Parallel displacements in the bunch of connections
of first type on distributions of planes

O.M. Omelyan

Abstract. In multi-dimensional projective space, the distribution of planes
is considered. The composite equipment of the distribution, representing
an analog to Cartan’s equipment and Norden’s normalization of 2-nd type,
is made. The concepts of the bunch of connections of first type and its
pre-bunches is introduced. The parallel displacements of equipping planes
in the bunch of connections of first type are described.
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The given paper is continuation of research of distribution of planes N.S,,, which
represents an n-dimensional family of centered m-dimensional planes P}, = {A, P},
where A € P,,. The equations of distributions NS,, in n-dimensional projective space
P, look like ([2]):

wd = A%w’ (I,J,K =1,n5i,5,k =1,m;a,b,c =m+1,n),
where the components of the fundamental object A satisfy the differential equations
ANy = 05wi = Afy 0™ (Afyx) =0),
and the differential operator A acts as follows:
ANy = dAfy + Aljuf — Afyw! — Afgwl.

The principal bundle G(NS,,) is associated to the distribution NS,,, whose base
is the distribution, and the fiber — the subgroup of a stationarity G C GP(n) of
the centered plane P}, and dim G = n? + m? — n(m — 1). The fundamental-group
connection in the bundle G(NS,,) is set by Laptev’s mode [1] by means of a field of
connection object
I'= {F;’ka Fz'av Fij, Fiav nga gc, Ffzj, ]-—‘fzba Faiv Fab}~

The composite equipment of the distribution VS, consisting in an assignment of
fields of two planes in it, is produced via
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and the equipping planes are defined by the aggregate of points
By = A + M A 4+ N A, B; = A; + \A. (1)

The object A = {\., Ay, A;} refers to ([3]) the equipping quasitensor of distribution
NS,.

We further transform the differentials of points B, and B;, substituting instead
of differentials of components of equipping quasitensor their expressions through co-
variant differentials

d\L = VAL 4 \ob — )\awj -t
Ao = Vg + M@ = Ny — Ba,  dNi = VN + N\ — @, (2)

we get

dBo = (...)5By + (VA + 1 jw? +15,0°) B 4+ (Q + (lai — N\l Wi

+(lab — Aillp)w”) A, (3)
dB; = (...) B 4 (... )Ba + (Vi + lijw’ + ligw®) A, (4)
where the following labels are defined
Ly =T + T A —TO N — AL AN, + 00N,
oy = Thy + Th A, — T AL — A ML — Ao,
lai = Lai — Doy + Tjadd — AB NN, (5)
lab = Tap — TS A + Tip AL — AG AL — Ao,
lij = Dij = DAk — Al (Aa — A5 M) — A,
lia = Tia =TI 0N — A2 (N — M) — Aida + Nidj AL
Qu = Ve — VAL (5)

Differentiating the expressions (5) and taking into consideration the differential rela-
tions ([2]) on components of next objects (connection object I', fundamental object
A and equipping quasitensor A [3]), we infer the following relations modulo the basic
forms w!:

Al =0, Al —Thwl =0, Al +1w =0, (61)
Algy — lmw}; + libwi =0, Al” =0, Alig — lijwaj =0. (62)
The relations (61, 62) allow us to formulate the following

Proposition. The object | = {la], oo lais laby Lijs Lo}, whose components are
determined by the formulas (5), is a tensor containing two elementary subtensors

{laj} {li;} and four simple subtensors {la], b {laj, lai}, {laJ, Lo laiy Lan by {lijs Lia }-

By analogy to ([4]), we provide the following
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Definition. The group connection I' belongs to the bunch of connections of 1-st
type, if the tensor | vanishes, i.e. the following equalities are fulfilled:

a)ll; =0, a)lly, =0,  bi)la; =0, (71)

bg)lab = O, Cl)lij = 0, Cg)lm =0. (72)

The connections from the bunch of 1-st type will be called a12b12¢12-connections. If
only a part of the conditions (71,73) are fulfilled, we shall speak of a pre-bunch of
appropriate connections.

1
We shall denote this bunch of connections by I'. The formulas for its components
have the following form:

1
Lij = D5 + A% (A — MAe) + Xid;,

J
1 . . .
Fia = Fga)\j + A?a()\b - )\i}\]) + )\i>\a - )\i)\j>\J

1, , . , .
To; = ToAb = TijAa + AL AGA, — 85, (8)
oo = TapAe — Tip AL + A AL A + Aoy,

1 b 1 . b o

Coi = Toi M — TN + Aji/\fz/\ba
1 1 _
T = ng)\c - Fib)\fl + AfbA,{LJ,AC + AaNp.

From the formulas (8) it follows that the components of the subobject T'g = {F; oy L

G0 Thi Lhet C
I" are parameters of the bunch.

Theorem 1. The composite equipment of distribution of planes NS, induces the
bunch of group connections of 1-st type.

In the bunch of group connections of first type it is possible to pick out an unique
connection of 1-st type, as the scopes of parameters of the bunch are found in ([3]), and
the remaining components of connection object are determined by the relations (8),
in which the scopes of parameters of the bunch are substituted. Thus, the connection
of 1-st type is set by the object

01 0. 0, 0L 0L 0 0 0L 0L 01 01

' = {ijarjavrijvriaa bi» bc7Faj7 abaFaiarab}~

From the expressions (3, 4) and the definition of the bunch, follow the statements
below:

Theorem 2. The Cartan’s plane Cy_.,—1 is transferred in a parallel way if and
only if, when it is displaced

a) in Norden’s normal of 1-st type P,_., = [A, Ba], the displacement takes place
relative to the subconnection I'y = {F;k,F;a,rgi,cm,Fij,Fflb}, if T belongs to ais-
pre-bunch of group subconnections;

b) in Bortolotti’s hyperplane P,_1 = By, B;], the displacement happens in linear
combination of group connection I, defined by forms (5/), if T belongs to a12bi2-pre-
bunch of group subconnections;
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¢) arbitrarily, the displacement is carried out in group connection I', if T' does not
belong to a12b12-pre-bunch of group subconnections.

Theorem 3. Norden’s normal of 2-nd type N,,—1 is transferred in a parallel way
in subconnection Ty = {T%, . T%,,Tij, Uia} if and only if, it is displaced

a) in Bortolotti’s hyperplane P,_1, if T's belongs to cia-pre-bunch of group sub-
connections;

b) arbitrarily, if T'o does not belong to a ci2-pre-bunch of group subconnections.
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