Finsler structure on the tangent supermanifold

M. M. Rezaii, B. Najafi and E. Azizpour

Abstract. The theory of locally anistropic superspaces (supersymmetric
generalizations of various types of Lagrange and Finsler spaces) is given
[16]. By using the global definition of supermanifolds proposed by Leites
and Kostant ([5],[8]), we stablish a super version of a Finsler structure on
a supermanifold.
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1 Introduction

There are two different definitions of supermanifolds proposed by various people.
The first attempt to provide a mathematically framework for supergeometry was the
Leites-Berzin-Kostant theory [5], [8]). The tools which used in this theory come
from algebraic geometry. A different approach was initiated by Dewitt and Rogers
([7])- The basic idea is to enlarge the space over which the manifold is modeled by
replacing the real field by a large set, containing both commuting and anti-commuting
quantities.

In [15]-[17], Vacaru defined the Finsler structure on the Rogers supermanifold. But
we are going to use the global properties of the supermanifolds, so we will use global
definition of a supermanifold and define the Finsler structure on a supermanifold. An
important tool in this structure is linear connection. It is very convenient for treating
many global questions of Finsler geometry. In [1] the author gave a brief, very clear
and self-contained setting for Finsler geometry. Several types of Finsler connections
such as the Chern-Rund connection are introduced. In this paper we try to construct
a linear (super) connection of Chern type.

Any smooth supermanifold (M, Aps) of dimension (m,n) is isomorphic (although
not canonically) to (M, AE), where AE is the sheaf of sections of the exterior algebra
bundle AE — M of a smooth vector bundle E — M which is defined by As. (M, AE)
is then called the Batchelor trivialization of (M, .Axs) (see [4], [3]).

In [14], it is showed that the underlying smooth manifold of the Batchelor trivial-
ization of the super tangent bundle S7 M of (M, Ays) is not TM but TM @ E*. In
particular dimS7T M = (2m +n,m + 2n).

In this paper, with using algebraic geometry apparatus, in order to generalize
our considerations for Finsler superspaces, in section 1, we shall begin our study
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with tangent superbundles. We construct the structure of the tangent supermani-
fold ST(M, Apr) as a subsupermanifolds of ST M. There is a super tangent bundle
structure of dimension (4m + 2n,2m + 4n) on the supermanifold ST (M, Ayr) de-
noted by S7T2M, so we will construct two subsupermanifolds of S72M denoted by
ST?(M, Ay) and the pull-back tangent pseudobundle 7*ST(M, Apr). In section 2,
we generalize the concept of Finsler structure on supermanifolds. The concepts of
(super) metric, Finsler metric, Nonlinear connection, linear connection and an exam-
ple of a Finsler metric introduced in section 2.

Supermanifold and Supervector bundle.

Definition 1 A (r,s)-Supervector bundle on a (m,n)-supermanifold (M, Ayr) is the
quadruple ((E, Ag),7, (M, Ax),Vs) where 7 : (E, Ag) — (M, Ayr) is a submersion
of supermanifolds, V is a real (p,q)-dimensional supervector space, and each point,
x € M lies in a coordinate neighborhood U C M, for which an isomorphism, Yy,
exists making the following diagram to commute:

v
(T_l(U),AE |7-—1(U) ) v (U, Awm |U) x Vs
7 P,
(U, A |v) — (U, Aulv).

(E, Ag) is called a supervector bundle over (M, Ayr) of rank (r,s) (c.f.[14]).

Remark 1 Let (E, Ag) be a supervector bundle over (M, Apr) of rank (r,s). Then
there is an open covering {U,} where (Uy, Aa(Ua)) is a splitting neighborhood for each
«, a locally free sheaf L of Apr-supermodules of rank (r,s) and sheaf isomorphism

9o : Llu, = (Au(Ua))" @ (Am(Ua))®

such that on each Uy NUp # &, gop = gaOQ[;l,

Jop : Ap(Uag N Uﬁ)T & Ap(Ua N Ug)s — Ap(Ua NUB)" & Ap(Ug N Uﬁ)s
where g is an Ap(Uy N Ug)-supermodule isomorphism. Thus gag is of the form
_ ([ Aap Oap
gaﬁ - ( Faﬂ Daﬁ )7

where

Aap € (Am(Ua NUp))"™",Oup € (An(Usa NUB))""

