Parallelism of distributions and geodesics on
F(aq,aq,...,a,)—structure Lagrangian manifolds

Lovejoy S. Das, Jovanka Nikic and Ram Nivas

Abstract. In this paper, authors have shown that if an almost prod-
uct structure P on the tangent space of a 2n — dimensional Lagrangian
manifold F is defined and the F(ay,as,...,a,) — structure on the verti-
cal tangent space T, (F) is given, then it is possible to define the similar
structure on the horizontal subspace Ty (E) and also on the tangent space
T(E) of E. Linear connections on the Lagrangian F'(ay, as, . ..a,) — struc-
ture manifold E are also discussed. Certain other interesting results like
geodesics in E are also studied.
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1 Introduction

Let M be an n — dimensional and E be a 2n — dimensional differentiable manifold and
let n = (E,m, M) be the vector bundle with 7(E) = M. Suppose U is a coordinate
neighborhood in M with local coordinates (x!,x2,...2"). The induced coordinates
in 771(U) are (z%,y*), 1 <i <n, 1 < a < n [6]. The canonical basis for tangent
space T,(E) at u € 7~ 1(U) is {%, %} or simply {0;,0n} where 0; = % ete. If

(xh, y"‘l) be coordinates of a point in the intersecting region #~1(U) N7~ 1(U/), we
can write

(1.1.1a) zt =gzt (2
L Ox

1.1.1b ¢ = *

(1.L.1b) =Sy

It is easy to prove for another canonical basis in the intersecting region.
Oz’

= — 81
ox*
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6‘ya

1.1.2b L= Wy
( ) Do 9y

We denote by T'(FE) the tangent space of F spanned by {9;,d,} and its subspaces
by Ty (F) and Ty (E) spanned by {9,} and {9;} respectively. Obviously

(1.1.3) T(E)=Ty(E)® Ty (E)
and
dimTy(E) = dimTy(E)=n

Let us suppose that the Riemannian material structure on T'(E) is given by [4]
(1.1.4) G = gij (', y*)dz’ @ da? + gap(2',y*) Sy® @ dy°

where

9i5(2",y%) = gi;(2") and gap = 5 JadbL(z",y")
where L(z%,y) the Lagrange function. We call such a manifold as Lagrangian

manifold [4].
If X € T(E), we can write

(1.1.5) X =X0;+ X,
The automorphism P : x (T (E)) — x (T (E))
defined by

(1.1.6) PX =X'0; + X0,

is a natural almost product structure on T(E) i.e. P2 = I, I unit tensor field. If
v and h are the projection morphisms of T(E) onto Ty (E) and Ty (E) respectively,
then

(1.1.7) Poh = voP

2 The F(aj,as,...a,) — structure

If on the vertical space Ty (F), there exists a non—null tensor field F,, of type (1,1)
satisfying

(2.2.1) aan—i—an,lFﬁ_l... —i—agFf +a1F, =0

where ay, as. . .a, are real or complex constants, we say that Ty (E)admits F'(a1, as. . .an)—
structure [3]. In this case rank (F},) = r which is constant every where. Let us call
F, as Lagrange vertical structure on Ty (E)
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Theorem 2.1 If Lagrange vertical structure F, is defined on the vertical space Ty (E),
it is possible to define similar structure on the horizontal subspace Ty (E) with the help
of the almost product structure of T(E).

Proof. [Proof] Let us put
(2.2.2) F, = PF,P

then Fj, is a tensor field of type (1,1) on Ty (E).
Also

F? = (PF,P)(PF,P) = PF*P

as P is an almost product structure on T'(E).
Similarly F? = PF3P and so on. Thus, we have

aanf +an,1F}7:71 + ... —l—agFi + a1 F},

(2.2.3) =Pla,F" 4+ apn 1 F" '+ ...+ asF? 4+ a F,)P
=0
by virtue of (2.2.1).
Thus, F), gives F'(a1,aq,...,a,)-structure on Ty (E). ]
Theorem 2.2 If Lagrange vertical F(ay1,as,...,a,) — structure Fy, of rank r be de-

fined on Ty (E), the similar type of structure can be defined on the enveloping space
T(E) with the help of projection morphism of T(E).

Proof. [Prooj] Since Lagrange structure F, is defined on Ty (E), the Lagrange hori-
zontal structure F}, is induced on Ty (F) by theorem (2.1). If v and h are projection
morphisms of Ty (E) and Ty (E) on T(E), let us put

(2.2.4) F = Fyh + Fyv
As hv = vh = 0 and h? = h, v? = v, we have

F?=F!h+ F?v

Similarly F? = F2h + F3v and so on.
Thus

anF" + an 1 F" ' 4+ . 4 aF?+a F
= (anFl +an 1 F" ' 4.+ axF? +a1Fy)h
+(an E) + an_lFﬁ*l +...+ G,QFS + a1 F,)v
=0
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by (2.2.1) and (2.2.3).
Hence

anF" +ap 1 F* 4+ 4+ aF?+a F=0.

