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Abstract. The object of the present paper is to study (k, u)-contact met-
ric manifolds.
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1 Introduction

In 1995 Blair, Koufogiorgos and Papantoniou [4]introduced the notion of (k, u)-
contact metric manifolds and a full classification of such a manifold is given by E.
Boeckx [6]. In this paper we study (k, 1)-contact metric manifolds satisfying certain
conditions.

In 1969 Matsumoto and Chuman [9] introduced the notion of C-Bochner curvature
tensor in a Sasakian manifold and studied its several properties. In a Sasakian man-
ifold, the Ricci operator (Q commutes with the structure tensor ¢, but in general
Qo # ¢Q. Hence the definition of Matsumoto and Chuman is not sufficient in the
study of contact metric manifolds as it does not include all the non-Sasakian cases.
Keeping this view in mind and owing to H. Endo [7], in section 2 of our paper, we
define C-Bochner curvature tensor in a contact metric manifold and studied in the
context of contact geometry. Since as a particular case, we can obtain the defin-
ition of Matsumoto and Chuman [9], hence our definition of C-Bochner curvature
tensor in the contact metric manifold will be called generalized C-Bochner (briefly
GC-Bochner) curvature tensor.

After preliminaries, in section 3 of our paper, we study (k, 1)-contact metric man-
ifolds with vanishing GC-Bochner curvature tensor and proved that such a manifold
is either an n-Einstein manifold or a Sasakian manifold.

Section 4 is devoted to the study of (k, u)-contact metric manifolds satisfying
R(X,Y)-B =0, where R(X,Y) is considered as a derivation of the tensor algebra at
each point of the manifold for the tangent vectors X,Y. Then it is shown that such
a (k, p)-contact metric manifold is locally isometric to one of the following: (i) the
Riemannian product E"*1(0) x S™(4), (ii) a Sasakian manifold, (iii) an 7-Einstein
manifold. The last section deals with generalized C-Bochner recurrent (k, p)-contact
metric manifolds.
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2 Preliminaries

A contact manifold is a C°°-(2n+1)-dimensional manifold M?"*! equipped with a
global 1-form 7n such that n A (dn)™ # 0 everywhere. Given a contact form 7, there
exists a unique vector field £, called the characteristic vector field of 7, satisfying
n(€)=1 and dn(X,&)=0 for any vector field X on M?"*+1 A Riemannian metric g
is said to be an associated metric if there exists a tensor field ¢ of type (1,1) such
that n(X) = g(X, &), dn(X,Y) = g(X, ¢Y) and ¢?X = —X + n(X)¢ for every vector
fields X,Y on M?"*!. Then the structure (¢,&,n,g) on M?"*! is called a contact
metric structure and the manifold M?"*! equipped with such a structure is said to
be a contact metric manifold [2]. In a contact metric manifold, the following relations
hold:

(2.1) PE=0, nod=0, g(6X,6Y)=g(X,¥)—n(X)(Y)

for all vector fields X,Y on M?"*!. Given a contact metric manifold M?"+1(¢, &,
7, g) we define a tensor field h by h = %,Eg(b, where £ denotes the operator of Lie
differentiation.Then h is symmetric and satisfies

(2.2) hé =0, h¢=—¢h, Tr.h=0,Tr.ph=0.
If V is the Riemannian connection of g, then we have the relation
Vxé=—¢0X — phX.

A contact metric manifold M?"+1(¢, & n, g) for which € is a Killing vector field is
called a K-contact manifold. A contact metric manifold is Sasakian if and only if the
relation

(2.3) R(X,Y)§ =n(Y)X —n(X)Y

holds, where R is the Riemainnian curvature tensor of type (1, 3).
The (k, p)-nullity distribution of a contact metric manifold M (¢, &, 7, g) is a dis-
tribution [4]

N(k,p) :p— Np(k,p) ={Z € T,M : R(X,Y)Z = k[g(Y, Z)X — g(X, Z)Y]
+ulg(Y, Z2)hX — g(X, Z)hY]},

where k, i are real constants. Hence if the characteristic vector field £ belongs to the
(k, p)-nullity distribution, then we have

(2.4) R(X,Y)E=k[n(Y)X —n(X)Y]+ pun(Y)hX —n(X)hY].

