Tensor product surfaces of a Euclidean space curve
and a Lorentzian plane curve

Kazim Ilarslan and Emilija Nesovic¢

Abstract. In this paper, we study the surfaces f(t,s) = a(t) ® B(s) in
the semi-Euclidean space R§, which are the tensor product of a Euclidean
space curve «(t) and a Lorentzian plane curve ((s). In particular, we
classify all minimal and totally real tensor product surfaces «(t) ® 3(s)
and prove that there are no complex tensor product surfaces a(t) ® 5(s)
in RS.
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§ 1. Introduction

In the Euclidean space E", the tensor product immersion of two immersions of
a given Riemannian manifold was firstly defined and studied by Chen in [1]. In
particular, the direct sum and the tensor product maps of two immersions of two
different Riemannian manifolds, are introduced in [2] in the following way:

Let M and N be two differentiable manifolds and let us assume that f: M — E™
and h : N — E" are two immersions. Then the direct sum map and tensor product
map are defined respectively by

f@&h:MxN—E™™,

(f@®h)(p,q) = (1), ... f™(p), ' (q), ..., k" (q)),

and
f@h: MxN—E™,

(f@h)(p.q) = (f* )R (q), ... L (D)R"(q), ..., ™ (p)R"(q)).

Under certain conditions obtained in [2], the tensor product map f®#h is an immersion
in the space E™". Some geometric properties of tensor products of submanifolds are
given in [5].

The simplest examples of the tensor product immersions are the tensor product
surfaces. In the Euclidean space E™, the tensor product surfaces of two Euclidean
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planar curves are investigated in [4]. On the other hand, in the semi-Euclidean space
E?”, the tensor product surfaces of two Lorentzian planar curves are studied in [6].

In this paper, we study the tensor product surfaces of a Euclidean space curve
and a Lorentzian plane curve and classify all minimal, totaly real and complex tensor
product surfaces of such curves.

§ 2. Preliminaries

Let R} and R} be two pseudo-Euclidean spaces with metric matrices G1 and G2
respectively. We identify, in the usual way, the space R™" with the space M of real
m X n matrices. Let us consider the metric g in M given by

g(A, B) = trace(G1AG,BT),

where BT denotes the transpose of B. Then (M,g) is isometric to the pseudo-
Euclidean space R"" of index r = p(n — v) + v(m — p). The metric product ® :
R x R} — M can be defined as P® Q = PTQ. Accordingly, the metric g in M is
given by

21) g(XoVYoW)=ag(X,Y)gV,W),

where ¢g; and g are the metrics of R} and R}, respectively.

In particular, if « : R — R? and 3 : R — R? are the Euclidean space curve and a
Lorentzian plane curve respectively, then their tensor product f(¢,s) = a(t) ® 8(s) is
defined as

(2.2) ®:R3xR? - RS, f(t,s) = a(t)T8(s),

where a(t)T denotes the transpose of a(t). The pseudo-Riemannian metric g in RS is
given by (2.1), where g1 = dz? + dx3 + dr3 and go = —dz? + dx3 are the metrics of
R3 and R?, respectively.

By using equation (2.2), the canonical tangent vectors of f(¢,s) can be easily
computed as

of of

(23) 5 = ()@B(s) =) B(s), Zo=at)@F(s) = )" (s).
Hence relations (2.1), (2.2) and (2.3) imply that the coefficients of the pseudo-Riemannian
metric, induced on f(t, s) by the pseudo-Riemannian metric g of RS, are

af o
g11 = 9(87{7 87{) = gl(a/aa/)92(67ﬁ)7

9= 950 9 = g1 0)gnt8.),
922 = g(%7 %) = gl(aaa)QQ(ﬂlvﬂ/)'

In the following, we will assume that § is a spacelike or a timelike curve, with a
spacelike or a timelike position vector, and we will assume that « is a regular curve
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not passing through the origin. Hence g11 # 0 # go2. We will also assume that the
tensor product surface f(t,s) is a regular surface, i.e. g11g22 — g3o # 0. Consequently,
an orthonormal basis for the tangent space of f(t,s) is given by

e 1 of
1= -
lg11]| Ot
€ . (g o1 g 8f)
2= 115 — 12—, )-
Vigii(g11922 — 9%)| 0s ot

Recall that the mean curvature vector field H is defined by
1
H = 5(61}1(@1,61) + e2h(ez, e2)),

where h is second fundamental form of a«® 5 and €¢; = g(e;, €;), i = 1,2. In particular,
by Beltrami’s formula we have

1
H=—--Af.
5 f

Next, recall that a surface M in RS is said to be minimal, if its mean curvature
vector field H vanishes identically.