Since rank(F,) = rank(Fy) = r, hence

rank(F) = 2r.
On T'(E) with F(ay,as, ..., a,)-structure of rank 2r, let us define operators
CFnl g (F2 4 4aoF
(2.2.5) J—— +an- Tt
ai
and

anF" 1 4+ ap 1 F* 2+ ...+ aoF
ay

m=1+

Then it is easy to show that

CP=4m?>=m,L+m=1IIm=ml=0.

Hence the operators ‘¢ and ‘m’ when applied to the tangent space are comple-
mentary projection operators [5]. ]

3 Parallelism of distributions

Let E be 2n—dimensional Lagrangian manifold. For F'(a1, as. . .a, )-structure on T'(E),
let L and M be the complementary distributions corresponding to complementary
projection operators ‘¢’ and ‘m’. Let V and V be defined as follows

and
(3.3.2) VxY = Vix(£Y) + mV,,x (mY) + £mX, Y] + m[{X, mY]

It can be shown easily that V and V are linear connections on E.

Definition 3.1 The distribution L is called ¥V —parallel if for all X € L, Y € T(E)
the vector field Vy X € L.

Definition 3.2 The distribution L will be said V—half parallel if for all X € L)Y €
T(E),(AF)(X,Y) € L where

(3.3.3) (AF)(X,Y)=FVxY — FVyX — VpxY + Vy (FX)

Definition 3.3 We call the distribution L as V—anti half parallel if for all X € L,
Y eT(E), (AF)(X,Y)e M.
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We now prove the following theorems.

The_orem 3.4 07} the F(ay,as. . .ap)-structure manifold, the distributions L and M
are V as well as V parallel.

Proof. [Proof] Since ¢m = mf = 0, hence from (3.3.1) and (3.3.2), we have
mVxY =mVx(mY)

IfY € L, mY =0so mVxY = 0 Therefore
VxY € L. Hence for Y € L, X € T(E)
= VxY € L. So L is V-parallel.
Similarly for X € T(E),Y € L

VxY =mV,amY +m[{X, mY] =0 as mY =0.

So V xY € L. Hence g is @iparallel.
In a similar manner, V and V parallelism of M can also be proved. L]

Theorem 3.5 On the F(ay,as.. .an)fstructure manifold, the distributions L and M
are V —parallel if and only if V and V are equal.

Proof. [Proofl If L, M are V-parallel then VXY € T(E)YmVx({Y) =0and {Vx(mY) =
0.
Therefore, since £ +m =1,

VX (EY) = KVX (KY) and VXmY = va (mY)
So B
VxY = fVX(KY) =+ va(mY) =VxY
Hence V = V.
The converse of the theorem can be proved easily. ]
Theorem 3.6 On the F(ay,as. . .a,)-structure manifold, E, the distribution M is V
—anti half parallel if for all X € M, Y € T(E)

mVy (FX) =mVexmY.
Proof. [Proof] Since Fm = mF = 0, hence in view of the equation (3.3.3) for connec-
tion V

(3.3.4) m(AF)(X,Y) =mVyFX —mVexY
In view of the equation (3.3.1), we have
VixY = Vpx(lY) +mVpx(mY)
mVexY =mVex(mY) as fm=0,m>=m
m(AF)(X,Y) =mVy(FX) —mVpx(mY)
As (AF)(X,Y) € L so m(AF)(X,Y) =0. Thus
mVy (FX) =mVex(mY),
which proves the proposition. ]
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4 Geodesics on the Lagrangian manifold

Let v be a curve in E with tangent 7. Then ~ is called geodesic with respect to
connection V if V7T = 0.

Theorem 4.1 A curve v will be geodesic with respect to connection V¥ if the vector
fields

VT —=Vp(mT)e M and Vp(mT) € L.

Proof. [Proof] Since 7 is geodesic with respect to connection V, hence V7T = 0. On

making use of the equation (3.3.1), the above equation assumes the following form
Np({T) + mVr(mT) = 0.
Since £ +m = I, we can write the above equation as
NI —m)T +mNVr(mT) =0

or

gVTT — EVT(mT) + mVT(mT) = 0.

Therefore
E(VTT — VT(mT)) =0

and mVr(mT) = 0. Hence VT — Vp(mT) € M and Vr(mT) € L, which proves
the proposition. ]

Theorem 4.2 The (1,1) tensor field ¢’ and ‘m’ are always covariantly constants
with respect to connection V.

Proof. [Proof] VX,Y € T(E), we have
(4.4.1) (Vx0)(Y) = Vx(Y)—(VxY.
Making use of (3.3.1), we get
(VxO)(Y) =V x(F?Y) +mVx(mlY) — t{{V x Y +mV xmY'}
Since 2 = £, m? = m, fm = mf = 0, we get
(VxO)(Y)=IVx(Y) —(VxlY =0.

So, ‘0’ is covariantly constant. The fact that ‘m’ is covariantly constant can be proved
analogously. ]
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