Fag € (.AM(UQ n Ug)l)sxr , Daﬁ S (AM(Ua N Uﬂ)o)sxs

and gopg 1s invertible and E ~ E, ® E, where E, and Es are smooth vector bundles
over M of rank r and s which gives by cocycles Ang and Dqg respectively.
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Remark 2 The supertangent bundle over (M, Aps) is a supervector bundle over
(M, Anr) where gag, Aag, Oas, Dag, Tap are as in remark 1.

ozt Ozt
_ |8 _ | =B
Aap = (axz; ) . Oas < € >
o6} o6
Py (8) Doy - (85

We denote this supervector bundle by STM = (STM, ST Apr) where STM =TM &
E* and E is the Batchelor vector bundle over M (c.f.[4]).

Let (E, Ag) be a supervector bundle over a supermanifold (M, .Ays) of rank (r, s).
Any subsupermanifold (E’, Ag/) of (E, Ag) of dimension (m+p,n+q);p <r,q¢<s
which, E’ is subvector bundle of E and Ag: is obtain from the sheafification of
the presheaf of (Aa)o-modules over M,U — ((An)o(U))P @ ((Ar)1(U))4, for each
splitting neighborhood (U, Ay (U)). This subsupermanifold is called the pseudobun-
dle of rank (p,q) over (M, Apr). There are a one to one correspondence between
((Aar)o)? @ ((Aar)1)? and Maps((U, Awlv), (RP, RP17)).

Proposition 1 Let f : (M, Ay) — (N, Ax) be a morphism of supermanifolds. There
is @ morphism

STf:(STM,STApr) — (STN,STAN)

such that the following diagram is commutative

ST¥

(sTM, ST AN (STN, ST Ay)
TST]W TSTN
f

(M,.AM) EEEE— (N,.AN).
Proof. c.f. [14]. O

As in general case, in order to define a Finsler metric or a Finsler connection,
we need to define the tangent supermanifold and the pull-back tangent pseudobun-
dle. First we describe the tangent supermanifold ST(M, Ay;) = (T M, T Apr), so let
(M, Apr) be a (m, n)-dimensional supermanifold. If U, U’ are two open subsets of M
that intersect and there are local coordinates over them, the transition functions of
(TM,TAp) are given by

(1.1.1) =2 (., 2™ ), Y=, ™ e L)

Ay L)
1.1.2 - 22 o
(1.1.2) y ;:12/ B +a§:1n oEa
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(1.1.3) =3yt
=1 8:5 a=1 a€

Moreover (T'M, T Ap) is a subsupermanifold of STM = (STM ST Apr) and called
the tangent supermanifold with canonical projection map (,77) : (TM,TAp) —
(M, Awm). Since  dim(M, Ap) = (m,n) it follows  that
dim(TM, T An) = (2m, 2n).

The supertangent bundle on the tangent supermanifold is defined using the same
method as in Remark 2. We denote it by ST2M. It is of dimension (4m+2n, 2m-+4n).
As before, we can construct the subsupermanifold (T(T'M), T (T Ayr)) of ST>M. For
the coordinate system (z,y,u, v; &, n, 0, 1) the transition functions are given by ( 1.1.1)
and

/ G 8'1‘/] (,Y 15 %l
(1.1.4) J—Za _|_Z .U =yl
:Lv'L

m

) lis Ox'I o
U/j = Z (k awzazk Z 850‘8 z ) + Z -

i=1

m n 0 3
(1.1.5) +Z Z 8€a@$z Z agﬁaga Z aza H

B & 85/
(1.1.6) n —; e

NPV .
+2. aggan 0=
a=1

m mo 52 ¢ 8 nooH2 ¢ Ié] N ; m ¢’ B
z=: (Z LEkaIZ Z afaa 7, > + Zzzl oxt v*

; g’ﬂ
(1.1.7) + Z (Z agaaxz Z 3@55& 7) + Z 3£a

These transition functions give rise to a supermanifold (T(TM), T(T.Axr)) that will
be denoted by ST?(M, Ays) and its dimension is (4m, 4n).