A basis of the normal space of f(t,s) can be calculated as follows. Let J; : R® —
R3,i=1,2 and J : R? — R? be the following maps:

Jl(x’yaz) = (_yvx70)7
(24) ']2<x’yaz) = (O,Z, _y)v
J(xy) =y ).

Observe that ¢g1(X,J;X) = 0 for X € R? i = 1,2 and ¢2(Y,JY) = 0 for Y € R?.
Then a basis {ni,n2,ng, na} of the normal space is the following:

mat, ) = Ji(a(t)) ® J(3(s),

) Malts) = Ja(a() © J(5(3)).
P nalts) = Aol (1) © (5 (5),
na(t, ) = Ja(o/ (1)) @ J(3'(5))

Note that also the vector ns given by
(2.6) ns(t,s) = Js(c/(t)) ® J(5'(s))

is a normal vector, where J3 : R3 — R3 is the map defined by J3(z,y,2) = (—2,0, z).
It will be convenient later on to also consider this vector.
Accordingly, the tensor product surface f(t,s) is minimal in RS, if and only if

g(Hani):Oy i:172a37475'

On the other hand, by using the Beltrami’s formula, a surface f(t,s) is minimal in
RS if and only if

(2.7) g(Afin) =0, i=1,234,5.
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Since the Laplacian of f(t,s) is given by

O*f O f 0% f 1 0
_ 11 12 22 9 11
A= 9w T2 s T B T ) (G (VIsla™)
9 SadnL 2 12y, O a2y Of
+o, (Vlalg ™)) 5 + (5, (Vlglg™) + 5-(Vlglg ))as}’
where |g| = |det(g;;)|, the minimality conditions (2.7) become
an (:)2f an )
(28) 9(9117882 - 2912 0tos +9227at2 ,TLZ') = 0, 1= 172,3,4,5.

§ 3. Tensor product surfaces of a Euclidean space curve and
a Lorentzian plane curve

In this section, we classify all minimal and totally real tensor product surfaces in
RS, and prove that there are no complex tensor product surfaces in the same space.
Recall that a circle in R? is defined in [3] as a curve with non-zero constant curvature.

Theorem 3.1. The tensor product immersion f(t,s) = a(t)®5(s) of a Euclidean
space curve a : R — R3 and a Lorentzian plane curve 3 : R — R2, is a minimal
surface in RS if and only if :

(i) « is either the circle with the equation
a(t) = ro(cos(t),0,sin(t)), 7o € Ry,
or logaritmic spiral given by
aft) = aje®'(cos(t),0,sin(t)), a1 € Ry, a2 € Ry,
and (B is the curve with the equation
B(s) = (a/+/cosh(2s))(sinh(s), cosh(s)), a € R,

or the curve with the equation
B(s) = (b/+/|sinh(2s)])(sinh(s), cosh(s)), b € Ry;
(i) « is orthogonal hyperbola given by

a(t) = (a/+/Teos(20)])(cos(t), 0,sin(t)), a € Ro,
and (3 is the circle with the equation
B(s) = po(sinh(s), cosh(s)), po € Ry,
or hyperbolic spiral given by

B(s) = byeP2*(sinh(s),cosh(s)), by € Ry, by € Ry, by # +1;
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(iti) [ is given by

= e sinh(s), cosh(s
B(5) = s iuh(s) co8h(5),
or by u
B(s) = 2 (sinh(s), cosh(s)),

\/| sinh((1 + k)s + a1)|

and o is given by
— b2

\/| cos((1 — k)t + by)]
where a1 € R, as € Ry, b1 € R, by € Ry, k € Ry, k 75 +1.

a(t)

