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Abstract. In multi-dimensional projective space, the distribution of planes
is considered. The composite equipment of the distribution, representing
an analog to Cartan’s equipment and Norden’s normalization of 2-nd type,
is made. The concepts of the bunch of connections of first type and its
pre-bunches is introduced. The parallel displacements of equipping planes
in the bunch of connections of first type are described.
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The given paper is continuation of research of distribution of planes NSn, which
represents an n-dimensional family of centered m-dimensional planes P ∗m = {A,Pm},
where A ∈ Pm. The equations of distributions NSn in n-dimensional projective space
Pn look like ([2]):

ωa
i = Λa

iJωJ (I, J,K = 1, n; i, j, k = 1,m; a, b, c = m + 1, n),

where the components of the fundamental object Λ satisfy the differential equations

∆Λa
iJ − δa

Jωi = Λa
iJKωK (Λa

i[JK] = 0),

and the differential operator ∆ acts as follows:

∆Λa
iJ = dΛa

iJ + Λb
iJωa

b − Λa
jJωj

i − Λa
iKωK

J .

The principal bundle G(NSn) is associated to the distribution NSn, whose base
is the distribution, and the fiber — the subgroup of a stationarity G ⊂ GP (n) of
the centered plane P ∗m, and dimG = n2 + m2 − n(m − 1). The fundamental-group
connection in the bundle G(NSn) is set by Laptev’s mode [1] by means of a field of
connection object

Γ = {Γi
jk, Γi

ja,Γij , Γia, Γa
bi, Γ

a
bc, Γ

i
aj , Γ

i
ab, Γai, Γab}.

The composite equipment of the distribution NSn, consisting in an assignment of
fields of two planes in it, is produced via

Cn−m−1 : Pm ⊕ Cn−m−1 = Pn, Nm−1 : A /∈ Nm−1 ⊂ Pm,
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and the equipping planes are defined by the aggregate of points

Ba = Aa + λi
aAi + λaA, Bi = Ai + λiA. (1)

The object λ = {λi
a, λa, λi} refers to ([3]) the equipping quasitensor of distribution

NSn.
We further transform the differentials of points Ba and Bi, substituting instead

of differentials of components of equipping quasitensor their expressions through co-
variant differentials

dλi
a = ∇λi

a + λi
bω̃

b
a − λj

aω̃i
j − ω̃i

a,

dλa = ∇λa + λbω̃
b
a − λi

aω̃i − ω̃a, dλi = ∇λi + λjω̃
j
i − ω̃i, (2)

we get

dBa = (. . . )b
aBb + (∇λi

a + liajω
j + liabω

b)Bi + (Ωa + (lai − λj l
j
ai)ω

i+

+(lab − λil
i
ab)ω

b)A, (3)

dBi = (. . . )j
iBj + (. . . )a

i Ba + (∇λi + lijω
j + liaωa)A, (4)

where the following labels are defined

liaj = Γi
aj + Γi

kjλ
k
a − Γb

ajλ
i
b − Λb

kjλ
k
aλi

b + δi
jλa,

liab = Γi
ab + Γi

jbλ
j
a − Γc

abλ
i
c − Λc

jbλ
j
aλi

c − λaλi
b,

lai = Γai − Γb
aiλb + Γjiλ

j
a − Λb

jiλ
j
aλb, (5)

lab = Γab − Γc
abλc + Γibλ

i
a − Λc

ibλ
i
aλc − λaλb,

lij = Γij − Γk
ijλk − Λa

ij(λa − λk
aλk)− λiλj ,

lia = Γia − Γj
iaλj − Λb

ia(λb − λj
bλj)− λiλa + λiλjλ

j
a.