The interest of the nullity condition (2.4) is that it is preserved under a D-homothetic
deformation. A contact metric manifold satisfying (2.4) is called a (k, u)-contact
metric manifold and the examples (for both Sasakian and non-Sasakian cases) of a
such a manifold is given in [4] and also such a manifold is studied by K. Arslan and
his coauthors[1]. In this connection we can mention the work of C. Udriste [11], S.
Tanus and others [5], [8]. In particular, if 4 = 0, then we obtain the condition of
k-nullity distribution introduced by Tanno [10].

Let M?"t1(¢,&,m,9) be a (k,u)-contact metric manifold. Then the following
relations hold[4]:
(25) h2 = (k - 1)¢2a k < 15
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Q¢ — ¢Q =2[2n — 2+ plh¢,
Q& = 2nkg,
R(& X)Y = k[g(X,Y)E —n(Y)X] + plg(hX,Y)E — n(Y)hX],
QX =02n—-2—-—nulX 4+ 2n — 2+ plhX
+[2 = 2n+2nk + nun(X)§, n>1,
(2.10) r=2n2n—2+k—nu),

where @ is the Ricci-operator and r is the scalar curvature of the manifold.
In view of (2.5)-(2.7), it can be easily seen that in a (k, p)-contact metric manifold,
the following relations hold:

(2.11) Tr.h? =2n(1 — k),

(2.12) S(X,0Y)+ S(¢X,Y) =2(2n — 24 u)g(h¢X,Y),

(2.13)  S(¢X,0Y) = S(X,Y) — 2nkn(X)n(Y) —2(2n — 2 + u)g(hX,Y),
(2.14) Qo+ ¢Q =20Q + 2(2n — 2 + p)he,

(2.15) PQPX =2(2n — 2+ p)hX — QX + 2nkn(X)E,

(2.16) S(¢X,€) =0,

(2.17) Tr.(Q¢) =Tr.(¢pQ) =0,

where S is the Ricci tensor of type (0, 2), i.e., g(QX,Y) = S(X,Y).
A contact metric manifold is said to be n-Einstein if its Ricci tensor is of the form

QX = aX + by(X)E,

where a, b are the smooth functions on the manifold.
In a contact metric manifold M™* (¢, & 1, g)(m = 2n), the generalized contact
Bochner (briefly GC-Bochner) curvature tensor B(X,Y)Z of type (1, 3) is defined by

(2.18) B(X,Y)Z = R(X,Y)Z + g(¢Y, hZ)h¢ X — g(6X, hZ)h¢Y

{2 + o+ LY (X, Z)n(Y)E — g(Y, Z)n(X)E
(Y )(Z)X +n(X)n(Z2)Y] — 22 la+m+ T [g(6X, Z)pY
—g(0Y, 2)$X +29(6X,Y)0Z] — Li{a — 4+ L2 (X, Z)Y
~9(Y, Z)X] + 5555 [0(X, 2)QY — g(Y. 2)QX — 5(Y, 2)X
+8(X,2)Y — g(X, 2)pQoY + g(Y, Z)pQo X — S(¢Y,¢Z) X
+S(¢X,02)Y — S(¢Y, Z)pX + S(Y,0Z)d X + S(¢pX, Z)pY
—S(X,02)0Y +2S(¢X,Y)pZ — 25(X, 9Y ) Z
+9(6X, 2)(6Q + QP)Y — g(6Y., 2)(6Q + Q9) X
+29(¢ X, Y)(6Q + Q) Z — n(X)n(Z)QY +n(Y)n(2)QX
(X )(2)6QeY — n(Y)n(Z2)6QeX + S(Y, Z)n(X)é
=S(X, Z)n(Y)§ + S(8Y,0Z)n(X)§ — S(oX, 9Z)n(Y)E],
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r4+m
m+2°

In partlcular, if the manifold is Sasakian, then we have h = 0, Q¢ = ¢Q, Tr.h? = 0,
S(¢pX,9Y) = S(X,Y)—mn(X)n(Y) and hence (2.18) reduces to the definition of the
C-Bochner curvature tensor in a Sasakian manifold M2"*! defined by Matsumoto and
Chuman [9]. This is why we call the tensor field B defined in (2.18) the generalized
C-Bochner curvature tensor.

where a = = 2n, r is the scalar curvature of the manifold.