(cos(t), 0, sin(t)),

Proof. Let a(t) = (a1(t), as(t),as(t)) be a Euclidean space curve and ((s) =
(B1(s), B2(s)) be a Lorentzian plane curve. Then their tensor product f(t,s) = a(t) ®
B(s) is given by (2.2). Let us first suppose that f(¢,s) is a minimal surface in RS. By
using (2.2), we easily find

0% f o*f % f
3.1 — =a(t — 7 = t " —_
The normal space of f(t,s) is spanned by vectors {ni,ng,ns,na}, given by (2.5).
Moreover, for the vector ns given by (2.6), we have ns € span {ni,na,n3,ns}. Con-
sequently, relations (2.1), (2.5), (2.6) and (3.1) yield

% f 0% f 0% f

32) g(5t.n) =g(oL n) =g(—L,n)=0, i=12 ;=345
( ) g(atgﬁn) 9(882 n) g(atas n]) ? j

o/ (t) ® B'(s).

On the other hand, relations (2.1), (2.5), (2.6) and (3.1) also imply

(O ) = 0 e)ga(8 J(B). i=1.2

gatasﬂlz = gi1\a, Jilx))g2(p , =14
82f iz / / :

(33) g(ﬁﬂnj) :gl(a 7Jj72(a ))92(67 J(ﬁ ))7 J :3a4757
0 f

g(@’ nj) = gl(OZ, Jj—Q(O/))gQ(ﬂnv J(ﬂ/))7 ] = 33 4, 5.
Combining (2.8) and (3.2), we obtain that the minimality conditions are given by

82 f 82 f 82 f

(3.4) g(atas’”i) =0, 9(922ﬁ +911@any‘) =0,
where ¢+ = 1,2 and j = 3,4, 5, or else by
0*f 0 f

(35) gi12 = 07 9(922 + gll@ynj) = O, ] = 3743 S.

ot
Therefore, we may distinguish the following two cases: the case when the condi-
tions (3.4) hold and the case when the conditions (3.5) hold.
Case I. Assume that conditions (3.4) hold. Then relations (3.3) and (3.4) imply
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g1(a’, Ji(a))g2 (B, J(B)) = 0,
(3.6) g2291(”, Jj_o(a’))g2(B, J(B'))
+g1191 (v, Jj—2(a’))g2(8", J(B')) = 0,

fori=1,2 and j = 3,4,5. Next we consider two subcases.

Case I.1. If go(8,J(B)) = 0, then —f31'02 + 8162’ = 0, so ( is a straight line
passing through the origin. Then we have g11g22 — g% = 0, which means that the
surface f(t,s) is not regular. Hence we obtain a contradiction.

Case 1.2. If g1 (¢, J;()) = 0, for ¢ = 1,2, the system of equations (3.6) becomes

—ai'as+ o’ =0, ad’ag —apas’ =0,
g22(—a1" " + o’ 2" ) g2 (8, J(B'))
+ou(—oae’ + ai'az)g2 (8", J(6')) = 0,
(3.7) g22(—ao’ a3 + " a3’ ) g2 (8, J(B'))
+g11(—a2’az + azas’)g2 (8", J(8')) = 0,
g22(—an" a3’ + ar’az")g2(B, J(B'))
+g1(—aras’ + ai'asz)g2 (6", J(6')) = 0.

Now we distinguish the following possibilities. If a; # 0, as # 0 and ag # 0, from
the first two equations of (3.7) we get that « is a straight line passing through the
origin. Then the surface f(¢,s) is not regular, which is a contradiction. Next, if
a1 =0, as #0and ag # 0, or a; # 0, as # 0 and a3 = 0, in a similar way from
(3.7) we obtain that « is a straight line passing through the origin, which implies a
contradiction. Finally, if a; # 0, as = 0 and g # 0, the system of equations (3.7)
reduces to the equation

g2o(—n" a3’ + a1’as") g2 (8, J(B)) + gr1(—onas’ + ar'as) g2 (6", J(6')) = 0.
Therefore, the last equation yields

g1(o, a)(—on" o’ + oy’ as”) _ 92(8,8)g2(8", J(6'))

B8) o o) (aray —avas) — ga(F 392 (3. J(F)

=k, k € Ry.