Ωa = ∇λa − λi∇λi
a (5

′
)

Differentiating the expressions (5) and taking into consideration the differential rela-
tions ([2]) on components of next objects (connection object Γ, fundamental object
Λ and equipping quasitensor λ [3]), we infer the following relations modulo the basic
forms ωI :

∆liaj ≡ 0, ∆liab − liajω
j
b ≡ 0, ∆lai + ljaiωj ≡ 0, (61)

∆lab − laiω
i
b + liabωi ≡ 0, ∆lij ≡ 0, ∆lia − lijωaj ≡ 0. (62)

The relations (61, 62) allow us to formulate the following

Proposition. The object l = {liaj , l
i
ab, lai, lab, lij , lia}, whose components are

determined by the formulas (5), is a tensor containing two elementary subtensors
{liaj}, {lij} and four simple subtensors {liaj , l

i
ab}, {liaj , lai}, {liaj , l

i
ab, lai, lab}, {lij , lia}.

By analogy to ([4]), we provide the following
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Definition. The group connection Γ belongs to the bunch of connections of 1-st
type, if the tensor l vanishes, i.e. the following equalities are fulfilled:

a1)liaj = 0, a2)liab = 0, b1)lai = 0, (71)

b2)lab = 0, c1)lij = 0, c2)lia = 0. (72)

The connections from the bunch of 1-st type will be called a12b12c12-connections. If
only a part of the conditions (71, 72) are fulfilled, we shall speak of a pre-bunch of
appropriate connections.

We shall denote this bunch of connections by
1

Γ. The formulas for its components
have the following form:

1

Γij = Γk
ijλk + Λa

ij(λa − λk
aλk) + λiλj ,

1

Γia = Γj
iaλj + Λb

ia(λb − λj
bλj) + λiλa − λiλjλ

j
a,

1

Γi
aj = Γb

ajλ
i
b − Γi

kjλ
k
a + Λb

kjλ
k
aλi

b − δi
jλa, (8)

1

Γi
ab = Γc

abλ
i
c − Γi

jbλ
j
a + Λc

jbλ
j
aλi

c + λaλi
b,

1

Γai = Γb
aiλb −

1

Γjiλ
j
a + Λb

jiλ
j
aλb,

1

Γab = Γc
abλc −

1

Γibλ
i
a + Λc

ibλ
i
aλc + λaλb.

From the formulas (8) it follows that the components of the subobject Γ0 = {Γi
jk, Γi

ja,Γa
bi,Γ

a
bc} ⊂

Γ are parameters of the bunch.

Theorem 1. The composite equipment of distribution of planes NSn induces the
bunch of group connections of 1-st type.

In the bunch of group connections of first type it is possible to pick out an unique
connection of 1-st type, as the scopes of parameters of the bunch are found in ([3]), and
the remaining components of connection object are determined by the relations (8),
in which the scopes of parameters of the bunch are substituted. Thus, the connection
of 1-st type is set by the object

01

Γ = {
0

Γi
jk,

0

Γi
ja,

01

Γ ij ,
01

Γ ia,
0

Γa
bi,

0

Γa
bc,

01

Γ i
aj ,

01

Γ i
ab,

01

Γai,
01

Γab}.
From the expressions (3, 4) and the definition of the bunch, follow the statements
below:

Theorem 2. The Cartan’s plane Cn−m−1 is transferred in a parallel way if and
only if, when it is displaced

a) in Norden’s normal of 1-st type Pn−m = [A,Ba], the displacement takes place
relative to the subconnection Γ1 = {Γi

jk, Γi
ja, Γa

bi, Γ
a
bc, Γ

i
aj , Γ

i
ab}, if Γ1 belongs to a12-

pre-bunch of group subconnections;
b) in Bortolotti’s hyperplane Pn−1 = [Ba, Bi], the displacement happens in linear

combination of group connection Γ, defined by forms (5
′
), if Γ belongs to a12b12-pre-

bunch of group subconnections;
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c) arbitrarily, the displacement is carried out in group connection Γ, if Γ does not
belong to a12b12-pre-bunch of group subconnections.

Theorem 3. Norden’s normal of 2-nd type Nm−1 is transferred in a parallel way
in subconnection Γ2 = {Γi

jk,Γi
ja,Γij , Γia} if and only if, it is displaced

a) in Bortolotti’s hyperplane Pn−1, if Γ2 belongs to c12-pre-bunch of group sub-
connections;

b) arbitrarily, if Γ2 does not belong to a c12-pre-bunch of group subconnections.
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