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Abstract. In this paper, we consider weakly symmetric and weakly Ricci-
symmetric almost r—paracontact Riemannian manifolds of P—Sasakian
type. We find necessary conditions in order that an almost r—paracontact
Riemannian manifold of P—Sasakian type be weakly symmetric and weakly
Ricci-symmetric.
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§ 1. Introduction

Weakly symmetric Riemannian manifolds are generalizations of locally symmet-
ric manifolds and pseudo-symmetric manifolds. These are manifolds in which the
covariant derivative DR of the curvature tensor R is a linear expression in R. The
appearing coefficients of this expression are called associated 1—forms. They satisfy
in the specified types of manifolds gradually weaker conditions.

Firstly, the notions of weakly symmetric and weakly Ricci-symmetric manifolds
were introduced by L. Tamdssy and T.Q. Binh in 1992 (see [4], [5]). In [4], the authors
considered weakly symmetric and weakly projective-symmetric Riemannian mani-
folds. In 1993, the authors considered weakly symmetric and weakly Ricci-symmetric
Einstein and Sasakian manifolds [5]. In 2000, U. C. De, T.Q. Binh and A.A. Shaikh
gave necessary conditions for the compatibility of several K —contact structures with
weak symmetry and weakly Ricci-symmetry [1]. In 2002, C. Ozgiir, considered weakly
symmetric and weakly Ricci-symmetric Lorentzian para-Sasakian manifolds [6]. Re-
cently in [7], C. Ozgiir studied weakly symmetric Kenmotsu manifolds.

In this study, we consider weakly symmetric and weakly Ricci-symmetric almost
r—paracontact Riemannian manifold of P—Sasakian type.

§ 2. Preliminaries

Let (M™, g) be an n—dimensional Riemann manifold. We denote by D the covari-
ant differentiation with respect to the Riemann metric g. Then we have

R(X,Y)Z = DxDyZ — DyDxZ — Dix y)Z.
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The Riemannian curvature tensor is defined by
RX,Y,Z,W)=g(R(X,Y)Z,W).
The Ricci tensor of M is defined by
Ric(X,Y) =trace{Z — R(X,Z)Y}.

Locally, Ric is given by

n

Ric(X,Y) =Y R(X,E;,Y,E;),

i=1

where {E1, Es, ..., E,} is a local orthonormal frames field on M and X,Y, Z, W are
vector fields on M.
The Ricci operator @ is a tensor field of type (1,1) on M™ defined by

9(Q@X,Y) = Ric(X,Y),

for all vector field on M™.
A non-flat differentiable manifold (M™,g), (n > 2), is called weakly symmetric if
there exist 1—forms «, (3, v, 6 and o on M such that

(DxR)(Y,Z,U, V)= a(X)R(Y,Z,UV)+BY)R(X,ZU,V)
(2.1) +v(Z)R(Y, X, U, V) + §(U)R(Y, Z, X, V)
+o(V)R(Y, Z,U, X)

holds for any vector fields X, Y, Z, U, V on M. A weakly symmetric manifold is
said to be properif « = 3=+ =0 =0 =0 is not the case [1].

A differentiable manifold (M™,g), (n > 2), is called weakly Ricci-symmetric if
there exist 1—forms p, u, v such that the relation

(2.2)  (DxRic) (Y, Z) = p(X)Ric(Y, Z) + p(Y)Ric(X, Z) + v(Z)Ric(X,Y)

holds for all vector fields X, Y, Z, U, V on M. A weakly Ricci-symmetric manifold
is said to be proper if p = p = v = 0 is not the case [1].

From (2.1), an easy calculation shows that if M is weakly symmetric then we
obtain (see [4], [5])

(2.3) (DxRic) (Z,U) = a(X)Ric(

§ 3. Almost r—paracontact Riemannian manifolds

We need the following definition ([3])

Let (M, g) be a Riemannian manifold with dim (M) = 2n+r and denote by T'(M)
the tangent space of M. Then M is said to be an almost r—paracontact Riemannian
manifold if there exist on M a tensor field ¢ of type (1,1) and r global vector fields
&1, .-, &s (called structure vector fields) such that
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(i) If n,, ..., m, are dual 1—forms of &1, ..., &, then:

(34) m(&) = 6% (€ X) = n:(X) &=1—§@®m
(i)
(3.5) 9(6X.0Y) = g(X.Y) = Y mi (X)mi (V)

i=1

forany X, Y e T(M),i=1,...,r.
In an almost r—paracontact Riemannian manifold M, besides the relations (3.4)
and(3.5) the following also hold

(36) ¢£a =0
(3.7) n*ogp = 0.