Let ((E, Ag), 7, (M, Ap)) be a supervector bundle then a section of (F, Ag) on
(M, Apr) is a morphism

X : (M, Ay) — (E, Ag)
such that Xo7 = id where

7= (w7 (E,Ag) — (M, Apy)
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is the canonical projection map. The sections of this supervector bundle is denoted
by (M, Aum), (E, Ag)).

Let ((E, Ag), 7, (M, Ay )) be a supervector bundle of rank (r,s) and (£, Ag/) a
pseudobundle of rank (p, q) over (M, Ayr). A section of pseudobundle (E', Ag/) is a
morphism

X : (B Ag)— (M, Ay)

such that Xon" = id(ys 4,,) where 7’ is a restriction of projection map 7 : (E, Ag) —
(M, Apr) to (E/,AE/).

Let (M, Anr) be a supermanifold of dimension (m,n). The correspondence, U +—
Der Ay (U), for each open subset U C M, defines a locally free sheaf of (left) Ap;-
supermodules over M of rank (m,n). So

Theorem 1 Let (STM,STAp), 7, (M, Apr)) be the supertangent bundle and U C M
a coordinate neighborhood. There is a one to one correspondence between Der Ay (U)
and D((U, Ay (U)), (7 H(U), ST Ap|--1(v))-

Proof. This is a consequence of Proposition 2.7 of [14], . O

Theorem 2 Let (N, Ay) be a subsupermanifold of (M, Apy). Then the inclusion
morphism i : (N, Ax) — (M, Apr) gives rise to a morphism STi : (STN,STAy) —
(STM,STApr) such that the following diagram is commutative

STi

(sTN, STAN) (STM, ST Ayr)

T

STN T,

ST M
(N,.AN) —— (M,AM)
Proof. See proposition 1. O

Let (M, Ayr) be a supermanifold and S72M the supertangent bundle on (T'M, T Apy)
with projection map 7 = (7, 7¥) : ST2M s (TM, T Ap). If (2;€%) is a coordinate
system on an open subset U of M and (z¢, 3%, €%, n%) the coordinate system on Tfl (U)
of TM, as we mention before, the coordinate system (x?, v u’,vi; ¥ n®, 0% u®)
gives rise to the subsupermanifold (T(T M), T(T Axr)) of dimension (4m,4n). By this
method we can construct a subsupermanifold 7* ST (M, Ay) = (7*T M, 7*T.A) which
is defined locally by local coordinate systems (2%, y*, u?, 0; %, 7%, 0%,0). For these co-
ordinate systems, the transition functions are given by (1.1.1) and (1.1.4-1.1.7). Since
dim(M, Apr) = (m,n) it follows that dim(7*TM,7*T.A) = (3m,3n). It also celled
the pull-back tangent pseudobundle (see remark 2.10 of [14]).

In the local coordinate system (x%,y® u®;&®,n®, 0%) in 7*ST(M, Ay ), the set
of sections of the pull-back tangent pseudobundle over ST (M, Aps), T'(ST (M, Anr),
ST (M, A )), is locally generated by

o 0 )
{M’@ga /L—l,...,m,a—l,...,n}.
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Given the above assumption, if we choose the coordinate system
(x%, 9, 0,0% €*,n™,0,u"), so there is another pseudobundle of dimension (3m,3n)
denoted by SVT' (M, Apy) = (VI M,VTA) and is called the supervertical pseudobun-
dle.

In a local coordinate system (x%, 3%, v%; €%, 0%, u®) in SVT(M, Axr), the set of sec-
tions of the supervertical pseudobundle over ST(M, Axr),
L(ST (M, Anr), SVT(M, Apr)), is locally generated by

{aay“@ga: i:l,...,m;a:l,...,n}.

Now, we are ready to introduce the concept of a nonlinear connection. So let
ET’M =T((TM,TAy), (T(TM), T(T An)))
and
VIM =T((TM,T Ay, (VTM, VT Ayr)).

Definition 2 A nonlinear connection on (TM, T Ayr) is a supplementary distribution
HTM of the VI'M. Given an exact sequence

0 — VIM % ET?M — T((TM, T Ay, (7*TM, 7*T Ap))— 0

if there is a morphism N : ET?M — VTM such that Noi = id then we call N a
nonlinear connection on (TM,TApr), (see [11], [15]).

