Classification of cubics
up to affine transformations

Mehdi Nadjafikah and Ahmad-Reza Forough

Abstract. Classification of cubics (that is, third order planar curves in the
R?) up to certain transformations is interested since Newton, and treated
by several authors. We classify cubics up to affine transformations, in
seven class, and give a complete set of representatives of the these classes.
This result is complete and briefer than the similar results.
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1 Introduction

An algebraic curve over a field K is the solution set of an equation f(x,y) = 0, where
f(z,y) is a polynomial in z and y with coefficients in K, and the degree of f is the
maximum degree of each of its terms (monomials). A cubic curve is an algebraic
curve of order 3 with K = R real numbers.

One of Isaac Newton’s many accomplishments was the classification of the cubic
curves. He showed that all cubics can be generated by the projection of the five
divergent cubic parabolas. Newton’s classification of cubic curves appeared in the
chapter ”Curves” in Lexicon Technicum [4], by John Harris published in London in
1710. Newton also classified all cubics into 72 types, missing six of them. In addition,
he showed that any cubic can be obtained by a suitable projection of the elliptic
curve

(1.1) y* =ax® +br* +cx+d

where the projection is a birational transformation, and the general cubic can also be
written as

(1.2) v =2 +ar+b

This classification was criticized by Euler, because of it’s lack of generality. There are
also other classifications, ranging from 57 to 219 types. The one with the 219 classes
was given by Plucker.
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We classify cubics up to affine transformations, in seven class, and give a complete
set of representatives of the these classes. This result is complete and briefer than
the similar results. We done this by studying the structure of symmetries of the of
an special differential equation which M is it’s solution.

2 Forming the problem

Let R? have the standard structure with the identity chart (z,y) and 9, := 9/dz and
0, := 0/0y are the standard vector fields on R?. Let
(2.1) C : 302 + co12?y + croxy® + cozy® + co02?
’ +e11ay + o2y + croz + co1y + coo =0

have the induced differentiable structure from R?. Let M be the set of all sub-
manifolds in the form (2.1) with ¢392 + co12 + 122 + co32 # 0. M can be regarded as
an open sub-manifold R!® — {0} of R!? with the trivial chart:

(2~2) SD(C) = (030, C21, C12, €03, €20, C11, €02, C10, €01, Coo)
Let Af f(2) be the Lie group of real affine transformations in the plan:
ajlp a2 «

(2.3) g:=1 axn ax 0B
0 0 1

2
aij, 0, 3 € R, aj1azs # a2a2;

Which, act on R? as

(2.4) g (z,y) = (ana: + a12y + a, a0 + azy + 6)

The Lie algebra aff(2) := L(Af f(2)) of this Lie group spanned by

(2.5) Oz, Oy, 20y, YOy , 0y, YOy

over R. Aff(2) as a Lie group act on R? and so on the set M of all sub-manifolds in
the form (2.1) of R%. Two curves C; and Cs in the form (2.1) are said to be equivalence,
if there exists an element T of Aff(2) as (2.10) such that T(C;) = Co. This relation

partition M into disjoint cosets. The main idea of this paper is to realize these cosets
by giving a complete set of representatives.

Theorem 1. Every cubic curve (2.1) can be transformed into a cubic in the form
(2.6) 23 4+ 2%y = Ax® + Bay+ Cy*> + Dx+ Ey + F

with C > 0, by an affine transformation.

Proof: Let g € Aff(2) act on C := ¢ '(asg,--- ,a00) and result be C := g-C =
gp‘l(dgo, -+« ,apo). There are two cases,
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(a) Let c39 # 0 or ¢g3 # 0. If one of these numbers is zero, we can transform C into

a similar curve with non-zero czg and cg3, by using the affine transformation
(z,y) — (x + y,x). Therefore, we can assume that czy and cg3 are non-zero.
Now, we have

G30 = C30a11° + C21a11°A21 + C12a11a21° + co3a01”

Ga1 = 3ez0a12a11° + ca1a11°a22 + 2021a12a21a11
(2.7) +2¢12a11a22a21 + C12a12021° + 3c03a20a21°

G12 = 3egoarz’ar + 2c21a12a92a11 + c2a1a12%a2;

2 2
+c12a11a22° + 2¢12a12a22a21 + 3Cp3a22” a1

Go3 = 3cgoai2” + 3ca1a12%ass + 3c12a12a22” + 3cpzans®
Let ¢12 = 0 and solving the result equation for a1y, we find that