An almost r—paracontact Riemannian manifold M is said to be of P—Sasakian type
if

(3.8) Dxé& = ¢X
(3.9) (Dx¢)Y = —EZBK¢K¢YKW+W(YMVX}
for all X,Y € T(M).

In an almost r—paracontact Riemannian manifold of P—Sasakian type M, the
following hold

(3.10) Ric(&,X) = —2n) ns(X)
B=1
(3.11) R, X)) = X =Y n(X)§
(3.12) g(R(&, X)Y,&5) = —g(X,Y)+ > 1, (X)ny(Y)

=1

for any vector fields X,Y € T(M).

Since ¢ and the Ricci operator () are symmetric in an almost r—paracontact
Riemannian manifold of P—Sasakian type M, Q¢ + ¢@Q = 0 and the Lie derivative of
Ric vanishes, i.e.

(3.13) Le¢, Ric =0,

forany a =1, ...,r.
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§ 4. Weakly symmetric almost r—paracontact Riemannian
manifolds of P—Sasakian type

In this chapter we investigate weakly symmetric almost r—paracontact Riemannian
manifold of P—Sasakian type. We assume that the weakly symmetric manifold is al-
most r—paracontact Riemannian manifold of P—Sasakian type. Then we have,

Theorem 1. Any weakly symmetric almost r—paracontact Riemannian manifold
of P—Sasakian type M satisfies o+ + 5= 0.

Proof. Since the manifold is weakly symmetric, from (2.3), by putting X = &,
yields

(Dg, Ric) (Z,U) = a(éa)Ric(Z,U) + B(Z)Ric(éa, U)
+6(U)Ric(Z,8a) + B(R(Eas Z)U) + 6(R(8a, U)Z)

(4.14)
From (3.13), it follows that

(D¢, Ric) (Z,U) = —Ric(Dz€4,U) — Ric(Z, Dyéy).
By virtue of (3.8), we get from

(D¢, Ric) (Z,U) = —Ric(¢Z,U) — Ric(Z, oU).

Now, since ¢ is skew symmetric and Ricci operator is symmetric, we obtain
(4.15) (D¢, Ric) (Z,U) = 0.
From (4.14) and (4.15), we have

a(8a)Ric(Z,U) + B(Z) Ric(§a, U)

(4.16) +S(U)Ric(Z, Ea) + B(R(Eas 2)U) + 5(R(Ea, U)Z) = 0

Putting Z = U = &, in(4.16), we get

(4.17) a(€a) Ric(Ea, o) + B(Ea) Ric(Sa, Ea)
+0(€0)Ric(€a, o) + B(R(Eas €a)éa) + 0(R(€q, €a)Ea) = 0.

And using (3.11), we have

(Oé(fa) + ﬁ(ga) + 6(&&)) Ric(&ayfa) = 0.

which gives us

(4'18) O‘(ga) + ﬂ(fa) + 5(5&) =0.

So the vanishing of the 1-form « + 8+ § over the vector field £, is necessary in order
that M be a almost r—paracontact Riemannian manifold of P—Sasakian type.

Now we will show that o« + 3 + § = 0 holds for all vector fields on M.

In (2.3), taking X = 7 =&, , we get

(De, Ric) (§a,U) = a(&a)Ric(&a,U) + B(&a)Ric(&a, U)
(4.19) +0(U)Ric(€a, o) + B(R(Ea: €a)U)
+0(R(éa, U)éa)-
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From (4.19) and (3.11), We get

a(éq)Ric(Ea, U) + B(€a) Ric(Eq,U)
+5(U)RZC(£(¥’ goc) + 5(R(§047 U)fa) =0

Replacing U by X in (4.19) we have

(4.20) ol€a)Ric(€a, X) + B(Ea) Ric(Ea, X)
+6(X)Ric(Ea,Ea) + 6(R(€as X)Ea) = 0.

In (2.3), taking X =U = ¢, , we get

(DfaRiC) (Z7§a) = a(fa)Ric(Zaga)+B(Z)Ric(§a>€a)
+0(§a)Ric(Z, &a) + B(R(Eas Z)Ea) + 0(R(Eas €a) Z).

From (4.15) and (3.11), We get

a(éq)Ric(Z, &) + B(Z)Ric(€as€a)
+5(£Q)RiC(Z, ga) + 6(R(§m Z)fa) =0.