Since « is arbitrary curve in R3, lying in the plane x5 = 0, we may assume that «, in
polar coordinates, has the equation

(3.9)  alt) = r(t)(cos(t), 0, sin(t)).

Similarly, we may assume that the equation of a regular curve 3 in R? (which is not
a straight line containing the origin), reads 8(s) = p(s)(sinh(s),cosh(s)) or 3(s) =
p(s)(cosh(s),sinh(s)), where p(s) is arbitrary function. Without loss of generality,
assume that § has the equation

(3.10) B(s) = p(s)(sinh(s), cosh(s)).
Equations (3.8), (3.9) and (3.10) imply

//_2/2 2 - 2/2 2
(1) PSP T ESTET _p keR
pe=p et
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If k: = 1, from (3.11) we get two differential equations pp” — 3p’? + 2p? = 0 and

rr’ — 2 _ = 0. The solutions of the previous equatlonb are of the form p(s) =

b1/+/ cosh( 25+b2 b1 € Ry, by € R, if |p/| < |p|, or p(s) = bg/\/|Sth (25 + by)|,
bs € Ry, by € R, 1f|p|> |p|,andr()—TOGRO,orT(t)—ale“?t a1 € R, as € Ry.
Taking by = by = 0, we obtain that § is given by

b

B(s) = m(sinh(s), cosh(s)),
or by
_ b inh(s),c s
Bl6) = e sinh(s)cosh(s).

On the other hand, « is the circle or logaritmic spiral, respectively given by
a(t) = ro(cos(t), 0, sin(t)),

and
a(t) = a1e™'(cos(t), 0, sin(t)),

which proves statement (i).
If k = —1, in a similar way from equations (3.11) we get tvvo differential equations

—rr" +3r'2 4+ 22 = 0 and pp”’ — p'? = 0. It follows that r(t) = ag/\/m
az € Ry, ay € R and p(S) = po € R+ or p( ) = b3€b4s, bs € RO’ by € Ry, by # +1.
If by = +1, then p(s) = bze™*, so equation (3.10) implies that £(s) is a null curve,
which is a contradiction. Taking a4 = 0, we find that « is orthogonal hyperbola with

the equation
a

a(t) = m(cos(t),&sin(ﬂ),

and ( is the circle or hyperbolic spiral, respectively given by

B(s) = po(sinh(s), cosh(s)),

and
B(s) = bze®*(sinh(s), cosh(s)).
Hence statement (ii) is proved.

Finally, if & # £1, putting v = p'/p and w = r//r, from (3.11) we find v/ = (1 +
k)(v?—1) and w’ = (1—k)(w?+1). After integration, we get p(s) = as/+/cosh((1 + k)s + a4),
as € Ry, a4 € Rif |v| <1, or else p(s) = as/+/|sinh((1 + k)s +a4)|, a3 € Ro,as € R
if [v] > 1. We also find r(t) = by/y/[cos((1 — k)t +bs), b1 € Rg, by € R. Conse-
quently, the curve « is given by

by

) = = o]

(cos(t),0,sin(t)),

and ( is given by
as
V/cosh((1+ k)s + aq)

B(s) = (sinh(s), cosh(s)),
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or by
ag

~ /]Sinh((1 + k)s + ag)]

In this way, statement (iii) is proved.

Case II. Assume that conditions (3.5) hold. Since g12 = ¢1(«v, @’)g2(5,8') = 0,
we consider two subcases: g1(a,a’) =0 and g2(8,5") = 0.

Case II.1. If g;(a, /) = 0, then g1(a, @) = c2, ¢ € Ry, which means that « lies
in sphere S%(c) centered at the origin and with radius c¢. By reparameterizing o, we
may assume that g (a/, o) = 1. Next, equations (3.3) and (3.5) imply

(3.12)  g22g1(a”, Jj—2(’))g2(B, J(B')) + g1191 (e, Jj—2(a’))g2(8", J(B)) = 0,

for j = 3,4,5, and consequently

B(s)

(sinh(s), cosh(s)).

02(—01”042/ +041/012”) B 62(042”013' —042/043") B 02(—041”043/ +a1/a3//)

oo’ — ar’as —ap3’ + an’as aros’ —ai’as

_ g?(ﬁa ﬂ)QQ(ﬂua‘](ﬁ/)) —k
92(8',8)92(8,J(B))

(From equations (3.13), we obtain the system of equations

(3.13)
k € Ry.

