
On the composition of two Riemannian immersions
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Abstract. We study the properties of the composition of two Riemannian
immersions of codimension one. A Riemannian immersion is an isometric
immersion between two Riemannian manifolds. First, we establish the
Gauss and Weingarten formulae of the composition in dependence on the
second fundamental forms and the Weingarten maps (shape operators)
of factors. Then, we apply these for particular Riemannian immersions
(totally geodesic, totally umbilical, minimal) for obtaining information
about their composition. The computations are done in local coordinates.
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1 Notations and preliminaries

Let M be a n-dimensional manifold isometrically immersed in a (n + 1) dimensional
manifold M which is isometrically immersed in a (n + 2) dimensional Riemannian
manifold (M̃, g̃):

(1.1) (M, g) ↪→ (M, g) ↪→ (M̃, g̃)

where g is the induced metric on M by the isometric immersion i : M ↪→ M̃ and g
is the induced metric on M by the isometric immersion i : M ↪→ M . Thus, M is a
submanifold isometrically immersed in M̃ and ĝ is the induced metric on M by the
isometric immersion i ◦ i : M ↪→ M̃ :

(1.2) (M, ĝ) ↪→ (M̃, g).

Since the discussion is local, we may assume that M is imbedded in M and M is
imbedded in M̃ (and we may assume that (i ◦ i)(P ) = i(P ) = P ).

In the following, the indices range is fixed in this way:
α, β, γ... ∈ {1, ..., n}, i, j, k... ∈ {1, ..., n+1}, and a, b, c... ∈ {1, ..., n+2}. We shall use
the Einstein convention for summation.
Let P a point in M and (u1, ..., un) := (uα) the local coordinates around the P in
M, such that ( ∂

∂u1 , ∂
∂u2 , ..., ∂

∂un ) := ( ∂
∂uα ) form a basis of the tangent space TP (M)
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of M in P. The submanifold M in M can be represented locally by xi = xi(uα),
with rank( ∂xi

∂uα ) = n, the submanifold M in M̃ can be locally given by ya = ya(uα),
with rank( ∂ya

∂uα ) = n, and the submanifold M in M̃ can be represented locally by
ya = ya(xi), with rank(∂ya

∂xi ) = n + 1.
In TP (M) we have the natural basis ( ∂

∂x1 , ∂
∂x2 , ..., ∂

∂xn+1 ) := ( ∂
∂xi ). In TP (M̃) we have

the natural basis ( ∂
∂y1 , ∂

∂y2 , ..., ∂
∂yn+2 ) := ( ∂

∂ya ) . Then, the Riemannian metrics g̃,

g, g and ĝ respectively are g̃ = g̃abdyadyb on M̃ , g = gijdxidxj (for M ↪→ (M̃, g̃)),
g = gαβduαduβ (for M ↪→ (M, g)),and ĝ = ĝαβduαduβ for M ↪→ (M̃, g̃), respectively.
If X is a vector field on M, we can identify X with i∗(X) and with (i◦i)∗(X). Then, for
XP and YP ∈ TP (M), we have g(XP , YP ) = (i∗g)(XP , YP ) where XP = Xα ∂xi

∂uα
∂

∂xi =

Xα ∂ya

∂uα
∂

∂ya and YP = Y β ∂xj

∂uβ
∂

∂xj = Y β ∂yb

∂uβ
∂

∂yb , therefore

(1.3) gαβ =
∂xi

∂uα

∂xj

∂uβ
gij =

∂ya

∂uα

∂yb

∂uβ
g̃ab

Let T⊥(M) denote the vector bundle of all normal vectors to M in M and let
T⊥(M) denote the vector bundle of all normal vectors to M in M̃ .Thus, at each
P ∈ M ⊂ M ⊂ M̃ we have:

(1.4) TP (M) = TP (M)⊕ TP (M)⊥; TP (M̃) = TP (M)⊕ TP (M)⊥.

From (1.4) we have a direct sum decomposition

(1.5) TP (M̃) = TP (M)⊕ TP (M)⊥ ⊕ TP (M)⊥.