Replacing Z by X in (4.21) we have

a(§a)Ric(X, &) + B(X)Ric(§a, o)
+6(§a)Ric(Xa ga) + ﬂ(R(é.OuX)é.Oé) =0.

In (2.3), taking Z = U = &,, we get

(Dx Ric) (§a,€a) = a(X)Ric(§a, §a) + B(8a) Ric(X, &a)
(4.23) F0(8a) Ric(§a, X) + B(R(X, £a)éa)
+O(R(X, € )Sa)-

(4.21)

(4.22)

We also have
(4.24) (DxRic) (£a,8a) =0
Using (4.24) in (4.23), we have

(4.25) A(X)Ric(Ea,Ea) + B(Ea)Ric(X, €4) + 0(Ea) Ric(Ea, X)
' +B(R(X,€0)€0) + 6(R(X,€4)€0) = 0.

Adding (4.20), (4.22) and (4.25), we obtain

& a0 5 20) 4 400 il 6.

+ + 0 Ric(&,, &,

(4:26) +6(R(€w, X)E0) + B(R(Eay X)En)
+B(R(X,€0)€0) + 6 (R(X,€0)€a) =0

Using (3.11) and (4.18) in (4.26) we have

(4.27) ((X) +6(X) + (X)) Ric(§a, Ea) = 0
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Hence from (4.27), we obtain
(4.28) a(X)+6(X)+8(X)=0 forall X.
Thus

a+d+p0=0.

Our theorem is thus proved.

§ 5. Weakly Ricci-symmetric almost r—paracontact Riemannian
manifolds of P—Sasakian type

In this chapter we investigate weakly Ricci-symmetric almost r—paracontact Rie-
mannian manifolds of P—Sasakian type. We suppose that the considered weakly
Ricci-symmetric manifold is almost r—paracontact Riemannian manifold of P—Sasakian
type. We have,

Theorem 2. Any weakly Ricci-symmetric almost r—paracontact Riemannian
manifold of P—Sasakian type M, satisfies p+ p+ v = 0.

Proof. Suppose that M is a weakly Ricci-symmetric almost r—paracontact Rie-
mannian manifold of P—Sasakian type. Replacing X with &, in (2.2) we have

(5.29)  (Dg, Ric) (Y, Z) = p(&a)Ric(Y, Z) + u(Y)Ric(€w, Z) + v(Z) Ric(€,,Y).
By virtue of (4.15) and (5.29), we have
(5.30) p(Ea)Ric(Y, Z) + u(Y)Ric(Ea, Z) + v(Z)Ric(€a, Y) = 0.

Putting Y = Z = £, in (5.30), we get

(5.31) (p(€a) + 1(&a) + v(&a)) Ric(as €a) =0,
which gives
(5.32) p(&a) + 1(&a) + v(€a) =0,
In (2.2), taking X = Y = &,, and using (4.15), we get
(5.33) (Dg,, Ric) (§a, Z) = p(&a)Ric(€a, Z) + p(éa) Ric(Ea, Z)

+v(Z)Ric(€n, ) = 0.
Replacing Z by X in (5.33) we have

5,30 (De, Ric) (€as X) = plEa) Ric(Ea, X) + p(€a) Ric(a, X)
' +U(X)Ric(Ea, £a) = 0.

In (2.2), taking X = Z = &,, and using (4.15), we get

(5.35) (De, Rie) (V,€4) = pléa) Ric(Y, €a) + (Y Ric(a, €0)
' +v(€a)Ric(é,Y) = 0.
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Replacing Y by X in (5.35) we have

(De, Ric) (X, &) = p(€a) Ric(X, £a) + p(X) Ric(Ea, €a)

(5.36) +v(€a)Ric(éq, X) = 0.

In (2.2), taking Y = Z = &, and using (4.24), we get

5,37 (D Ric) (€as€a) = pX)Ric(Ear €a) + p(Ea) Ric(X. £0)
' +u(€a)Ric(X, &4) = 0.

Adding (5.34), (5.36) and (5.37) and then using (4.18), we obtain

2(p(€a) + 1(€a) + v(€a)) Ric(§a, X)
+ (p(X) + u(X) + 0(X)) Ric(€as €a) = 0

From this, it follows that
(5.38) (P(X) + u(X) + v(X)) Ric(€a, &) = 0.
Hence from (5.38), we have,
p(X) + p(X) +v(X) =0, for all X.
Thus
p+p+v=0.

Hence our theorem is proved.
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