02(—0[1”622/ + alla2//) _ k(OqOQ/ _ 011'042) =0,
Alag"as’ — ar’az”) — k(—asas’ + as’az) = 0,
A(—ar" a3’ + ar’az") — k(aras’ — ar’az) =0

The above equations can be easily rewritten as

(ag” + kag)ay’ — as/(Par” + kay)
(3.14) (ag” + kag)az’ — as/(Pas” + kas)
(as” + kaz)ay’ — a3’ (2ay” + kay)

0,
0,
0.

Note that the equations (3.14) can be interpreted as the necessary and the sufficient
conditions for vectors ¢’ + ka and o' to be linearly independent. Hence there exist
a function A(¢) such that

Aa" + ka = M.

Taking the inner product on both sides of the previous equation with o’ gives A(¢) = 0.
Therefore, c?a’ = —ko, which in particular implies that « lies in a plane 7 passing
through the origin. Up to isometries of R3, we may assume that the normal to the
plane 7 is (1,0,0). Then a3 + a3 = ¢?, ¢ € Ry, which means that « is the circle given
by

(3.15)  «a(t) = ¢(0,cos(t/c),sin(t/c)).

Since 3 is a regular non-null curve in R? (which is not a straight line containing
the origin), the equation of § is given by (3.10). By using the equations (3.13) and
(3.15), we easily obtain k = 1. Then equations (3.10) and (3.13) imply differential
equation pp” —3p'?2+2p? = 0. The solution of the previous equation is given by p(s) =
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ca/\/cosh(2s 4+ ¢1), c1 € R, ca € Ry, if |p'| < |p|, or by p(s) = ca/+/|sinh(2s + ¢3)|,

c3 € R, ¢4 € Ry, if |p'| > |p|. We may take ¢; = ¢3 = 0, so 8 has the equation

B(s) = #@(smh(s), cosh(s)),
B(s) = 674(5111}1(8),008}1(8)).

/| sinh(2s)]

Therefore, in this case, we obtain the equations of curves a and (8 as in the previous
case 1.2.

Case I1.2. If g2(3,3') = 0, then g2(3,3) = £c?, ¢ € R, which means that 3
is the spacelike or the timelike circle, respectively given by ((s) = ¢(cosh(s), sinh(s))
and ((s) = ¢(sinh(s), cosh(s)). In both cases, by using equations (3.12), we obtain

91(04, a)(—a1”042' + 0é1'a2”) ! (CL Oé)(a2”043' — az'asﬁ)

g1 (o, ) (aran’ — ar’as) 0 o o) (—agas’ + as’as
(3.16) o a,a)(—al”ag’—i—al’ag)') _

g1(o, &) (aras’ — ar'as)

Putting g1 (e, &’) /g1 (o, @) = A(¢) in (3.16), we easily get the system of equations

(—0&1// + /\&1)0&2/ + (ag// — )\042)041/ =0,
(042” — /\052)043/ + (—013// + )\043)052/ =0,
(70&1” + )\Otl)Oé3/ + (Otgﬂ - )\043)051/ =0.

Consequently, there exist a function m(t) such that o’ — Aa = ma’. Tt follows that «
lies in the plane 7 passing through the origin. Up to isometries of R?, we may assume
that the normal to the plane 7 is (0,1,0). Thus « is given by

(3.17)  «a(t) = r(t)(cos(t),0,sin(t)).

Next, equations (3.16) and (3.17) imply differential equation rr” — 31’2 — 272 = 0,
with the solution r(t) = ba/+/|cos(2t + b1)|, by € R, by € Ry. Taking by = 0, we get
that « is orthogonal hyperbola with the equation

by

oll) = =]

(cos(t), 0, sin(t)).

In this case, we obtain the equations of curves o and 3 as in the previous case 1.2.
Conversely, if one of statements (i), (ii) or (iii) holds, a straightforward calculation

shows that f(t,s) is a minimal surface in RS. O

In the next two theorems, we classify totally real tensor product surfaces in the
semi-Euclidean space R§ and prove that there are no complex tensor product surfaces
in the same space.