Since the submanifold M is of codimension one in M (and the submanifold M is of
codimension one in M̃ ) we can always choose an unit normal section N1 ∈ TP (M),
normal at M in P ( and we can choose an unit normal section N2 ∈ TP (M̃), normal
at M in P, respectively). In TP (M) we can consider the Gauss frame (( ∂

∂uα ), N1),
where

(1.6)
∂

∂uα
=

∂xi

∂uα

∂

∂xi
; N1 = N j

1

∂

∂xj
.

In TP M̃ we can consider the Gauss frame (( ∂
∂uα ), N1, N2) where

(1.7)
∂

∂uα
=

∂ya

∂uα

∂

∂ya
; N1 = Na

1

∂

∂ya
; N2 = Na

2

∂

∂ya

Conversely, the elements of the basis ( ∂
∂ya ) from TP (M̃) in the Gauss frame (( ∂

∂uα ), N1, N2)
are:

(1.8)
∂

∂ya
= Cγ

a

∂

∂uγ
+ D1

aN1 + D2
aN2.

The elements of the basis ( ∂
∂xi ) at TP (M) in the basis ( ∂

∂ya ) at TP (M̃) are:

(1.9)
∂

∂xi
=

∂ya

∂xi

∂

∂ya
.
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But N2 ∈ TP (M)⊥, therefore we have g̃( ∂
∂xi , N2) = 0. From (1.8) and (1.9) it results:

(1.10)
∂

∂xi
=

∂ya

∂xi
Cγ

a

∂

∂uγ
+

∂ya

∂xi
D1

aN1.

2 The Gauss and Weingarten formulae

In the following, we denote by ∇̃ the Riemannian connection on M̃ , with respect to its
Riemannian metric g̃. Let ∇ (∇ and ∇̂ respectively) be the Riemannian connection
induced on the submanifold M ↪→ M̃ (on M ↪→ M and on M ↪→ M̃ respectively
) with respect to its Riemannian metric g̃ ( g and ĝ respectively). We recall some
necessary facts and formulae from the theory of submanifolds (see B.Y. Chen [2], K.
Yano, M. Kon [3]).
For M ↪→ M , the Gauss and Weingarten formulae are:

(2.1) ∇XY = ∇XY + h(X, Y ); ∇Xξ = −Aξ(X) +∇⊥Xξ,

where X,Y are the vector fields tangent to M, ξ is a vector field orthogonal to M,
h : TM × TM → TM⊥ is the second fundamental form of the submanifold M in M
(which is symmetric with respect to both arguments:
h(X,Y ) = h(Y, X)), Aξ : TM → TM is the Weingarten map (or shape operator)
in the normal direction ξ and ∇⊥ is the connection in the normal bundle T⊥(M) ⊂
T (M). From the formulas above, it follows that:

(2.2) g(Aξ(X), Y ) = g(h(X,Y ), ξ).

Because M is a hipersurfaces in M , it follows that ∇⊥Xξ = 0. The forms of the Gauss
and Weingarten formulae for M ↪→ M , in the local components, are:

(2.3) ∇ ∂

∂uβ

∂

∂uα
= ∇ ∂

∂uβ

∂

∂uα
+ h(

∂

∂uα
,

∂

∂uβ
); ∇ ∂

∂uβ
N1 = −AN1(

∂

∂uβ
),

with

(2.4) ∇ ∂
∂uα

∂

∂uβ
= Γγ

αβ

∂

∂uγ
; ∇ ∂

∂xj

∂

∂xi
= Γ

k

ij

∂

∂xk
,

where Γ
k

ij are the Christoffel symbols of the Riemannian connection ∇ and Γγ
αβ are

the Christoffel symbols of the Riemannian connection ∇, respectively. More of that,
in the local components, we have

(2.5) h(
∂

∂uα
,

∂

∂uβ
) = hαβN1; AN1(

∂

∂uβ
) = Aγ

β

∂

∂uγ
; Aβ

α = gβγhγα.