From (2.18), it can be easily verify that the GC-Bochner curvature tensor in a
contact metric manifold satisfies the following:

(2.19) B(X,Y)Z = —B(Y, X)Z,

(2.20) B(X,Y)Z + B(Y,Z)X + B(Z, X)Y =0,
(2.21) 9(B(X,Y)Z,W) = —g(B(X,Y)W, Z),
(2.22) 9(B(X,Y)Z,W) = g(B(Z,W)X,Y)

for any vector fields X,Y, Z, W on M?"*1,

We shall now state a known result which will be needed later on.

Lemma 2.1 [3]: Let M*"T1(¢,&,m, g) be a contact metric manifold with R(X,Y )¢ =
0 for all vector fields X,Y . Then the manifold is locally isometric to the Riemannian
product E"T1(0) x S™(4).

3 (k,p)-Contact metric manifolds with vanishing GC-
Bochner curvature tensor

This section deals with a (k, u)-contact metric manifold M?2"*1(n > 1) such that the
GC-Bochner curvature tensor vanishes identically. Then we have B(X,Y)Z = 0 for
all XY, Z.

Using (2.4)-(2.8) and (2.11)-(2.16) in (2.18), we obtain

(3.1) B(X,Y,Z,W) = R(X,Y,Z,W) + g(¢Y,hZ)g(h¢ X, W)

—9(6X,hZ)g(h¢Y, W) + 2 {% + a + ni&r;)}

[9(X, Z)n(Y)n(W) — g(Y, Z)n(X)n(W) — g(X, W)n(Y)n(Z)

+g(V, W)n(X)n(Z)] — i {a+m+ 2y
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[9(¢ X, Z)g(dY, W) — g(¢Y, Z)g(¢ X, W) + 29(¢ X, Y )g(0Z, W)]
m+4{a 4+ L (X, 2)g(Y, W) = g(V, Z)g(X, W)]
o RISV, W)g(X, Z) - S(X, W)g(Y. Z) - S(Y, Z)g(X, W)

+5(X,Z2)g(Y, W) + S(X, W)n(Y) (Z) + S(Y, Z)n(X)n(W)

=S(X, Zn(Y)In(W) = SY, Wn(X)n(Z) + 9(¢QX, Z)g(¢Y, W)

—9(oQY, Z)g(¢X, W) + g(¢QY, W)g(¢ X, Z)

—9(¢QX, W)g(9Y, Z) + 29(6QX,Y)g(¢pZ, W)

+29(0QZ,W)g(¢X,Y )} + 2(m — 2 + p){g(hX, W)g(Y, Z)

—g(hY,W)g(X,Z) + g(hY, Z)g(X, W) — g(hX, Z)g(Y, W)

+g(RY, W)n(X)n(Z) — g(hX, W)n(Y)n(Z) — g(hY, Z)n(X)n(W)

+9(hX, Z)n(Y)n(W) + g(hé X, Z)g(¢Y, W) — g(hoY, Z)g(¢X, W)

+g(h¢Y,W)g(¢X, Z) — g(h X, W)g(8Y, Z)

+29(h¢X,Y)g(¢Z, W) + 29(h¢Z, W)g(¢X,Y)}

+mk{g(Y, Z)n(X)n(W) — g(X, Z)n(Y )n(W)

+9(X, Wn(Y)n(Z) — g(Y, W)n(X)n(2)}],

where B(X,Y,Z,W) = g(B(X,Y)Z,W) and R(X,Y,Z,W) = g(R(X,Y)Z,W). Let
{e; + i = 1,2,...,2n + 1} be an orthonormal basis of the tangent space T,M at
any point p € M. Then putting X = W = ¢; in (3.1) and taking summation over
1 <i<m+1 m = 2n, and using (2.1), (2.2), (2.17), symmetry of h and the
skew-symmetry of ¢, we obtain

m—+1 _ m
32 3 BlenY.Zie) = (n =2+ g%, 2) + B8 o(v. 2
(=R —m)n+8)

2(m+4)
for all Y, Z. Since we have B(X,Y)Z = 0, it follows from (3.2) that

(1—k)(3m +8)

(3.3) (m—=2+p)g(hY,Z)+ 3m + 1) 9(Y, Z)
A ) —o,

which implies that either p = —(2n — 2) or h = 0 and hence k = 1.
If £ = 1 then a (k, u)-contact metric manifold is Sasakian. If 4 = —(2n — 2), then
(2.9) yields that the manifold is n-Einstein. Hence we can state the following:

Theorem 1. Let M*" (¢, &, n,9)(n > 1) be a (k,p)-contact metric manifold
with vanishing generalized C-Bochner curvature tensor. Then the manifold is either

(i) a Sasakian manifold, or

(ii) an n-FEinstein manifold.
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4 (k,pn)-contact metric manifolds satisfying
R(X,Y)-B=0

Let us consider a (k, u)-contact metric manifold M2 +1(¢, & 1, g)(n > 1) satisfying
the condition
(4.1) R(X.Y) B =0,

where R(X,Y) is considered as a curvature operator. Then from (4.1) it follows that
(4.2) R, Y)B(U, V)W — B(R(,Y)U,V)W — B(U,R(&,Y)V)W
—-B(U,V)R(, Y)W =0.

In view of (2.8), it follows from (4.2) that
(4.3) klg(B(U, V)W, Y)E —n(BU,V)W)Y —g(Y,U)B(&, V)W

+n(U)BY, V)W —g(Y,V)B(U,HOW +n(V)B(U,Y)W
—g(Y,W)B(U, V)& +n(W)B(U,V)Y] + plg(B(U, V)W, hY)¢
—n(BU,V)W)hY — g(hY,U)B(&, V)W +n(U)B(hY, V)W
—g(hY, V)B(U, )W +n(V)B(U,hY )W — g(hY, W)B(U, V)¢
+n(W)B(U,V)hY] =0,

where (2.4) have been used.
Putting Z = £ in (2.18), we obtain by virtue of (2.1), (2.2), (2.4)-(2.8), (2.15) and
(2.16) that

(1—k)(m+38)

(4.4) B(X,Y)¢ = out D)

[N(X)Y = n(Y)X] 4+ pu[n(Y)hX —n(X)RY].

Using (2.22), we get from (4.4) that

(45)B(e Xy = C5 )X (X, Y)e) + o, Y)E (Y )X,
which implies
(1—-Fk)(m+38)

B(& X)¢ = 2(m + 4)

From (4.4), it follows that

(X —n(X)¢] — phX.

(4.6) n(B(X,Y)¢) =0, for all X,Y.
Again (4.4) yields

(1—k)(m+38)
2(m+4)

which implies by (2.19) that

(1—k)(m+38)
2(m+4)

(4.7) B(hX,Y)¢ = — n(Y)hX + p(k = Dn(X)n(Y)€ —n(¥Y)X],

(4.8) B(X,hY)¢ = n(X)hY + p(k = Dn(X)Y = n(X)n(Y)E].
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Putting W = £ in (4.3) and then using (4.4)-(4.8), we get

1—Fk)(m+8)

a9 SIS v - (VOV} + el Y (V)

—g(hWV, Y (U + g(Y, U)RV — g(Y,V)RU} + B(U,V)Y]
p[LERES) o hy VYU — g(hY, UV} + p{g(hY,U)hV
(

_|_

2(m+4)
—g(hY, V)hU} + pu(k — D{g(Y, V)n(U)¢
—g(Y.U)n(V)€} + BU,V)hY] = 0.
which implies that

1— k)(m +8)

(4105 S (3 V)0, W) — o3 D) (VIV} + a0, Y )V ()

—g(hV, Y ) n(U)n(W) + g(Y, U)g(hV,W) = g(Y,V)g(hU, W)} + B(U,V, Y, W)]
[ S S) Lg(RY, V)g(U, W) — g(hY, U)g(V, W)} + p{g(hY, U)g(hV, W)
—g(hY, V)g(hU, W)} + p(k — D){g(Y, V)n(U)

—g(Y.U)n(V)}n(W) + B(U, V,hY, W) = 0.

From (3.2), it follows that

+

asay (1—k)(3m +8)

(4.11) ZB(ei,Y,hz,ei): Som T ) g(hY, Z)

+(1 = k)(m =2+ u){g(Y, Z2) = n(Y)n(Z)}.