By the definition of a nonlinear connection, we have the decomposition
ET?’M =VTM & HTM
where
HTM =T((TM,TAn), (7" TM, 7T Anr))

and HT M is a complementary distribution to VI'M in ET?M.
Now, let (z7; £%) be a coordinate system on an open subset U of M and (2%, y¢, €%, n®)
a coordinate system on 7; (U) of T M. To give a nonlinear connection on (T'M, T Ay;)
is equivalent to give a set of superfunctions {Nij(ac7 y,m, 6), Niﬁ(m, y,n,0), N2 (x,y,n,0),
NB(x,y,n,0)} which under the local transformation (1.1.1) and (1.1.4-1.1.7) satisfy
in
oxk . 02
dxli kT gtk

N A N
iaé'loz 8x/i6xlky 8.%”65’“” ’

8m’“ 3 15 86’6
ok =N g

o afﬂ 8255 1k 6256 et

+ N7 ogre - ax/igx/ky - 83;”85’0‘77

1 13

&Y or’ 18 or’ 0%xt ' Pzt 5
g T ages B - aflaaz/jy o 8§/aa§/577
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and

857 3 _ N/fl 856 +N/g afﬂ _ 82£ﬁ .y/i _ 8256 77/7
aé'/a Y ox'J 6&'/7 6&'/04837/1 86/&65/7

In the tangent supermanifold a local basis adapted to the given nonlinear connection
N are introduced by

o5 0 o
Sz’ 5> Oyi” OnP

| 7= 1,...,m;a,ﬁ:1,...,n},

where

) 0 ; 0 o O
and
(1.1.9) b9 N0 p 9

5ce T pge “oyi T oph”

2 (Super) metrics and connections

Let (M, Ays) be a (m,n)-supermanifold. If U is an open subset of M, and {z%,£%} are

local coordinates on it, then {dz?, ..., dz™; —d£*, ..., —dE™} is the basis of the module
(DerA(U))* dual to the basis {32r, ..., 52 8%1’ - %} of Der A(U). In particular,

if we (DerAp(U))* then

w = iwidxi + i wadE*
=1 a=1

where the superfunctions w;, w, are given by w; = w(%) and wo = —w(gg)-

Definition 3 An even Aps-bilinear map gy : Der Ay @ Der Ay — Apg is called a
(super) metric or simply a metric on (M, Ayr) if

(1) gu(X@Y) = (=1)XY g (Y @ X) for each X,Y € DerApy, where X is parity of
X.

(2) The induced Apr-map gyr(z®.) : Der Ay — (DerAnr)* for each X € Der Ay is
an isomorphism between Apr-modules Der Ay and (Der Apy)*.

(8) The restriction of ga to Der(C$3)®@Der(C5?) is a Riemannian metric on (M, CSY).

Let U be an open subset of M, and {z?, £} local coordinates on it, then g locally
has a form

g = gijda’ ® drd + gindr’ @ d€™ + goidE® @ da’ + gapde® ® deP

where gij, gop € (Anm(U))o and gia, gaj € (An(U))1 and gij = gji, Gap = —9pas Gia =
Jai-

Let ST(M,Apn) = (TM,TAp) be the tangent supermanifold and
ST(M, .AM)() = (TMo,To.A]w) where TMO = TM\{O} and T()AM = T-AMlTMo
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Definition 4 Let (z%;£%) be a coordinate system on an open subset U of M and
(%, 9" €%, n®) the coordinate system on T, *(U) of TM. A function F € ToAnr is
called a Finsler metric if the following conditions are satisfied:

(1) F(z', Ay' 6%, An®) = AF(a',y€%,n%), YA>0

(2) If we denote by F the value of F at (x%,y"), then F is a positive function.
(3) If we put
1ok o 1R 1 O°F7 _1 o
Yii = 5 ayiayr P T 9 yiomB’ ai =5 ooy’ Jab =75 onaons
then
_| 95 9ip
g |: Jaj  YGap :|

to be invertible.

We omit the nilpotent elements of g;; and denote it by §;;. (n must be even, i.e.
n=2k).