For M ↪→ M̃ , we have the same consideration like above.
Let X,Y be the vector fields tangent to M , ζ is a vector field orthogonal to M ,
h : TM × TM → TM

⊥
is the second fundamental form of the submanifold M in

M̃ , Aζ : TM → TM is the Weingarten map in the normal direction ζ and ∇⊥ is
the connection in the normal bundle T⊥(M) ⊂ T (M̃).We have ∇⊥Xζ = 0 since M
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is a hipersurface in M̃ . Thus, in the local coordinates, the forms of the Gauss and
Weingarten formulae for M ↪→ M̃ , are:

(2.6) ∇̃ ∂

∂xj

∂

∂xi
= ∇ ∂

∂xj

∂

∂xi
+ h(

∂

∂xj
,

∂

∂xi
); ∇̃ ∂

∂xj
N2 = −AN2(

∂

∂xj
).

In local coordinates, the second fundamental form and the Weingarten map have the
forms:

(2.7) h(
∂

∂xi
,

∂

∂xj
) = hijN2; AN2(

∂

∂xi
) = A

k

i

∂

∂xk
; A

k

i = gkjhji

For the immersion M ↪→ M̃ , if X,Y ∈ T (M) and ρ is an unit vector field orthog-
onal to M in M̃ (therefore we have ρ ∈ T⊥(M)⊕ T⊥(M)),
ĥ : TM×TM → T⊥(M)⊕T⊥(M) is the second fundamental form of the submanifold
M in M̃ , Âρ : TM → TM is the Weingarten map in the normal direction ρ and ∇̂⊥
is the connection in the normal bundle T⊥(M) ⊂ T (M̃), in the local coordinates we
have:

(2.8) ĥ(
∂

∂uα
;

∂

∂uβ
) = ĥ1

αβN1 + ĥ2
αβN2;

(2.9) ÂN1(
∂

∂uα
) = Âβ

α1

∂

∂uβ
; ÂN2(

∂

∂uα
) = Âβ

α2

∂

∂uβ
.

From ĝ(Âρ(X), Y ) = g̃(ĥ(X, Y ), ρ) it results Âγ
α1 = ĝγβĥ1

αβ and Âγ
α2 = ĝγβ ĥ2

αβ .

Thus, in the local components, the Gauss and Weingarten formulae for M ↪→ M̃ are:

(2.10) ∇̃ ∂

∂uβ

∂

∂uα
= Γ̂γ

αβ

∂

∂uγ
+ ĥ1

αβN1 + ĥ2
αβN2;

(2.11) ∇̃ ∂
∂uα

N1 = −Âβ
α1

∂

∂uβ
+ ∇̂⊥∂

∂uα
N1; ∇̃ ∂

∂uα
N2 = −Âβ

α2

∂

∂uβ
+ ∇̂⊥∂

∂uα
N2.

If Γ̃c
ab (respectively Γ̂γ

αβ ) are the Christoffel symbols of the Riemannian connection ∇̃
(respectively ∇̂ ), then we have ∇̃ ∂

∂xb

∂
∂xc = Γ̃a

cb
∂

∂xa (respectively ∇̂ ∂

∂uβ

∂
∂uα = Γ̂γ

αβ
∂

∂uγ ).

On the other hand, ∂
∂uα , ∂

∂uβ ∈ T (M) ⊂ T (M) ⊂ T (M̃). From (2.6) it follows that:

(2.12) ∇̃ ∂

∂uβ

∂

∂uα
= Γγ

αβ

∂

∂uγ
+ hαβN1 + hαβN2.

From (2.10) and (2.12) we have:

(2.13) Γγ
αβ = Γ̂γ

αβ ; hαβ = ĥ1
αβ ; hαβ = ĥ2

αβ .

From (2.8) and (2.13) it follows that

(2.14) ĥ(
∂

∂uα
,

∂

∂uβ
) = hαβN1 + hαβN2.
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But ĝαβ = gαβ so, we have ĝ = g and ∇̂ ≡ ∇. Therefore

(2.15) ÂN1(
∂

∂uα
) = ĝγβ ĥ1

αβ

∂

∂uγ
= AN1(

∂

∂uα
)

(2.16) ÂN2(
∂

∂uα
) = AN2(

∂

∂uα
)− g(h(

∂

∂uα
, N1), N2) ·N1.

