Projective curvature inheritance in an NP — F'n
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Abstract. The concept of projective curvature inheritance in Finsler
space have been studied by S.P. Singh [6]. In the present investigation,
our aim is to study the Projective curvature inheritance in an NP — F,.
Corresponding results for contra and concurrent vector fields are rendered
intuitive.
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§ 1. Preliminaries
K.Yano [4] defined a set of parameters

i.i
n+1

T
khr »

(1.1) kh = Gin —
which form a connection called the normal projective connection. The functions I1%, ,
Gy, andGyy), are symmetric in their lower i_ndices and are posi‘pively homogeneous
of degree 0, 0 and —1 respectively in their #*’s. The functions G}kare the Berwald’s

connection parameters. The derivatives 9,11}, denoted by %, is given by

(1.2) H;‘kh = G;‘kh - (5; khr T iinghr),

n+1
are symmetric in k and A only and are positively homogeneous of degree —1 in direc-
tional arguments. Therefore, the following relation which will be used in our discussion
follow from (1.1) and (1.2)

a) H?hj?k = H;.ij:k =G, ,
b) H;ci = G%ci )
(1.3) c) a'ch;'.kh =0,
d) Hﬁkh = %ﬂaﬁkh )
e) H;‘ki = G;‘ki = Hé‘ik :

DirrERENTIAL GEOMETRY - DYNAMICAL SysTEMS, Vol. 9, 2007, pp. 111-121.
© Balkan Society of Geometers, Geometry Balkan Press 2007.



112 C.K. Mishra and D.D.S. Yadav

The normal projective covariant derivative of a vector field X¢(x,4) is defined by
(1.4) ViX' = 0 X' — (9, X", 3" + XIIT},,

where 8, = 8/8z% , 9, = 8/di* , and preserve the vector character of X'

In particular, this derivative vanishes for &!. The corresponding curvature tensor
N }kh(x, ) as called by K.Yano, the normal projective curvature tensor, is given by

(1.5) Njpp = 2{0 1y, + Ty, T, @™ 4 T TT g,

Definition 1.1. The manifold F,, with normal projective connection parameters II% ,
and the normal projective curvature tensor N7, is termed as normal projective Finsler
manifold and is usually denoted by NP — F,.

It is worth mentioning that the normal projective curvature tensor is skew-symmetric
in j, k indices and is a homogeneous function of degree 0 in z'’s, so in the light of
(1.5) it is fairly easy to observe that

{ a) N;kh = _Nlijh )

(1.6) A
b) 81N]’.khx =0.

The contraction of N;-kh with respect to i, j ; i, k and i, h give

a) N'ikh:Nkh )

2

(1.7) b) N;ih = *Niijh = —Njn ,

b)  Nju = 2Nuj),
respectively, where [kj] represent the skew-symmetric part.

P.N. Pandey [5] has shown the following relationship between the normal projective
curvature tensor NV ;kh and the Berwald’s curvature tensor H;k -

) i ‘rbi \ T
(1-8) Njkh = djkp — malHkhr'

The covariant derivative gives rise to the commutation formula
(1.9) 2V VX' = Ni X" — (9, X") N}y, i"

together with the normal projective curvature tensor N ;kh In term of contracted

tensor Ny = Niikh there is defined a tensor

1
(110) Mkh = *ﬁ(nNkh‘i’Nhk)

and the Weyl’s projective curvature tensor W;k , is given by K.Yano [4]
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The projective curvature tensor also satisfies
a) éjalekh = 0,
(1.12) b) Wi = Wi, =0,
c) Wi =0.

The commutation formulae for any general tensor, involving the curvature tensor,
are given as follows

(1.13) VRV T) = NigT) = N T — (0T} Niy @™,
(1.14) (0; Vi = Vi0)) Ty, =10y, Ty, — 104, T — 0%, ™ (,T).

The Lie-derivative of a tensor T} and the connection coefficients IT%, defined by
an infinitesimal transformation

(1.15) Tt =2t + ev'(x)

are characterized by K.Yano [4]

(1.16) £T! ="V, T0) = THV ') + TE(V,0") + (0pT0) (Vo) i®
and

(1.17) LI =V, V' = Np o + 10 (Vo) d!
respectively.