Example. Suppose R?1? = (R?,C*(R?) ® AR?) is a (2,2)-supermanifold. Let
Gij(z) be a usual riemannian metric on R?, (z;€) is coordinate system of R?2,

(z,y,&,m) is coordinate system of ST(R?,C*(R?) ® AR?) and g,s is a supermatrix
of the form

. :{ 0 \/h<x>slg2]
R RV FIIS 0

where h(z) >0, Vr € R% Put

F(z,y;6,m) = \/ i (@)y'y? + Vh(z)('n* + n')

S0

F2(2,y:6,m) = (93 (@)y'y’ + 24/ 363 (@)h(@)yyd (€10° + €n') + 2h(2)€' *n'n?)
then it is clear that the superfunction F' and

___182F2 . _132F2 -_1 32F2 _1 82F2
Jij = 9 6yi6yj’ 9ig = 9 8y"8nﬁ’ Yaj = 2 8n0‘8yj’ Jap = 9 8’(]0‘67]5.

satisfy the definition in 4.

Let (M, A) be a supermanifold and DerA be the sheaf of derivations of A. We
recall the notion of (super) connection. See [10] for the definitions of left and right

(super) connections. Hear we consider only left (super) connection, which we simply
call connections.

Definition 5 Let £ be a sheaf of A-modules on M. A left (super) connection, or
simply a connection on £ is a morphism of sheaves of supervector spaces from Der AQ
E to &, denoted D ® o — V pa, which satisfies the identity

VfDOé = fVDOz,
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and the leibniz rule,
Vpfo=D(f)a+ (-1)°7 fVpa,
for any section [ of A, any derivation D of A, and any section o of £.

A connection on the sheaf DerA of derivations of A is a linear connection on
(M, A).

The torsion and curvature tensors of a linear connection V is defined by

T :DerA® DerA — DerA

such that
T(X,Y)=VxY — (-1)XYVy X - [X,Y]
and
Q:DerA® DerA® DerA— DerA
such that

QAUX,Y,Z) = Vx(VyZ) — (~1)XYVy (VX Z) - Vix v Z.

Definition 6 Let g be a metric and V is a left linear connection on a (M, Ap). V
1s called metric compatible if for every X,Y,Z € DerA,

Vx (9(Y,2)) = g (VxY. 2)) + (~1)X Vg (Y, Vx 2).

Theorem 3 Let (M, Ap) be a supermanifold and g is a metric. Then there is a
unique torsionfree linear connection V on (M, Ap) such that V is compatible with
the given metric g.

Proof. c.f. [18] and [13]. O

In 1943, S.S. Chern studied the equivalence problem for Finsler Spaces using the
Cartan’s exterior differentiation method [6],[2]. He discovered a very simple connec-
tion. We use this method and introduce a linear connection .

As we mention before, a Finsler metric F' defines an important tensor on (T'M, T Ajy)
which is the metric g. Another important tensor is the cartan tensor. Take a local
coordinates system (x?,y%, €%, n%) in (TM,TApr). As we know, the coefficients of a
metric g are superfunctions of (z%, 3%, £%,7%), thus by differentiating of these super-
functions with respect to 3,7 we will introduce two important tensors. So let

19gi; _ 1090
2 Oyk aBy 2 o )

Ciji =

Aije = F(2,4;6,m)Cijr,  Aapy = F(2,9;6,1)Capy

where g;; and g are defined in Def. 4. We obtain two tensors on 7*ST (M, Apn)
defined by

C = Cijpdr’ @ do? @ dz* + Cpop,de® @ deP @ de”
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and
A= Ajjpda’ @ do? @ da® + Anp,dE® @ deP @ de.

We call C the Cartan tensor of F.
We also define the map

o DU(TM, T A ), (T(TM), T(T Anr))) — T((TM, T Apr), 7" ST(M, Anr )

which satisfies

o, .0 9. 0 NN O BN

and the map
p:T((TM, T A ), (T(TM),T(TAxr))) — D(TM, T Apr), 7" ST(M, Anr))

which satisfies

0 0 9] 0 0] 0
P(%) = oz’ P(@) = @7 P(@) =Y, P(W)

Now, to construct a linear connection in 7*ST (M, Ay), we consider a special
metric g which is defined by a Finsler metric F' (see Def. 4.) and satisfies in the
conditions %%(gij) =0 and %(gag) =0.