2 2
as1(2c12a12a92 + 3co3az0? + co1a12?)
3c30a122 + 2¢21a12a22 + C12a222

(2.8) all =

Thus, by putting a1; in ¢3¢ and ¢p3, we have

3 2 2 3
5 C30a12° + C21A127A22 + C12G12G22° + Co3G22
(3c30a122 + 2c21a12a22 + C12a222)3

€30 = Qg1 — a21

4 2 4. 2 3 2
x(27a12 c12¢30” — 9a12”ca1 30 + 8laia”azacoscso

3. 2 3
—27a12°c30" cozaz1 + 9a12”c30C21 12021
601531 3 — 2a1s> 3 1 81ars2a0s?
a12 C21 A22 a12”az1¢21” + Slaja™age”c3pcoscar
2 2 2
+18a12”c3pc12”a21a22 — 27a12"c30C03a021C21 022
2 2 2 2 2
(2.9) —9a12”a2"c12c21” — 3a12”az1c12a22¢C21
2 3
+27a12c30C12022° Co3a21 + 27a12a22° C30C12C03
2 2 3. 2
—18ai2az1a22”co3c21” — Yar2a22”°c12”Co1
2 2 3 2
+3a12a21¢c12°a22°co1 + 18a12a227cpzcat
2 3 3.3 4
+27co3”azz”az1¢30 + 2az1¢12°a22° + 9aze " c12cp3c21
4. 3 3 3
—3ag2"c12” — 9cp3a22°ca1C12a21 + Ya12 022030012021)
~ _ 3 3 3 2 3 2 3 3
Co3 = 9C30012° + 3C210127A22 + 3C12G12022° + 3Co3a22

Now, if we can assume that

(2.10) c30a12° + carara’ags + craa12a29® + cozan® =0
(2.11) 3c30a19” + 2c21a12a22 + Croa20” #0

then, ¢3p = ¢21 and ¢12 = é3 = 0. The equation (2.10) is an third order in
asy and the coefficient of age® is cg3 # 0. Therefore, has a real solution. On
the other hand, if the left hand side of the (2.11) be zero, for all a;2 # 0, then
it must be c¢gp = 0, which is impossible. Therefore, the relations (2.10) and
(2.11) can be valid. Because a1z # 0, we can choose ag; such that det(g) =
a11a22 — aiza 7 0.
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(b) Let c3p = co3 = 0. Therefore, co; # 0 or ¢12 # 0. Assume, g-(z,y) = (z+ay, y).
Then, we have

(212) 530 = 0, 503 = 304(04621 + 612).

Because co1 # 0 or ¢12 # 0, we can choose a such that ¢g3 # 0, and this is the
case (a).

If C < 0, we can apply the transformation (z,y) — (—z, —y), and take a curve
with C' > 0. O

Definition 1. The set of all cubics of the form (2.6) is denoted by M, and define
©: M — RS by

@({x?’ + 2%y = A2? + Bxy + Cy* + Dz
(2.13) +Ey+ F}) := (A,B,C,D,E,F) € R®

as a chart of M. Then, M has a six-dimensional manifold structure isomorphic to
R5 x R =~ HS:

M = {{x?’ + 2%y = A2z? + By + Cy® + Dz

(2.14) +Ey+F}}A,B,C,D,E,FeR,Czo}

Conclusion 1. M is a regular siz-dimensional sub-manifold with boundry of M,
and a section of action Aff(2) on M. O

Conclusion 2. We can classify M up to affine transformations, instead of M. O

3 Reducing the problem

Let C = (A, B,C,D,E,F) € M and (y,z) € M. The equation (2.6) can be writen as
f=a23+2%y—Az?— Bay—Cy?>—Dx—Ey—F = 0. Since df /0y = 2>~ Bx—2Cy—FE
and by the initial assumption C is of order 3 in x, then 9f/dy # 0 for all (z,y) € C,
without a finite set of points. Therefore, we can assume vy is a function of x in almost
every points of C. Now, we can prolong y up to sixth order j%y, and forming J6C the
sixth order jet space of M. For this, it is enough to compute the sixth order total
derivative of equation (2.6). That is, we apply

d 9 o 0

1 i Y =
(3.1) +yay+y By

dxr Ox T

in six times. In this manner, we find six equation. By solving these equations for A,
B, C, D, E and F, and substitute these values into (2.6), we find that
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Theorem 2. If(z,y,y,y", ¥, y®, 4y y©)) be the standard chart of J¢(R?), then
the curve p~1(A, B,C, D, E, F) in R? prolonged into the hyper-surface

