Generators of Probability Dynamical Systems

M. Ebrahimi

Abstract. One of the important concepts in physics and mathematics is
entropy. The concerning results can be improved by dynamical systems
and entropy theory techniques. In this paper the concept of entropy will be
extended to the countable partitions and we investigate the ergodic prop-
erties of probability dynamical systems. In this respect we introduce the
generators of probability dynamical systems. A version of Kolomogrov-
Sinai theorem concerning the entropy of a probability dynamical system
is given.
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Introduction and preliminaries

We assume the reader is familiar with the definition of measure [6], dynamical
system [9] and ergodic theory [8]. In physics, entropy of a system with a finite
quantum states is defined as follows:

:_kauLan ny_l

where k is the Boltzmann constant and the sum is over all quantum states.

This formula can be interpreted as a degree of disordering of the system. A system
has a unique quantum state with complete ordering and attains zero entropy in this
state.

1
For N different microstates, if f, = N then

- —k:z NLn— = kLnN,

As N becomes larger, the disordering of the system raises up.
Information about the system is proportional to this disordering factor. In math-
ematic, the entropy of a finite partition, p, of a probabiity space (X, 3, m) is defined

as
Z m(A;)Lnm(A4;),
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where p = {A;,...,A,} C 8. One can find a nice relation between the mathematical
and physical definitions of entropy. In this paper we introduce a definition for the
entropy of a countable partition £ = {A; : ¢ € N} and we discuss ergodic theory
properties.

1 Entropy of a countable partition of (X, 3, m)

1.1. Definition. Let (X, [, m) be a probability space, a partition of (X, 3,m) is a
disjoint collection of elements of § whose union is X.

We are interested in countable partitions which we denote by Greek letters e.g.
¢ ={A4; :i € N}. We use the convention log0 = 0.

As in probability theory, we consider a partition £ = {4; : i € N} of (X, 3,m) as
listing the possible outcomes of an experiment where the probability of the outcome
A; is m(A;). We associate to this experiment a number H(£) which measures the
uncertainity removed by performing the experiment mentioned.

1.2. Definition. Let £ = {4, : i € N} be a countable partition of probability
space (X, 3,m). The entropy of £ is defined as

H(€) = —logsupm(A,).
i€EN

1.3. Corollary. H(£°) = 0 where ¢° = {X, & }, and for each countable partition
n with n # €% H(n) > 0.

1.4. Definition. Let £ = {A; : i € N} be a countable partition of probability
space (X, 3, m) and C a measurable set in 3. The conditional entropy of £ given C
is defined by

H(¢|C) = —logsupm(4;|C)
ieN

where
] o m(AT n C)

(m(C) # 0).

1.5. Definition. Two members A, C of 3 are called independent if m(ANC) =
m(A)m(C).

If ¢ = {A; : i € N} is a countable partition of (X, 3, m) and C is a measurable set
independent of each A;, we have H(¢|C) = H(§).

1.6. Convention. H(¢|) = 0.

1.7. Definition. Let £ and 7 be countable partitions of (X, 3, m). We say 7 is
a refinement, of £, denoted by ¢ < 7, if each member of £ is a finite union of some
members of 7.

1.8. Theorem. Let £ = {A; : i € N} and n = {B; : j € N} be two countable
partitions of (X, 3,m). Then
i) § <<= H(|C) < H@nC) VC € p;
i) & <n<= H() < H(n).
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Proof. 1) Suppose ¢ < 7, and then for each B; € n there exists A; € £ such that
B; C A;. This implies that B; NC C A; N C, VC € 3. Then
m(B; N C) m(A; N C)
m(B;NC)<m(4;NC) = sup ———~ <sup ———~
. (&= ()
m(B; NC) m(4;,NC)
BN m(0) TR ()
= H(@#|C) > H([C) -

Conversely, if H(n|C) > H(&|C), we have sup m(B; N C) < supm(A; N C) and
JEN iEN
hence for each j € N, B; C A;, for some 7 € N, ie. £ <.
ii) It is clear. O

1.9. Definition. Let £ = {4, : i € N} and n = {B; : j € N} be countable
partitions of (X, 3, m). Their joining is the partition

§V77:{A10B7 Zi,jEN}
with lexicographic ordering. If C' € 3, then EVC = {A; NC : i € N}.
1.10. Corollary.

i) H(¢Vn) > H(E), H(EVn) > H(n) and if £ and 7 are independent, then H({Vn) =
H(&) + H(n);

ii) H(EVCO) > H(E), VC € p;

iii) H(EVC) > H(EIC) VO e g;

iv) § <n<= H(nVC) > H(EVC),VC € 5.