The commutation formulae with respect to Lie-derivative and other for any tensor
T}, are givenby

(118)  £(ViTj) = Vi(£Tp,) = (£1,)T, — (£105,) T}, — (£105,)T5,
—(£10,,) ™ (AT},

and

(1.19) O(LTy) — £(0T}) = 0.

The Lie-derivative of the normal projective curvature tensor Nj jn 18 expressed in
the form

(1.20) vk("EH;'h) — V;(£I0,) = £Nlijh+(fnzm)9bm f"jh
— (L1L,,) 2™ I -

In view of the infinitesimal transformation( 1.15 ) K.Yano [4] defined a projective
motion, if there exists a homogeneous scalar function p of degree one in z* ’s satisfying

(1.21) LTy, = 26(;0h), P = onp
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where (jh) represents the symmetric part. For the homogeneity of py and pji, they
satisfy the conditions

(1.22) a)pri® = p,b)pri® = 0.

§ 2. Projective N-curvature inheritance

S.P. Singh [6] defined the projective H-curvature inheritance as an infinitesimal
transformation with respect to which the Lie-derivative of Berwald’s curvature tensor
Hj,,, satisfies a relation of the form

where a(x) is non-zero scalar function.

In the present paper, we consider the infinitesimal transformation (1.15) which
admits the projective motion in an NP — F,,. Now we define and study the cases
under which the infinitesimal transformation (1.15) defines a projective N-curvature
inheritance in NP — F,,.

Definition 2.2. In an NP — F,, , if the normal projective curvature tensor field N;kh
satisfies the relation

(2.24) "EN;kh = O‘N;khv

where a(x) is non zero scalar function and £ denotes Lie-derivative defined by the
infinitesimal transformation (1.15), which admits the projective motion. The trans-
formation (1.15) is called projective N-curvature inheritance in the light of (2.24).

Contracting with respect to the indices i and j ( 2.24) yields
(2.25) £Nkh = aNkh.

In view of 2.25, the projective inheritance is called the projective Ricci-like N-curvature
inheritance. Employing (1.21) in the equation (1.20), we arrive at

(2.26) 2{5fj(vk]Ph) +6,(Vips))} = £Nj, + 25(kpm)i'mnijh
=260;pm)®" Wy,
In view of (1.22) , (1.3¢) and (2.24) the above equation reduces to
(2.27) aN;kh = 2{5fj(vk]Ph) + 04, (Vikps) +PHfjk]h}-
Above discussion leads us to the following theorem.

Theorem 2.1. An NP — F,, admitting projective N-curvature inheritance, the nor-
mal projective curvature tensor field can not be expressed in terms of homogeneous
scalar function p(x, &) given in the form (2.27).
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If we contract (2.27) with respect to indices ¢ and j and make use of (1.3d), (1.3e)
and (1.7a), it is fairly easy to arrive at

n—1 i
(2.28) aNih = nViph — Vapk — (m)PGikm
Thus, we can state:

Corollary 2.1. An NP—F,, admitting projective Ricci-like N-curvature inheritance,
Ricci-like normal projective curvature tensor Nyp, can not be expressed in terms of only
homogeneous scalar function P(x,&) given in the form (2.28).

Using (1.19) for N}, we get
(2.29) 51(£N;kh) = £(5ZN;kh)a
which in view of (2.24) and (2.29) reduces to
(2.30) O‘(alN;kh) = £(61N;kh)a
where « is scalar function.

Hence we can state:

Lemma 2.1. An NP — F,,, admitting projective N-curvature inheritance, the partial
derivative of the normal projective curvature tensor satisfies the inheritance property
(2.30).

Contracting (2.30) with respect to indices ¢, jand then using (1.7a), we get
(231) a(élNkh) = £(61Nkh).
Accordingly, we can state:

Lemma 2.2. An NP — F,, admitting projective Ricci-like N-curvature inheritance,
the partial derivative of the Ricci-like normal projective curvature tensor satisfies the
inheritance property (2.51).

