On the composition of two Riemannian immersions

Cristina Hretcanu

Abstract. We study the properties of the composition of two Riemannian
immersions of codimension one. A Riemannian immersion is an isometric
immersion between two Riemannian manifolds. First, we establish the
Gauss and Weingarten formulae of the composition in dependence on the
second fundamental forms and the Weingarten maps (shape operators)
of factors. Then, we apply these for particular Riemannian immersions
(totally geodesic, totally umbilical, minimal) for obtaining information
about their composition. The computations are done in local coordinates.
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1 Notations and preliminaries

Let M be a n-dimensional manifold isometrically immersed in a (n + 1) dimensional
manifold M which is isometrically immersed in a (n + 2) dimensional Riemannian

manifold (M, §):
(L1) (M, 9) = (M,5) — (M,35)

where g is the induced metric on M by the isometric immersion i : M — M and g
is the induced metric on M by the isometric immersion i : M < M. Thus, M is a
submanifold isometrically immersed in M and g is the induced metric on M by the
isometric immersion i o4 : M < M:

(1.2) (M,§) = (M,g).

Since the discussion is local, we may assume that M is imbedded in M and M is
imbedded in M (and we may assume that (i 04)(P) = i(P) = P).

In the following, the indices range is fixed in this way:
a,fB,7... € {1,..,n}, 4,5, k... € {1,...,n+1}, and a,b, c... € {1,...,n+2}. We shall use
the Einstein convention for summation.

Let P a point in M and (u!,...,u"™) := (u®) the local coordinates around the P in
M, such that (%, %, ey %) = (a%) form a basis of the tangent space Tp(M)
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of M in P. The submanifold M in M can be represented locally by z¢ = z¢(u®),

with rcmk(a ~) = n, the submanifold M in M can be locally given by y* = y*(u®),

with rank( aua) = n, and the submanifold M in M can be represented locally by
y® = y(a?), with rank(awz) =n+1.

In Tp(M) we have the natural ba81s (82 : 83 o 5drr) = (%) In Tp(M) we have

3T 37— ) = (gy
7, g and g respectively are § = gupdy®dy® on M7 g= gijdxidxj (for M — (M, ),
g = gapdu®du? (for M — (M,g)),and § = Gasdu®du® for M — (M,ﬁ), respectively.
If X is a vector field on M, we can identify X with 4, (X) and with (i04).(X). Then for
Xpand Yp € Tp(M), we have g(Xp,Yp) = (i.9)(Xp, Yp) where Xp = X7 Jz: =

the natural basis ( ) . Then, the Riemannian metrics g,

ou am’
XOC 83"‘ By and YP - Yﬁ 05; Dz = Yﬁ 8y % therefore
(1.3) _ 02 0ad Oy Oy’
. gozﬁ - 8ua 671/59” - aua 6 5gab

Let T+ (M) denote the vector bundle of all normal vectors to M in M and let
T+(M) denote the vector bundle of all normal vectors to M in M .Thus, at each
Pe M C M C M we have:

(1.4) Tp(M) = Tp(M) ® Tp(M)*; Tp(M)=Tp(M) ® Tp(M)* .
From (1.4) we have a direct sum decomposition
(1.5) Tp(M) = Tp(M) & Tp(M)* @ Tp(M)*

Since the submanifold M is of codimension one in M (and the submanifold M is of
codimension one in M ) we can always choose an unit normal section Ny € Tp(M),
normal at M in P ( and we can choose an unit normal section Ny € Tp(]\AJ/ ) normal
at M in P, respectively). In Tp(M) we can consider the Gauss frame ((5% ), V1),
where

o 9z 0 0

— — N]
ou®  Oue Oxt’ L ogi”

(1.6)

In TpM we can consider the Gauss frame (( 630 ), N1, No) where

0 oy* 0 0 0

1.7 — = — =N{!—; Ny = Nj—

(1.7) Au>  Qu> oy’ ! Loy’ 2 2 gye
Conversely, the elements of the basis ( 31 ) from Tp(]\/\j) in the Gauss frame (( 52+ 5o ), N1, Na2)
are:

0 0
1.8 =CJ 5~ +DyNi + D;N:
(1.8) gy =~ Ci gu + DalNi + DiNo.