Proof. i) If £ and 7 are independent, then

H(Vn) = —log sup m(A; N By)

i,jEN

= —log sup m(A4;)m(B;)
i,jEN

= —logsupm(A;) sup m(B;)
€N jEN

= —logsupm(4;) + (—logsup m(B;))
€N jEN

= H(¢)+H(n),

and the proof is complete. O

1.11. Definition. Let (X, 3,m) be as above. We define the entropy function of
a measurable set C' by

H(C) = —logm(C).

1.12. Corollary. Let £ be a countable partition of (X, 3, m) and C, D € 8. Then
i) H(C) > 0;
i) H((VC) > H(C);
ili) D CC <= H(D)> H(C);
iv) DCC <= H(VD)> H(EVO);
iv) H(VC) = H(&|C)+ H(C).
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1.13. Definition. If £ is a countable partition of (X, 3,m), the diameter of £ is

defined as follows:
diamé& = sup m(A;)
A; €€

1.14. Definition. Let £ = {A; : i € N} and n = {B; : j € N} be two countable

partitions of (X, 3, m). The conditional entropy of £ given 7 is defined as:
H(¢n) = —log sup 7diam(AiVn) = —logsu 7diam'(§VBj).
ieN  diamn jeN  diamn

Since £ = {X, & } represents the outcome of the trivial experiment, H(£|¢%) = H(¢)
and H(£°|€) = 0 where ¢ # €°.

1.15. Proposition. If ¢, n and { are countable partitions of probability space
(X, 8,m), then
i) H(&|n) = 0;
ii) If n < ¢, then H(¢|n) < H(EVQ), especially H({[n) < H({Vn);
iii) If & <, then H(£|C) < H(n|();
iv) If £ and nV( are independent, then

H(EVn|C) = H(§) + H(n[¢) -

Proof. iii) Since £ < 1, for each B; € n, there exists A; € £ such that B; C A;.
Then B; N Cy, € A; N Cy, VO, € ¢. Therefore

m(Bj N Ck) < TTL(AZ n Ck) VO, € (¢

supm(B; NCk)  supm(A; N Cy)
JjeEN 1€N
< v
= supm(Cr) —  supm(Cy) Cr €6
keEN keN

—  H(IQ) < H(nlC).
Now we prove (iv):
~log sup dzam@VnVC’k)
kEN diam(

sup m(A; N B; N Cy)
i,jEN

H(EVn|Q)

—1
8 N diamC
sup m(A;) sup(B; N Cy)
i€EN JEN

~1 !

8 N diam¢
sup m(B; N Cy)
JEN

—logsupm(A;) sup -
i€eN ( Z)keN diam(

sup m(B; N Cy)

€N
= —logsupm(4;) — log sup 2 -
ieN (4:) EEN diam(

= H(&)+ H(nlC),
and this completes the proof. O



94 M. Ebrahimi

2 Entropy of a measure-preserving transformation

2.1. Definition. Suppose (X7, 31, m1) and (Xs, B2, m2) are probability spaces. A
transformation 7" : X; — X5 is measure- preserving if

i) T8 C fBu;

11) ml(T_lBg) = mQ(BQ), VBy € 3.

2.2. Definition. Suppose T': X — X is a measure-preserving transformation
of the probability space (X, 8, m). If £ is a countable partition of (X, 3, m), we define
the entropy of T' with respect to £ as

1 .
T,§)= lim —H(Vi_ T
WT,§) = lim —H(ViZyT™)
where T7%¢ = {T"A; : j € N}, for ¢ = {4, : j € N}, a countable partition of

(X7 /67 m) * .
To see that h(T, ) always exists, let a,, = H(V?:_OlTﬂf) > 0. Then

iy = H(VIEZTT76) < H(VIZIT6) + H(VATT'T76) = a, + a,

. G .
50 apyp < ap + ap, Yn,p. Hence lim — exists.
n—oo N

2.3. Theorem. Let &, n and  be countable partitions of the probability space
(X,8,m). Let T be a measure preserving transformation of (X,3,m). Then the
following properties hold:

i) h(T,€) < h(€);
ii) £ <n = hT,§) < h(T,n);
iii) (T, T~1€) = h(T,¢€);
iv) h(T,Vi_yT~'€) = h(T,§), Vr > 1.
Proof. See [1]. O

2.4. Theorem. Let T be a measure-preserving transformation of the probability
space (X, 3,m). Then
i) For k > 0, h(T*) = kh(T);
ii) If T is invertible, then h(T*) = |k|h(T), Yk € Z.

Proof. i) lim lJar(vy;(}T*‘W'(vi:olT*ig)) = lim %H(v?jglr%) = kh(T,¢).

n—oo N n—oo N,

Then ‘
WT*, ViZgT ™€) = kh(T,£).