Now using the commutation formula (1.13) for the normal projective curvature
tensor Nj; . we have

(2.32) ViV Nogn = NioNTen — Ni i N2 — N NG,
_Nl’,?‘nhN;kr - (6TNglkh)Nlenxn

Applying Lie-derivative operator to both sides of the above equation, we get
(2.33) 2LV Vi ;kh = 20{N},, Tkh — Nz%jNﬁkh - Nl:nkN]Z:rh
_Nl:nthZ:kr - (8TN;kh)menxn}

In view of (2.24) and Lemma 2.1 along with the fact £i? = 0. The above equation
together with (2.32) simplifies to yield

Hence we can state:
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Theorem 2.2. An NP — F,,, admitting projective N-curvature inheritance, the rela-
tion (2.34) holds good.

Contracting the equation (2.34) with respect to indices 4, j and then using (1.7a),
we obtain

(2.35) £V[lvm]Nkh = QQV[le]Nkh.
Hence we can state:

Corollary 2.2. An NP—F,, admitting projective Ricci-like N-curvature inheritance,
the relation (2.35) holds good.

In view of the relation (1.18) for N;kh, and making use of the equation (2.24), we
define

(2.36) L(ViNjp) = Vi(£Njy) = (LI, N, — (LGN,
— (£105)Njpp, — (£105,) Ny,
7(£H7m)j:m(aTle'Th)’

provided the gradient vector V;a = «; is zero.

Since the infinitesimal transformation (1.15) is a projective motion, in view of
(1.22a) and (1.6b) it becomes

(2.37) "E(le;kh) - ale;kh = 5lip7'Nkah - ijlikh

—pNjip — paNjy

_ZplN;kh _p(alN;kh)'
Transvecting (2.37) by !, we find
(2.38)  £(ViNip)i' — aViNG @' = ' pi N, — piNjwd' — peNj,at — 2pNig,

in the light of (1.22a) and (1.6Db).

Contracting the equation (2.38) with respect to the indices i, j and there after
using (1.7a),

we get

(239) .£(V1Nkh).’bl - aVlNkhjcl = —pkNlhi.Cl - 2kah~

But the contraction of (2.38) with respect to the indices ¢ and h and in view of (1.7c¢)
yields

(2.40) £(ViNyg)d' — aV Ny a' = 38 PrNjyi - P Ny @'
—pi Nyt — 2pNig).
Hence we can state:

Theorem 2.3. An NP — F,,, admitting projective N-curvature inheritance, the rela-
tion (2.39) and (2.40) necessarily hold provided the gradient vector «y is zero.
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R.B. Misra and F.M. Meher [1] have defined a Recurrent NP — F,, as under:

In a non flat NP — F,, if there exists a non zero vector field whose components
A; are positively homogeneous of degree zero in directional arguments, such that the
normal projective curvature tensor N ;k ,, satisfies

(2.41) ViNjin = NN

then such a NP — F, is called a Recurrent NP — F,, or briefly RN P — F,,. Contracting
(2.41) with respect to the indices i and j, we have

(2.42) ViNgh = A\ Nih,

which shows that an NP — F;, of recurrent curvature is also of Ricci recurrent curva-
ture.

The covariant derivative of (2.41) with respect to 2™ gives
(2.43) Vi ViNjin = Ve AN, 4 MiAm N
commutating (2.43) with respect to the indices m and I, we get
(2.44) Vi VN = Vi Ay N
Applying Lie-derivative operator to both sides of (2.44), we find
(2.45) EV VN = (£V Ay + aV A )Ny,
In view of (2.24) and 2.2, the above equation reduces to
(2.46) 20V (1, Vi Nop = (£V Ay + aV i A )Ny,

If we assume that £V, \;) = —aV, \jj, the equation (2.46) takes the form
(2.47) Vim VN, = 0.

Contracting (2.47) with respect to the indicesi and j, we arrive at
(2.48) Vim Vi Nien = 0.

Conversely, if (2.47) is true, the equation (2.46) yields

(2.49) (£V Vi + aVimAg) Ny, = 0.
Since the recurrent NP — F,, is non-flat, (2.49) provides us
(2.50) LV Vi = —aV, Ay

Accordingly we can state:

Theorem 2.4. An RNP—F,,, admitting projective N-curvature and projective Ricci-
like N-curvature inheritance, the necessary and sufficient condition for V[mvl]N;kh =
0 and V[, VNip = 0 to be true is that the recurrence vector A satisfies the inheri-
tance property (2.50).
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§ 3. Special cases

In this section, we wish to study three special cases of projective N-curvature
inheritance in NP — F,,, RNP — F,, and SNP — F,, spaces.