Theorem 3.2. The tensor product immersion f(t,s) = a(t)®[(s) of a FEuclidean
space curve a : R — R3 and a Lorentzian plane curve 3 : R — R2, is a totally real
Lorentzian immersion with respect to the pseudo-Hermitian structure Jo, given by
Jo(p, q, u, v, 2,w) = (—q,p, —v,u, —w, z) on RS, if and only if a lies in a sphere S?,
centered at the origin, or (8 is the curve given by
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(3.18) f(s) = ———(sinh(s), cosh(s)), a € Ro.

/| sinh(2s)]

Proof. Let a(t) be a Euclidean space curve and 3(s) be a Lorentzian plane curve.
Assume that the tensor product f(¢,s) = a(t) ® 5(s) is a totally real Lorentzian
immersion in R§. By definition, there hold the conditions

af . 0 of . 0
(3.19) g(Jo(a—{),a—i):& g(Jo(afi),aficFO-

Let J* : R? — R? be the map defined by

J*(xvy) = (yv —LL').

By using equations (2.2) and (2.3), we easily find

JO(%) = Jo(O/ ® ﬁ) = CYI & J*(—ﬁ)7
(3.20)
W)= paed) = e r -9,

Moreover, by using (2.1) and (3.20), the conditions (3.19) become

Gany 980,00 8) = g0 (=)
| gla @ T (=5),0’ @ 6) = g1(0, )2 (T (—

If g1(a,a’) = 0, then g;(a, @) = ¢2, ¢ € Ry, which means that « lies in a sphere S?,
centered at the origin and with radius ¢. Next, if g2(J*(=8"), 8) = g2(J*(=03),5") =0,
then £1'(s)B2(s) +P1(s)B2"(s) = 0 and thus §1(s)52(s) = ¢, ¢ € Ry. The last equation
and (3.10) imply p?(s) = 2¢/sinh(2s). Consequently, 3 is the curve given by (3.18).
Conversely, if « lies in a sphere centered at the origin in R3, or if 3 is the curve
given by (3.18), then equations (3.21) are satisfied, which implies that the conditions
(3.19) hold. Therefore, f(t,s) is a totally real surface, which proves the theorem. OJ

Theorem 3.3. There are no complex tensor product surfaces f(t,s) = a(t)®[(s)
of a Euclidean space curve o : R — R? and a Lorentzian plane curve 8 : R —
R?, with respect to the pseudo-Hermitian structure Jy, given by Jo(p,q,u,v,z,w) =
(—q,p, —v,u, —w, 2) on RS.

Proof. Let us suppose that the tensor product f(t,s) of a Euclidean space curve
a(t) and a Lorentzian plane curve ((s) is a complex Lorentzian immersion. By defi-
nition, the following equations are satisfied

OFy oy — 9\ y—0 i—
(322) g(JO(E)’n’L) - 07 g(JO(aS)vnl) - 07 1= 17273a4757

where the vectors ny, na, ns, ng, ns are given by (2.5) and (2.6). Moreover, {ny, na,n3, ng}
is a basis of the normal space and ns € span{ni,n2,n3z,ns}. Next, equations (2.1),
(2.5), (2.6), (3.20) and (3.22) imply the following equations
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9oy m) =0, gao( 2y .m) =0,
623 g2 n5) = g0,y o (@)ea (@), @) = 0.
o1 : :
9(Jo( En ):ni) = —g1(e, Ji(a))g2(J*(6), J(8)) = 0,

where i = 1,2 and j = 3,4,5. Since g1(a, J;()) = —g1(a/, Ji(«)) for i = 1,2,3 and
92(J*(8), J(B)) £ 0, g2(J*(8), J(B")) # 0, from equations (3.23) it follows that

g1(a, Jj_2(a/)) =0, j=3,4,5.
The last system of equations is equivalent with the system of equations
a1’a2 — a1a2’ = 0, 042/0[3 — 0[20[3/ = 0, O[l/Olg — a1a3' =0.

Therefore, « is a straight line passing through the origin. Then the tensor product

surface f(t, s) is not regular, which gives a contradiction. Hence the theorem is proved.
O
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