Theorem 4 Let (M, F) be a Finsler supermanifold. Let g be a metric given as above
and C be the Cartan tensor on w*ST (M, Apr). Then there is a unique linear connec-
tion D in w*ST (M, Apr), which has the following properties:

(i) D is torsion-free, i.e., for all X, Y € T((TM, T Apn),(T(TM), T(TApr)))
(2.2.1) Dxp(Y) = (=1)%Y Dy p(X) — p([X,Y]) = 0.

(ii) D is compatible with the Finsler structure in the following sense: for all X,Y €
L((TM, TAy), 7n*ST(M, Apr)) and Z e T((TM, T Apr), (T(TM), T(TAnr)))

(2.2.2)  Zg(X,Y)—g(DzX,Y) — (-1)ZXg(X,DzY) = 2F Y A(u(2), X, Y).

Proof. In a standard local coordinate system (%, y%; €%, n®) in ST(M, Ayr), we write

k k
Do d; = Tk, Do d;=Fio
Do & = 190, Do 8 =F.o,
DEX on b
Do dy = 15083 Dody=Flos
Da? f’;l Byt a:
Dy 05 = T},0, D_s 05=F,0,

where 0; = % and 0, = %.

Clearly, (2.2.1) and (2.2.2) are equivalent to the following

(2.2.3) rh =1k 10 =17 17, =1, 17, =-T7,

Juo i) i
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k _ B _ i _ _
(2.2.4) Fij—Fai—Fii—Fga—O
0 l ! Ni
(2.2.5) w(gij) =I"%igij + Tk + 2Aiﬂ?
(2.2.6) o (608) = 9357 i + gn T
d u Ny
(2.2.7) @(gaﬁ) = gusl™ay + gap I gy — 24 08— Ia
0 k k
(2.2.8) @(gij) = gi; 10 + ikl ja

k]_'\ﬁ

177 © ai?

FJ

where g;; = gi; (2, ¥;&,m), Aiji = Aijr(z,y;€,m). We must compute I' e I‘ga

from (2.2.5 — 2.2.8). Putting ng =0, F{a = 0 and making a permutation to i, j, k in
(2.2.5) and simple calculation similar to general case, will have

13} 13} 13}
@(gjk) + W(gik)*ﬂ(gij)

= {F i 9k + Flkgl] + ijgzl + Fﬂglk Fﬁm;gzj' - F%jgli}

N} N} N}
+ 2 {Ajkl + Akzl — A==

F F
If we put
1 0 0] 0
E_ L kil , N
’YU - 29 [axl (gjk) O J (glk) al‘k (gz]):|
then
Ni Nt Nt

(2.2.9) =5 — 9" {AﬂtFk + Ailt?J B Az‘jtFl} '

Similarly, making a permutation to «, 3,7 in (2.2.7), we will have

0 0 0
@(Qva) - 8757(9&6) - @(Qvﬁ)
= ual"y8 + 9y ap + 9y ga + 951" va — 9usl™ oy — gaul™ gy
Nj b NE NH
- 2 A;woc I3 Auaﬁ F + Auﬁv Ia

If we put

1 d d 9
755 = 59’” |:8§[3(g~/a) - @(g%ﬁ) - 857(9043)]
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so we have

NY NY NY

(22'10) Flﬁ = 735 + g7 {AvuaFﬁ - A,,Cw?” + AVﬁuF} .

This proves the uniqueness of D. The set {Ffj,Fij = 0,15, F); = 0} where
{Ffj,Flﬁ} are given by (2.2.9-2.2.10), can be defining a linear connection D satis-
fying (i) and (ii). O

Given the curvature tensor 2 of the linear connection D. It has three components
that we call them the h-curvature component (R), the hv-curvature (P) and the
vv-curvature (Q). Let X, Y € VI'M and X,Y € HTM, the h-curvature tensor

R:HTM @ HTM @ HT'M — HTM
is defined by
(2.2.11) R(X,Y)Z =Q(X,Y)Z.
The hv-curvature tensor
P:HITM®@VIM®HITM — HTM
is defined by
(2.2.12) P(X,Y)Z =Q(X,Y)Z
The v-curvature tensor
Q:VI'MQVIM QHITM — HT'M
is defined by Q(X,Y)Z = Q(X,Y)Z.

It follows from theorem 4 that ¢ = 0. Thus for the linear connection D in theorem
4, the v-curvature @ always vanishes.
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