600y y 33y — 295413 4 120y(3)345) — 3003)2y(1)?
—54y®2"2 4 460y y Dy’ y"y3) 4 360y y 3y L)y
—120y Oy y3)2y" 4 45y(0) D/ 4/"2 — 400y(3)°
(3.2) +90y() gy 3)gy"3 — 1920y6)y" (32 — 22531,/
+225y1)2y/2y(3) _ 13541 3y(5) _ 150322,/
+120y(5)y/y(:’>)3 _ 54y//2y(5)2y/ _ 360y(5)y(3)2y//2
+45yO gy y"2 —

in J®(R?). Which is a five order algebraic curve in JS(R?), or a siz order and five
degree ordinary differential equation in R?. O

Conclusion 3. We can classify € the solution set of (3.2) up to affine transforma-
tions, instead of M. That is, we find the Aff(2)— invariant solutions of the ODE
(8.2). |

4 Solving the problem

In order to find the symmetries of the differential equation (3.2), we use the method
which is described in the page 104 of [5]. Let X = &(z, y)0 +n(z, y)0y be an arbitrary
element of aff(2), and prolong it to the aff(®)(2), which actis on (3.2). Because the
variables z, v, v/, v, ¥, y®, y® and y© are independent in Jé(R?), we obtain a
system of 422 partial differential equations for £ and 7. Reducing this system by the
method of Gauss-Jordan, and find the following

gz + Nz =My,

Ney = 0, Thy2 = 0, Nx2 = 0,
fy =0, gaﬂ =0, facy =0, §y2 =0,

N3 = 07 Nx2y = 07 Naxy2 = 07 Ny3 = O,
&as = 0, Emzy =0, Emy2 =0, gy?’ =0,

(41) Nzt = 0, Nady = 0, Nx2y2 = 0, Nay3 = 0, Nyt = 0,
514 =0, §$3y =0, ngyz =0, f:m,/*‘ =0, §y4 =0,

Nas = 07 Nty = Oa Na3y2 = 07 Nx2y3 = Oa Neyt = 07 Nys = Oa
gzzcy‘L = 07 £y5 = 07 5965 = 07 €x4y = 07 fa:gyz = 07 Exzyg = 07

Ty = 07 6779c5y = fme, 3£a:4y2 = 477x3y37 4§z3y3 = 377z2y47
5§zzy4 = 2779:1/5, 6£zy5 = Mys, gyﬁ =0, 25:057; = 5771:43,/2-

This system too, in turn equivalented to

§m+77w:77a £ =0, gxwzoa
4.2 v v
(4.2) Nez = 0, Nay =0, 7y =0.
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The general solution of this system is

{(z,y) = Csx + Ch,

4.
(43) n(x,y) = Caz + (C3 + Ca)y + Ca.

Which C1, Cs, C5 and Cy are arbitrary numbers. Therefore,

Theorem 3. There is only four linearly independent infinitesimal generators for the
action of Aff(2) on the solution of (3.2):

(4.4) X1 =0y, Xpi=0,, Xsi=ax0, +ydy,, X4:=(z+y)d,.

The commutator table of g := span{ Xy, Xa, X3, X4} is:

X, X2 X3 Xu
X:| 0 0 X1 X,
(4.5) X, | 0 0 Xo X,
X3 -X1 -Xo 0 0
Xy -Xo —Xo 0 0

O

Definition 2. Let G be the closed connected Lie sub-group of Af f(2), which it’s
Lie algebra is g.