The elements of the basis (32:) at Tp(M) in the basis (5 a) at Tp(M) are:

R

(1.9) Ozt Ozt Oy’
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But N» € Tp(M)*, therefore we have §( 52, No) = 0. From (1.8) and (1.9) it results:

0 o, 9 oy
ozt Oxt Ca ouY + oz’

(1.10) DIN,.

2 The Gauss and Weingarten formulae

In the following, we denote by V the Riemannian connection on M , with respect to its
Riemannian metric §. Let V (V and V respectively) be the Riemannian connection
induced on the submanifold M < M (on M — M and on M — M respectively
) with respect to its Riemannian metric g ( g and g respectively). We recall some
necessary facts and formulae from the theory of submanifolds (see B.Y. Chen [2], K.
Yano, M. Kon [3]).

For M — M, the Gauss and Weingarten formulae are:

(2.1) VxY =VxY +h(X,Y); Vx€&=—A¢(X) + VxE,

where XY are the vector fields tangent to M, £ is a vector field orthogonal to M,
h:TM x TM — TM+ is the second fundamental form of the submanifold M in M
(which is symmetric with respect to both arguments:

hMX,Y) = h(Y, X)), Ac : TM — TM is the Weingarten map (or shape operator)
in the normal direction ¢ and V+ is the connection in the normal bundle T+(M) C

T(M). From the formulas above, it follows that:
(2.2) 9(Ae(X),Y) =g(h(X,Y), ).

Because M is a hipersurfaces in M, it follows that V%& = 0. The forms of the Gauss
and Weingarten formulae for M <— M, in the local components, are:

- 9 9 0 0. < 0
(23) Voo oo =Vo oo +h(zi5.5) Voo, Ni=-4An(53),
with

0 5 0 = d =k 0
24 Vit gup = T gt Vot g~ L g

—k . . . . =
where I';; are the Christoffel symbols of the Riemannian connection V and Flﬁ are
the Christoffel symbols of the Riemannian connection V, respectively. More of that,
in the local components, we have

o 0 0 0

(o ) = hasNis Ay (55) = Ao

(25) ) = 40w’

Ag = gﬁ“’h,ya.

For M < M , we have the same consideration like above. o
Let X,Y be the vector fields tangent to M, ( is a vector field orthogonal to M,
T TM x TM — TM™ is the second fundamental form of the submanifold ML in
M ZC : TM — TM is the Weingarten map in the normal direction ¢ and V'~ is

the connection in the normal bundle T+ (M) C T(M).We have ﬁj}( = 0 since M
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is a hipersurface in M. Thus, in the local coordinates, the forms of the Gauss and
Weingarten formulae for M — M, are:
0 = 0

2. v h
( 6) VBIJ 8$’ VSIJ 6.1'7’ + (

0 0., < 7]
ga Bt Vo Ve = A

In local coordinates, the second fundamental form and the Weingarten map have the
forms:

_ 9 0 0 —k 0 —k
h(%a 6%‘3) hl]N27 AN2(31‘7) _Az Ok’ i

(2.7)
For the immersion M — M ,if X, Y € T(M) and p is an unit vector field orthog-

onal to M in M (therefore we have p € T+(M) & T+(M)),

h:TMxTM — T+(M)®T+(M) is the second fundamental form of the submanifold

M in M, A, : TM — TM is the Weingarten map in the normal direction p and V+

is the connection in the normal bundle 7+ (M) C T(M ), in the local coordinates we
have:

~ 0 0
(2.8) h(iau@; (%5) hl[le +h2 5 Na;

0 g - 0 ~3 0
(29) ANl(a a) *A,gla 57 ANz(%) :A§28uﬂ'

From §(EP(X),Y) = §(h(X,Y), p) it results A, = ’g\”ﬁﬁ}x and A7, = Awh2

Thus, in the local components, the Gauss and Weingarten formulae for M — M are:

~ o Sy 0
(2.10) Voo os = Lagges T heai+hisNe;
(211) VBSO‘ = —Aglﬁ + viaa Nl; Vafa - _A§2 a + Viaa

If fgb (respectively f ) are the Christoffel symbols of the Riemannian connection V

(respectively V ), then we have V 2 6 - =T 2 5o (respectively ﬁa%% = IA“ZB%)

On the other hand, 52, 525 € T(M) c T(M) c T(M). From (2.6) it follows that:

(2.12) ¥, 2 2

25 aﬁ(?"/_'_h apN1 + hopgNa.

From (2.10) and (2.12) we have:
(2.13) T05=T05 hap = his; hap=hlg
From (2.8) and (2.13) it follows that

~ 0 0

(2.14) A5 57)

= hagNl + EQQNQ.
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But gas = gag S0, we have g = g and V = V. Therefore

~ 0 0 0
’\’Yﬁ —
(215) ANl (8,“&) haﬁa ~ ANl (8u0‘)
—~ 0 _ 0 _—, 0
(2.16) ANZ(%) = ANZ(%) - g(h(%7Nl),N2) N1

Hence, if f1 and f5 € f(M) and X € TpM we have:

(217) A vt pana) (X) = fi - Any (X) + fo - {An, (X) = G(An, (N1), X) N1 }.

3 The main results

In this section we are concerning with the properties of the composition of two par-
ticular Riemannian immersions as, for instance, of two totally geodesic immersions
or of two minimal immersions or of totally umbilical immersions. Finally, we put the
results into a table. The definitions from the theory of submanifolds are in [2] or in
[3]. If M is a n-dimensional manifold isometrically immersed in a (n + p)-dimensional
manifold, let (eq),—15 be a local orthonormal basis in Tp(M) and let {N,} be
a local orthonormal basis in T4 (M ). We denote by H the mean curvature vector field
defined by

1 n
31 - ) Ot
(3.1) n; €as

If A, := An, then, from (3.1), we have

z=1,p

12
2 H==-)t A
(3.2) - ; race(

Let M be a n-dimensional submanifold isometrically immersed in a (n+1) dimensional
submanifold M which is isometrically immersed in a (n + 2) dimensional Riemannian

manifold (M, g).

Lemma 3.1 If H, Eandl’gspectively H are the mean curvature vector fields of sub-
manifold M — M, M — M and respectively M — M, then:

(3.3) H=H+

1—

;g fh(Nl,Nl)
n
Proof: From (3.2) we have
.1 . .
(3.4) H = —[trace(An,) - N1 + trace(An,) - N
n

From (2.16) and from g(Ny, 32 ) = 0 we have

. 0
(3.5) trace(Ay,) ;g aua 5‘?)
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Therefore,

(3.6) trace(Ay,) = trace(Ay,) — G(h(N1, Ny), Na)
From (3.2) it results

(3.7) H= %trace(ANl) - Ny

and from (3.6) we have

(3.8) trace(Ay,) - Ny = (n+ 1)H — h(Ny, Ny)

So, from (3.7), (3.8) we have (3.3). O

Theorem 3.1 (B.Y Chen [2]) If (M,g) is totally geodesic in (M,g) and (M,g) is

totally geodesic in (M,A), then (M, g) is totally geodesic in ( j
Proof: If (M, g) (respectively (M,7)) is totally geodesic in (M,g) (respectively in

(M,3)) so, we have hag = 0 (respectively hng = 0) From (2.14) it follows that

ﬁ(aia, auﬁ) =0, therefore M is totally geodesic in M. O

Theorem 3.2 If (M, g) is minimal in (M,q) and (M,g) is totally geodesic in (M, 9),
then (M, g) is minimal in (M g).