Putting U = W = ¢; in (4.10) and taking summation over ¢ and then using (3.2) and
(4.11) we obtain

km(m+8)  k(3m +8)
2(m+4) 2(m +4)

(4.12) (1 -k +u(m =2+ p)lg(Y, V)

Hle(m — 2 4 p)  meGoRCuES) | sCo BBt 6(hY, V)

+(1 = k) [PUGES) — pi(m — 24 p)]n(Y)n(V) = 0
for all vector fields Y and V. The relation (4.12) gives us either k = 1, or
(4.13) Em(m +8) + k(3m + 8) +2u(m +4)(m — 2+ pu) = 0;
either h =0, or

(4.14)  p(1 —k)(3m +8) + um(1 — k)(m + 8) + 2k(m + 4)(m — 2+ pu) = 0;
either £k =1, or

(4.15) k(1 —m)(m+8) —2u(m+4)(m—2+u) =0.
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If £k =1, then h = 0 and hence the manifold is Sasakian. Thus we have either the
manifold is Sasakian (for & = 1) or (4.13)-(4.15) holds (non-Sasakian case).

From (4.13) and (4.15), it follows that £ = 0. If & = 0, then (4.13) or (4.15)
implies that either = 0 or u = —(2n — 2), m = 2n. Hence in the non-Sasakian case,
we have either k =0=p, or k=0and p = —(2n—2). If £ = 0 = p, then by Lemma
2.1, the manifold is locally isometric to the Riemannian product E"*1(0) x S™(4).
Again, if K =0 and g = —(2n —2) then (2.9) implies that the manifold is 7- Einstein.

Next, from (4.13) and (4.14) we get

(4.16)  (m®> +11m +8){k — u(l —k)} +2(m +4)(m — 2+ pu)(u — k) = 0.
Also from (4.14) and (4.15), it follows that
(4301 — k)(m? + 11m +8) — k(8 — Tm — m?) + 2(m + 4)(m — 2 + p)(k — p) = 0.

Adding (4.16) and (4.17), we get k = 0. If kK = 0, then (4.13) or (4.15) implies that
either ¢ =0 or u = —(2n — 2). Hence we arrive at the same conclusion.

Thus considering all the cases, we can state the following:

Theorem 2. Let M?"*1(¢,&,n,9)(n > 1) be a (k,p)-contact metric manifold
satisfying the condition R(X,Y)-B = 0. Then the manifold is locally isometric to
one of the following:

(i) the Riemannian product E"T1(0) x S™(4),

(i) a Sasakian manifold,

(i4i) an n-Einstein manifold.

5 Generalized C-Bochner recurrent (k, j1)-contact met-
ric manifolds

Definition 5.1. A (k,u)-contact metric manifold M?"*1(¢, & n,g) is said to be
generalized C' - Bochner recurrent if its generalized C' - Bochner curvature tensor
B is non-zero and satisfies VB = A ® B, where A is an everywhere non-zero 1-form.

Let us consider a generalized C-Bochner recurrent (k, pu)-contact metric manifold
M2+ (n > 1). We now define a function f on M?"*! by f? = g(B, B), where the
Riemannian metric g is extended to the inner product between the tensor fields in the
standard fashion. Then we have f(Y f) = f2A(Y), which implies that Y f = fA(Y)
and hence X(Yf) —Y(Xf) = {XA®Y) — YA(X)}f. Since the left hand side of
the above relation is identically zero and f #0 on M?"*! by our assumption, we get
dA(X,Y) =0 for all X,Y, that is, the 1-form A is closed. Hence from

(VxB)(Y,Z)U = A(X)B(Y, Z)U,
it follows that
(VxVyB)({U, V)W ={XAY) + A(X)AY)}B(U,V)W.

This yields
(R(X,Y) - B)(U,V)W = [2dA(X,Y)|B(U, V)W = 0.
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Hence by Theorem 2, we can state the following:

Theorem 3. A generalized C-Bochner recurrent (k, u)-contact metric manifold
M* (¢, & n, g)(n > 1) is locally isometric to one of the following:

(i) the Riemannian product E"T1(0) x S"(4),

(i) a Sasakian manifold,

(i4i) an n-Einstein manifold.

In particular, if A vanishes identically then VB = 01i.e., the manifold is generalized
C-Bochner symmetric, which implies that R(X,Y) - B = 0. Then we can state the
following:

Corollary. A generalized C-Bochner symmetric (k, u)-contact metric manifold
M2 (¢, €,m,9)(n > 1) is locally isometric to one of the following:

(i) the Riemannian product E™+1(0) x S"(4),

(#) locally isometric to a Sasakian manifold,

(iii) an n-Einstein manifold.
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