Conclusion 4. The necessary and sufficient condition for a one-parameter Lie
transformation T leaves &€ invariant, is that the corresponding infinitesimal trans-
formation belongs to g. That is, be a linear combination of X1, X2, X3 and X4 of

(4-4) O

Now, we study the action of G on M. To this end, we find the one-parameter
transformation group corresponding to any generators of g, and then, applying those
on p(A,B,C,D,E,F) € M. For example, if exp(tXy) - (z,y) = (&, J), then must have

#(t) =0 0=y
(4.6) { B+t . #(0) =z

ST

Therefore, Z(t) = z and §(t) = +e'(y —x) —z. In a similar fashion, we can prove that

Theorem 4. A set of generating infinitesimal one-parameter sub-groups of action
G are

g1(t) : exp(tXy) - (x,y) — (x —|—t,y)7

(@7) 92(t) : exp(tXs) - (:c,y) — (az,y + t),

: g3(t) : exp(tX3) - éx,yg — Eetx,ety),
ga(t) : exp(tXy) - (z,y) — (z,e'(z +y) — a:)
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Now, In order to a complete list of G'—invariants on M, applying the each of
infinitesimals of (4.7) on p~1(A, B,C, D, E, F): For example, for X, we have

eXp(tX4) : (x7y)
t=0

= (B —A)@A +2C0g + Coc + (E*D)@D — For

s d
1 o
(4.8) X, (go (A7B7C,D,E,F)) ==

In a similar fashion, we can prove that

Theorem 5. If X; be the infinitesimal generator corresponding to one-parameter
Lie group g;, then

X, = =304 —20p+ 240p + Bog + DOr

(4.9) Xy = -84+ Bdp+200p + Edp
X3 = —Ad4— Bop — Cdc —2Ddp — 2By — 3Fdp
Xy = (B—-A)d4+2C005 +Cdc + (E—D)dp — Fop

If I be an G—invariant, then it is necessary and sufficient that I be a solution of
the PDE

(4.10) {Xl(l) =0, Xo(I) = 0, X3(I) = 0, X, (I) = o}.
Therefore,

Theorem 6. FEvery sizth order G—invariant of action Af f(2) on M is a function
of following invariants

C?*(D+ AB — B? — E —2AC + 3CB — 20?)?
(4E + 8AC + B2 — 120B + 12C?2)3
C 2
L2 = ET8AC+ B —12CB 1 12077 (40B+840
+7CB? —12C?B + 2F + 2CA?% + 2AF — B3

_3BE — 8BAC + BD + AB® — 20D + 603)

(4.11) L =

Conclusion 5. Let C; and C2 are two curves in the form (2.6). The necessary
condition for C1 and Cq being equivalent, is that I1(C1) = I1(C1) and I3(C1) = I2(Cy).

Now, we choose one representative from every equivalent coset, by applying the
generating one-parameter groups of Aff(2) on
¢ Y(A,B,C,D,E,F) € M. This, can reduce the section M to a minimal section
of the group action Aff(2). on M. That is, a section with one element from any
coset. this complete the Conclusion 5, and prove the sufficient version of this fact.
Let g;(t;), with ¢ = 1,2,3,4 of (4.10) operate respectively on
¢ YA,B,C,D,E,F), where t; € R. Consider following seven cases:
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Case 1. If C >0 and

(4.12) Ay:=D+AB—-B?> - E —2AC +3CB —-2C%*+#0
then, we can assume

t; = (e —1)C+ B2,
(4.13) ty = 2;4 (20(1 +ets — 2¢24) — Blet +2) + 2A>,

ts = t4+In(C), t = (1/2)In (2] /12¢2),
and obtain the curve ¢=1(0,0,1, D1,0, F}), with € = sgn(A;) € {-1,1},
(4.14) Dy =24 24e\/3|I|, Fy=—1+72I,+ 72\/|1].
We define
(4.15) C;b:x?’—kxzy:yz—f—afc—kb, a,beR

Case 2. If C>0,A;=0and

(4.16) Ay :=4D +4C* —3B* + 4AB #0

then, E = 4C(B — 1) — (B? + 8AC)/3 and we can assume
ty, = BJ/2+C(e" —1),

(4.17) tp = A—B+C—1t+e"(B—2t —20) + Ce?',
ts = (1/3)In(C|Azl/4), ta=t3—InC.

and obtain the curve ¢~1(0,0,1,e — 1,3, Fy), with a constant F}.
We define

(4.18) Cly:a’+a2’y=y’+cx—3y+d, ce{-2,0}, deR

Case 3. If C >0and Ay = Ay =0, then £ =4C(B — 1) — (B? 4+ 8AC)/3 and we
can assume

ty, = CO(e" —1)+ B/2,
(4.19) ty = (2A—3B+4C)/2 — Ce'* — Ce*'s,

ts = t4+1n(C),
and obtain the curve »=1(0,0,1, -1, —3,2 + A3 /(4C3¢e*4)), where

A3z = C(4E+7B%+2A%? -8BA —2D) +4C?*(2A — 3B)