Hence, if f1 and f2 ∈ F(M̃) and X ∈ TP M we have:

(2.17) Â(f1N1+f2N2)(X) = f1 ·AN1(X) + f2 · {AN2(X)− g(AN2(N1), X)N1}.

3 The main results

In this section we are concerning with the properties of the composition of two par-
ticular Riemannian immersions as, for instance, of two totally geodesic immersions
or of two minimal immersions or of totally umbilical immersions. Finally, we put the
results into a table. The definitions from the theory of submanifolds are in [2] or in
[3]. If M is a n-dimensional manifold isometrically immersed in a (n+p)-dimensional
manifold, let (eα)α=1,n be a local orthonormal basis in TP (M) and let {Nx}x=1,p be
a local orthonormal basis in T⊥P (M). We denote by H the mean curvature vector field
defined by

(3.1) H =
1
n

n∑
α=1

h(eα, eα)

If Ax := ANx then, from (3.1), we have

(3.2) H =
1
n

p∑
x=1

trace(Ax) ·Nx

Let M be a n-dimensional submanifold isometrically immersed in a (n+1) dimensional
submanifold M which is isometrically immersed in a (n+2) dimensional Riemannian
manifold (M̃, g̃).

Lemma 3.1 If H, H and respectively Ĥ are the mean curvature vector fields of sub-
manifold M ↪→ M , M ↪→ M̃ and respectively M ↪→ M̃ , then:

(3.3) Ĥ = H +
n + 1

n
H − 1

n
h(N1, N1).

Proof: From (3.2) we have

(3.4) Ĥ =
1
n

[trace(ÂN1) ·N1 + trace(ÂN2) ·N2]

From (2.16) and from g(N1,
∂

∂uα ) = 0 we have

(3.5) trace(ÂN2) =
n∑

α=1

g(AN2(
∂

∂uα
),

∂

∂uα
)
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Therefore,

(3.6) trace(ÂN2) = trace(AN2)− g(h(N1, N1), N2)

From (3.2) it results

(3.7) H =
1
n

trace(AN1) ·N1

and from (3.6) we have

(3.8) trace(ÂN2) ·N2 = (n + 1)H − h(N1, N1)

So, from (3.7), (3.8) we have (3.3). ¤
Theorem 3.1 (B.Y Chen [2]) If (M, g) is totally geodesic in (M, g) and (M, g) is
totally geodesic in (M̃, g̃), then (M, g) is totally geodesic in (M̃, g̃).
Proof: If (M, g) (respectively (M, g)) is totally geodesic in (M, g) (respectively in
(M̃, g̃)) so, we have hαβ = 0 (respectively hαβ = 0). From (2.14) it follows that
ĥ( ∂

∂uα ; ∂
∂uβ ) = 0, therefore M is totally geodesic in M̃ . ¤

Theorem 3.2 If (M, g) is minimal in (M, g) and (M, g) is totally geodesic in (M̃, g̃),
then (M, g) is minimal in (M̃, g̃).
Proof: If (M, g) is totally geodesic in (M̃, g̃) then hij = 0 and we have H = 0. From
(3.3) it results that Ĥ = H. But (M, g) is minimal in (M, g) so H = 0, therefore
Ĥ = 0 and (M, g) is minimal in (M̃, g̃).¤
Theorem 3.3 If (M, g) is totally umbilical in (M, g) and (M, g) is totally geodesic
in (M̃, g̃), then (M, g) is totally umbilical in (M̃, g̃).
Proof: If (M, g) is totally umbilical in (M, g) then AN1(

∂
∂uα ) = λ1

∂
∂uα . If (M, g) is

totally geodesic in (M̃, g̃) then hij=0 and from this it results AN2 = 0. Thus, from
(2.17) we have

(3.9) Â(f1N1+f2N2)(
∂

∂uα
) = f1AN1(

∂

∂uα
)