We have

: 1 n—1lm— —1lmp—i : k nk—1lmp—1i
Jim —H(ViZ T (VIS T'6)) = lim — H(VIEIT™'¢) = kh(T€).
Thus
kh(T) = k sup h(T,&) =suph(T~F Vi T %)

¢ccountable 13

= sup h(T*,n) = h(T*).
ncountable
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Also h(T*,€) < h(T*,V*=1T7¢) = kh(T,€), and so h(T*) < kh(T).
ii) We show that h(T~1,&) = h(T, &) for each countable partition £. But

WTE) = lim H(VISITE) = lim BT D (VISTiE))

n—oo n n—oo n

1 .
lim —H(ViZT¢)

n—oo n

T, &).0

3 Entropy and generators of probability
dynamical systems

3.1. Definition. A probability dynamical system is a complex (X, 3, m,T) where
(X, 8,m) is a probability space and, T' : X — X is a measure preserving-transformation.

Remark. The probability dynamical system is a discrete-time system with 77 :
X — X,i=1,2,3,..., considered as ToT o ... o T, i-times. Consequently T° = id
and T = T o T9, Vi, j € N.

3.2. Definition. Let (X,3,m,T) be a probability dynamical system. The en-
tropy of the probability dynamical system (X, 3, m,T) is defined as

h(T) = sgp h(T,¢&)

where the supremum is taken over all countable partitions of (X, 8, m,T).

Let (X, Bi,m;, T;), i = 1,2 be a probability dynamical system.

The probability dynamical system (Xa, 82, mo,Ts) is said to be a homomorphic
image of the probability dynamical system (X7, 81, m1,T1) if there exists a measure-
preserving transformation f : X; — X5 such that foTy = Thof.

(X1,B1,m1,T1) and (Xa, B2, ma, Ts) are called isomorphic if
i) (X3, B2, ma, T) is a homomorphic image of (X1, 81, m1,T1) under a transformation
I
ii) f is invertible and (X7, 81, m1,T1) is homomorphic image of (X2, B, ma, T2) under
the transformation f~1.

3.3. Theorem. If (X;,5;,m;,T;), i = 1,2, are isomorphic dynamical systems,
then h(Tl) = h(TQ)

Proof. Since (X, B;,m;,T;) are isomorphic, there exists an invertible measure
preserving transformation f: X; — X5 such that foTy = Thof.

Let 1 be any countable partition of (Xa, 82, mo, T5), we get

. 1 n— —1
MTm) =l S H(ViZ T )
I | —1/on—1m—i
= nh_)ngo EHOC (Vz':o T, 77))
. 1 n—1 p— —i
= nILH;O EH( i:()lf 1(T2 )
| n—lr—if p—1

= h(T17f7177)'
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Then h(Ty) = sup h(Tz,n) = sup h(Ty, f~'n) < sup h(T1, &) = h(Ty) where £ is any
n n 1

countable partition of (X1, 81, m1,Th).

Similarly h(71) < h(T2) and hence h(Ty) = h(T3).

3.4. Definition. Let (X, 3, m) be a probability space and T : X — X be an
invertible measure-preserving transformation. A countable partition £ of (X, 5, m) is
said to be a generator of the probability dynamical system (X, 3, m,T) if there exists
an integer r > 0 such that

n < VioT™¢

for each countable partition 7 of (X, 3, m).
3.5. Theorem. If¢ is a generator of the probability dynamical system (X, 8, m,T),
then
MT,n) < W(T¢)

for each countable partition 7 of (X, 3, m).

Proof. Let n be any countable partition of (X,3,m). Since £ is a generator,
n < VioT™'¢
From Theorem 2.3, h(T,n) < (T, Vi_ T '€) = h(T,¢). O
Now we can deduce the following version of Kolomogrov-Sinai theorem.
3.6. Theorem. If ¢ is a generator of the probability dynamical system (X, 8, m,T),
then
hT) = h(T\,¢).

Proof. Obvious. O

3.7. Theorem. Consider the transformation T : X — X; T = id. Then
h(T) = 0.

Proof. Since T = id, T™'¢ = {T7'A; : i € N} = {A4; : i € N} = £ for each
countable partition & of (X, 3,m). Hence T—%¢ =¢&,i=0,1,2,3,..., and

1 .
WT,n) = lim —H(ViZgT™'€)

n—oo N

— lim S H(VI)

n—oo n v

— lim LH(O)

n—oo N,
= 0
for each countable partition & of (X, 3, m). It follows that

MT)= sup AK(T,§)=0.0
¢countable

3.9. Corollary. If T': X — X is a measure-preserving transformation on the
probability space (X, 3,m) with T* = id for some k # 0, then h(T) = 0.

1
Proof. Since T* = id, h(T*) =0, and h(T) = mh(T’“) =0. O
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