(4.20) +6C* 4+ B(D — 3E) + AB*> — B® + 2F + 2AF.
If Az # 0, we can assume 4t4 = In(|A3|/4C?), and obtain
(4.21) 2+ Az/(4C3e*) = 2 + sgn(A3)

Therefore, we obtain following curves:

(4.22) Cradta?y=y’—2-3y+e, ec{l,23}
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Case 4. If C = Ay =0 and Ay and As are not zero, then we can assume

t; = B/2, ty=(24-3B)/2,
(423) t3 = ln(2|A2A3|)7
t4 = 3IH|A2|—2ID|A3|,

and obtain the curve ¢~=1(0,0,0,¢,0,7), where ¢ = sgn(As) and v = sgn(Az). If
v = —1, we can use the transformation (z,y) — (—z, —y), and obtain a curve with
~v = 1. Therefore, we obtain following curves:

(4.24) C;Lc st a2ty =fe+1, fe{-1,1}

Case 5. If C = Ay = As; =0 and Aj be not zero, then we can assume

(4.25) t1 = B/2, to = (24 —3B)/2,

ty = —3t3+1In ‘A3|7
and obtain the curve ¢=1(0,0,0,0,0,¢), with ¢ = sgn(A3). If ¢ = —1, we can use
the transformation (x,y) — (—x, —y), and obtain a curve with € = 1. Therefore, we

obtain following curve:

(4.26) Co a2ty =1.

Case 6. If C = A; = Az =0 and Ay be not zero, then we can assume

(4.27) t, = BJ2, ty = (2A — 3B)/2,
2t3 = —t4+1H|A2/4‘,

and obtain the curve ©~1(0,0,0,¢,0,0), with ¢ = sgn(Ay). Therefore, we obtain
following curves:

(4.28) CY a+a?y=hr, he{-1,1}
Case 7. If C, A1, As and Aj are zero, then we can assume
(4.29) t, = BJ2, ty = (24— 3B)/2,
and obtain the curve ¢~1(0,0,0,0,0,0), or

(4.30) C" b+ a?y=0.

Therefore, we prove that

Theorem 7. Let C be a curve in the form (2.6), then only one of the following cases
are possible:

1) €Ly :a® + a2y =y? +ax +0b, witha,beR;

2) Cid s+ 2%y = y? + cx — 3y + d, with c € {-2,0} and d € R;
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3)C3:ad+aly=y?—2—3y+e, withe € {1,2,3};
4) Ci 2+ o’y = fo+1, with f € {-1,1};

5)Co a2ty =1;

6) C3 : a2 +a?y = gy, with g € {—1,1};

7) C7 2?2y = 0.

Finally, we prove the main Theorem:

Theorem 8. Any cubic can be transformed by an affine transformation to one and
only one of the following cubics:

1) Ci,b a3+ ?y=9y>4+ax+b, witha,beR and a > 2;
2) C2, 2+ a2ty =y®+cx—3y+d, with ce{-2,0} and d € R;
3)C3 it +aty=9%>—2—-3y+e, withec {1,2,3};
4) C‘]% st a2ty = fr+1, with f € {-1,1};
5)Co a2ty =1;
6) CS : x® + x?y = hx, with h € {—1,1}; and
7) C7 2 + 2%y = 0.
Furthermore, the isotropic sub-group of this curves are

1) Iso(C, ,) = {Id}, if a > 2;

)

1
2) Tso(Cy ) = {1d, T} = Zy, with T(x,y) = (—x — 2,2z +y + 2);
2

C2 ) = Tso(C?) = Tso(C}) = {Id};

)

(
(
3) Iso(
(
(
(

4) Iso(C?) = {T, |a € RT}, where T,(z,y) = (az, (a™2 — a)z + a 2y);
5) Iso(C8) = {T, |a € RT}, where T,(x,y) = (azx,(a™' —a)x + a~'y); and
6) 1s0(C") = {Tup | a,b € RT}, where T, p(x,y) = (az,a(b — 1)z + aby).

Proof: By the Theorem 7, every cubic belongs to one of these seven families. It is
therefore enough to show that any cubic of a family is not equivalent to one of the
other families.

