularized for concurrent, recurrent and parallel vector
fields. We also can introduce the parallel transport in the sense of Myller of vector
fields from 7™ and prove:

Theorem 3.8. The parallel transport in the sense of Myller of 7-vector fields from
T™ preserves the length of vectors and the angle between them.

Proof Multiplying the equations of the former system with X, respectively, we find
that dig(X X) = 0. Here, by ”the angle” of vectors we understand not the usual
angle used in Finsler geometry but the formal generalisation cos = %
A similar study can be made for 7- torse forming versor /vector fields from
TP. The entire theory of torse forming vector fields in the sense of Myller is presented
in an article in preparation.

4 Applications to the study of vector fields tangent
or normal to a Finsler submanifold

We consider an differentiable immersion of class C> j : M — M of a m dimensional
submanifold M in M . Locally, j is an embedding. It is known [2] that the Finsler
structure of M induces on the given submanifold a Finsler structure. Let CT =
(V,HTM) be the Cartan Finsler connection of F'. We remember that HT M is the
Cartan nonlinear connection on TM . We denote by CF = (V, HTM ) the induced
Finsler connection on the given submanifold, and by CF+ = (V+, HT M) the Finsler
connection induced on the normal bundle. HT'M is the nonlinear connection induced
on TM by the Cartan nonlinear connection HT M.

Now, we’ll associate to the Finsler submanifold M a special Myller configuration. Let
C be a regular curve of class C* on M, locally given by C' : s — u%(s), s € I,
with s the arc-length parameter. We consider the next family of linear spaces along
C:C(s) — TC(S)M = T™(C(s)). Let & a vector field along along C, tangent to
M, &(s) € T™(C(s)),s € I. The canonic lift C' of the curve C to TM is: C :
s — (xl(s),yl( ) = ‘fii( )),s € I and &, the lift of & to a section of m*TM is:
&(C 2(s)) = (C(s), £1(C(s))). We consider the case when & is a 7- versor field along

C g6 &)=1 B . . 5 5
We also consider T : C(s) — {C(s)} x TeyM = (7*TM)g,), s € I. So, we

defined a Myller conﬁguratlon M, (C &, T™) geometrically associated to the Finsler
subspaces F™ = (M, F) . Its invariants will be called the invariants of the vector field
¢, along C' in the Finsler subspace F™.
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Theorem 4.1. (/9, 2]) The next Gauss-Weingarten formulae hold good:
VeV = ViV +H(X,Y), X ex(TM), Y e T(x*TM),
(4.1)
Vi = —BaX+Vin, Xex(TM), neT(N).

V is the induced connection on m*TM by the connection V on ™ TM (we know that
it is metrical but it is not the Cartan connection of the subspace F™ = (M, F(u,v)),
H - the second fundamental form of the Finsler subspace M,

By, - the Weingarten operator associated to the normal 7- vector field n,
V- the normal connection induced on the normal bundle N .

Using the Gauss-Weingarten formulae and the results of the former section, the
next theorem can be easily obtained:

Theorem 4.2. A 7-vector field X along a curve on TM , tangent to M, is a torse
forming (concurrent / parallel) 7 -vector field in the sense of Myller in M, (C', & , T™),
with respect to the Cartan connection FC if and only if it is a torse forming (con-
current / parallel) 7-vector field with respect to the induced Finsler connection FC =
(V,HTM).
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