Proof: If (M,g) is totally geodesic in (M, §) then hi; = 0 and we have H = 0. From
(3 3) it results that H = H. But t (M,g) is minimal in (M,g) so H = 0, therefore
H =0 and (M, g) is minimal in (M 9).0

Theorem 3.3 If (M, g) is totally umbilical in (M,g) and (M,q) is totally geodesic

in (M,§), then (M, g) is totally umbilical in (M,7). o
Proof: If (M, g) is totally umbilical in (M,g) then AN1(aua) = )\1%. If (M,3) is
totally geodesic in (M g) then h” =0 and from this it results Ay, = 0. Thus, from
(2.17) we have

—~ 0 0
(39) A(f1N1+f2N2)(a a) flAN1(a a)

(for any fi,fo € F(M) ). Therefore, it results A(f1N1+f2N2)( ) = fin X, for all
X = X% (M). Hence, (M, g) is totally umbilical in (M,g). O

Theorem 3.4 If (M, g) is totally umbilical in (M 9) and (M,g) is totally umbilical

in (M g), then (M, g) is totally umbilical in (M g)-

Proof: If (M,g) is totally umbilical in (M,g) then ANl(%) =X\ 82‘!

(M, g) totally umbilical in (M ,g) we have Ay, (X) = A\ X, where X is in Tp M. From
(2.17) it follows that:

and from

0

~ 0 8
(3.10) A+ (55) = (M + foho) 5 o — f29(An, Ny, 5aa V1

But Ay, N7 = XAoN; and (A2 Ny, 6ua) = 0 and from these we have
A\(le1+f2N2)(X) = )\X where X = Xa B (M) and \ = fl)\l + f2)\2. There-
fore, (M, g) is totally umbilical in (M,g). D
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Theorem 3.5 If (M, g) is totally geodesic in (M g) and (M,3) is totally umbilical

in (M q), then (M, g) is totally umbilical in (M q). o
Proof: If (M,g) is totally geodesic in (M,g) then ANI((’) =2-) = 0. Since (M,g) is

totally umblhcal in ( ,g), from (2.17) it follows that A(f1N1+f2N2)( ) = fado X,
where X = X5 ( ). Therefore, (M, g) is totally umbilical in (M 9).0

Theorem 3.6 If (M, g) is minimal in (M,g) and (M,g) is minimal in (]Tj,@ then
(M, g) is minimal in (M, g) if and only if Ny is an asimptotic section for h (i.e.
h(Ny,N;)=0). .
Proof: Since (M,g) is minimal in (M,g) and (M,g) is minimal in (M,g) then
H = H = 0. From (3.3) we have H = —fh(Nl,Nl) Thus, H =0 if and only if
h(N1, N1) = 0. Therefore (M, g) is minimal in (M,g) if and only if h(Ny, N;) =0. O
I°. f (M, g) is minimal in (M,3) and (M, g) is minimal in (M,3), then (M,7) is
minimal in (M g) if and only if N is an asimptotic section for h. I°. £ (M,qg) is
minimal in (M g) and (M, g) is minimal in (M g) then (M, g) is minimal in (M, 7)
if and only if Ny is an asimptotic section for h. I°. f (M, g) is totally geodesic in
(M,g) and (M,g) is minimal in (]T/[;, g), then (M, g) is minimal in (M, g) if and only
if Ny is an asimptotic section for h. I°. £ (M,g) is minimal in (M,g) then the
mean curvature vector field H of (M,g) in (JT/.f g) is normal to M in M.
Indeed, if (M, g) is minimal in (M, g) then, from (3.3), it follows that
H= ntl H — Lp(Ny, Ny). Hence, H is normal to M in M. O
Finally, from the theorems above, we can put the results into the table which has
on the first column the properties of the immersion M < M, on the first line it has
the properties of the immersion M — M and the other cells contain the properties of
the composition of these immersions (thus, it results the properties of the immersion
M — M ). We denote by tg = totally geodesic submanifold, tu = totally umbilical
submanifold and m = minimal submanifold and m*=minimal submanifold if and only

if (N1, Ny) = 0.

Min M\Min M | tg | tu | m
tg tg | tu | m*
tu tu | tu | O
m m | O | m*
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