(1-1) Let C} 4 and C} p = g-C,, are equivalent, and
(4.31) g = g1(t1) o g2(t2) 0 ga(t3) o ga(ta).

By solving the corresponding system of equations, and find that {t; = t5 =
2,t3 =ty = —1,14 = 4—a,B = b+4—2(1}, or {t1 =ty = 0,t3 =14 =
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1,A = a,B = b}. Therefore C};,b is equivalent to C}l_a’b+4_2a7 by the action
T:(z,y) — (—2—2,22+y+2), where T? = Id. If a < 2, then 4 —a > 2, and
we can restrict the curves C}m in a > 2. Therefore, every two cubics of type Ci,b
with a > 4, are not equivalent. If @ > 2, then the isotropic sub-group Iso(C}l’b)
of C;, , is {Id}; and otherwise, Iso(C3 ,) = {Id, T}, with T = 1d.

(1-2) If a curve be in the form Cid, then A; =0, and I; and Iy are not "undefined”.
Thus, every cubic of the type C}, , is not equivalent with any cubic of type CZ ;.

(1-3) This is similar to (1-2).

(1-C>4) Let ¢~'(0,0,0,0a,3,7) = g-C}, , are equivalent. By solving the correspond-
ing system of equations, we find that e**~% = 0, which is imposible. Therefore,
any curve of type C}l,b is not equivalent to any cubic of type C* with a > 4.

(2-2) Let C%) 4 and Cg’ =9 Ca 4 are equivalent. By solving the corresponding system
of equations, we find that {t; = e — 1,15 =1 —t; — 2e™(t; + 1) + 4,3 =
ty,c=e 3 —1.d=2+e 4 (d—3)+e 3%} Ife=0,thenty =0and d = —2.
If ¢ = —2, then e3!* = —3, which is impossible. Thus cubics C%,d and CE?J’
with d # d, are not equivalent; and Iso(Cfv 4) = {Id}, for any c and d.

(2-3) Let C2 =g - Ci 4 are equivalent. By solving the corresponding system of equa-
tions, and find that e73%(c + 1) = 0. But ¢ € {—2,0}, which is imposible.
Therefore, any curve of type C2 is not equivalent to any cubic of type Ca a

(2-C > 4) This is similar to (1-C).

(3-3) Let C3 and C2 = g - C2 are equivalent. By solving the corresponding system
of equations, we find that {t; = e’ — 1,ty = 1 —t; — 2e%(t; + 1) + !4 t3 =
ty,€ —2=e 41 (e —2)}. But e, e € {1,2,3}, therefore e = € and t4, = 0. Thus,
the curves C2 and C2 are equivalent, if and only if e = &; and Iso(C?) = {Id},
for any e.

(3-C> 4) This is similar to (1-C).

(4-4) Let C‘} and C‘;— =g- C‘} are equivalent. By solving the corresponding system of
equations, we find that {t; =ty = 0,t4 = —3t3, f = e f}. But f, f € {-1,1},
therefore f = f and t3 = 0. Thus, the curves C‘} and C‘]% are equivalent, if and
only if f = f; and Iso(C;%) = {Id}, for any f.

(4-C > 5) Let ¢=%(0,0,0,0,c, 3) = g~C‘} are equivalent. By solving the corresponding
system of equations, we find that e #4723 f = 0, which is imposible. Therefore,
any curve of type C‘} is not equivalent to any cubic of type C* with a > 5.

(5-5) Let C° = g - C5. By solving the corresponding system of equations, we find
that {t; = to = 0,t4 = 3t3}. Therefore, Iso(C®) = {T,|a € R*}, where
Ta(‘ray) = (a’m? (CL_2 - a)x + a_QQ)'

(5-C > 6) This is similar to (4-C).
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(6-6) Let C§ = g - C’% By solving the corresponding system of equations, we find
that {t; = ty = 0,h = e!*T23p}. But h,h € {—1,1}, therefore h = h and
ty = —2t3. Thus, the curves Cj and C% are equivalent, if and only if h = h; and
Iso(CY) = {T, | a € RT}, where T,(z,y) = (az, (a™* — a)z + a"1y).

(6-7) This is similar to (4-C).

(7-7) Let C” = g -C". By solving the corresponding system of equations, we find
that {t; = ta = 0}. Therefore Iso(C”) = {T,|a,b € RT}, where T, ;(z,y) =
(az,a(b—1)x + aby). O
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