(for any f1, f2 ∈ F(M̃) ). Therefore, it results Â(f1N1+f2N2)(X) = f1λ1X, for all
X = Xα ∂

∂uα ∈ TP (M). Hence, (M, g) is totally umbilical in (M̃, g̃). ¤

Theorem 3.4 If (M, g) is totally umbilical in (M, g) and (M, g) is totally umbilical
in (M̃, g̃), then (M, g) is totally umbilical in (M̃, g̃).
Proof: If (M, g) is totally umbilical in (M, g) then AN1(

∂
∂uα ) = λ1

∂
∂uα and from

(M, g) totally umbilical in (M̃, g̃) we have AN2(X) = λ2X, where X is in TP M . From
(2.17) it follows that:

(3.10) Â(f1N1+f2N2)(
∂

∂uα
) = (f1λ1 + f2λ2)

∂

∂uα
− f2g(AN2N1,

∂

∂uα
)N1

But AN2N1 = λ2N1 and g(λ2N1,
∂

∂uα ) = 0 and from these we have
Â(f1N1+f2N2)(X) = λX, where X = Xα ∂

∂uα ∈ TP (M) and λ = f1λ1 + f2λ2. There-
fore, (M, g) is totally umbilical in (M̃, g̃). ¤
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Theorem 3.5 If (M, g) is totally geodesic in (M, g) and (M, g) is totally umbilical
in (M̃, g̃), then (M, g) is totally umbilical in (M̃, g̃).
Proof: If (M, g) is totally geodesic in (M, g) then AN1(

∂
∂uα ) = 0. Since (M, g) is

totally umbilical in (M̃, g̃), from (2.17) it follows that Â(f1N1+f2N2)(X) = f2λ2X,

where X = Xα ∂
∂uα ∈ TP (M). Therefore, (M, g) is totally umbilical in (M̃, g̃).¤

Theorem 3.6 If (M, g) is minimal in (M, g) and (M, g) is minimal in (M̃, g̃) then
(M, g) is minimal in (M̃, g̃) if and only if N1 is an asimptotic section for h (i.e.
h(N1, N1) = 0).
Proof: Since (M, g) is minimal in (M, g) and (M, g) is minimal in (M̃, g̃) then
H = H = 0. From (3.3) we have Ĥ = − 1

nh(N1, N1). Thus, Ĥ = 0 if and only if
h(N1, N1) = 0. Therefore (M, g) is minimal in (M̃, g̃) if and only if h(N1, N1) = 0. ¤

I◦. f (M, g) is minimal in (M, g) and (M, g) is minimal in (M̃, g̃), then (M, g) is
minimal in (M̃, g̃) if and only if N1 is an asimptotic section for h. I◦. f (M, g) is
minimal in (M̃, g̃) and (M, g) is minimal in (M̃, g̃) then (M, g) is minimal in (M, g)
if and only if N1 is an asimptotic section for h. I◦. f (M, g) is totally geodesic in
(M, g) and (M, g) is minimal in (M̃, g̃), then (M, g) is minimal in (M̃, g̃) if and only
if N1 is an asimptotic section for h. I◦. f (M, g) is minimal in (M, g) then the
mean curvature vector field Ĥ of (M,g) in (M̃, g̃) is normal to M in M̃ .
Indeed, if (M, g) is minimal in (M, g) then, from (3.3), it follows that
Ĥ = n+1

n ·H − 1
nh(N1, N1). Hence, Ĥ is normal to M in M̃ . ¤

Finally, from the theorems above, we can put the results into the table which has
on the first column the properties of the immersion M ↪→ M , on the first line it has
the properties of the immersion M ↪→ M̃ and the other cells contain the properties of
the composition of these immersions (thus, it results the properties of the immersion
M ↪→ M̃). We denote by tg = totally geodesic submanifold, tu = totally umbilical
submanifold and m = minimal submanifold and m∗=minimal submanifold if and only
if h(N1, N1) = 0.

M in M \M in M̃ tg tu m
tg tg tu m∗

tu tu tu ¤
m m ¤ m∗
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