(a). Contra field: In an NP — F,,, if the vector field v’(x) satisfies the relation
(3.51) Vo' =0,
then the vector field v'(x) spans a contra field.

Here we consider a special infinitesimal transformation
(3.52) ' =a' +ev'(x), Vo' =0,

which admits a projective motion in NP — F,. Tt is assumed that the relation (2.24)
is also satisfied in NP — F,,, then the transformation (3.52) defines a projective N-
curvature inheritance. Employing (1.21) in (1.17), we obtain

(3.53) 20(;pry = V;Viv' + Nj o™ + 10,5 (Vo).

If v’(x) spans a contra field, then (3.53) assumes the following

(3.54) N,ijkvh = 262jpk)

The covariant differentiation of (3.54) with respect to x! together with (3.51) yields
(3.55) —(ViNI 0" = 6 pr + 6, Vip;,

where we have taken into account (1.6a). Commutating (3.55) with respect to the
indices [ and k,
we get

(3.56) QV[kng-h‘l]vh = 2{5fkvl]pj + 85V i}

where the index in two parallel bars is unaffected when we consider skew-symmetric
parts.

Since (3.52) defines a projective N-curvature inheritance therefore in view of (2.27),
the equation (3.56) assumes the form

(3.57) 2V [k N0 = alNjy; — 2pMljy ;.

Contracting (3.57) with respect to indices ¢, j and making use of (1.3¢), (1.7a) and
(1.7c), we have

(3.58) Vi Npgv" = aNyy
Hence we can state:

Theorem 3.5. An NP — F,,, admitting projective N-curvature and projecyive Ricci-
like N-curvature inheritance, if the vector field vi(x) spans contra field, the relations
(8.57) and (3.58) hold good.
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Now if the space under consideration is a recurrent NP — F,, then in view of
(1.17), the equation (3.55) becomes

(359) —AlN;hkU}L = 6§lek + 5,@lej.
Commutating (3.59) with respect to indices | and k, we get
(3.60) 2NN v = 2{60 Vs + 65V ipi }-

We now assume that the transformation (3.52) defines a projective N-curvature
inheritance in RN P — F,, also. Then in view of (2.27), the equation (3.60) is defined
in the form

(3.61) 2NN v = gy — 2pIT .

Contracting (3.61) with respect to indices ¢ and j, we get

(3.62) AN v = aNjy,

where we have taken into account (1.3e), (1.7a) and (1.7¢).
Thus, we can state:

Theorem 3.6. An RNP — F,, admitting projective N-curvature and projective
Ricci-like N-curvature inheritance, if the vector field v*(x) spans a contra field then
the relations (3.61) and (3.62) necessarily holds.

Next, we assume that the transformation (3.52) define a projective N-curvature
inheritance in SNP — F,, R.B. Misra , N. Kishore and P.N. Pandey [2]. Then the
equation (3.57) is define in the form

(3.63) aNj; = 2pI;,
Hence we can state:

Theorem 3.7. An SNP — F,,, admitting projective N-curvature inheritance, if the
vector field vi(x) spans a contra field then the relation (3.63) necessarily holds.

Contracting (3.63) with respect to indices ¢ and j and using the equations (1.3e)
and (1.7c), we have

(364) Oéle = aNkl
Thus, we can state:

Corollary 3.3. In an SNP — F,,, admitting projective Ricci-likeN-curvature inher-
itance, if the vector field v'(x) spans a contra field, the relations (3.64) necessarily
symmetric.

(b). Concurrent field: In an NP — F,, if the vector field v’(z) satisfies the
relation

(3.65) Vv’ = ¢,
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where ¢ is non zero constant then the vector field v*(z) determines a concurrent
field.

In this section, we consider the infinitesimal transformation.
(3.66) ' =a' 4 ev'(x), Vo' = b,

which admits a projective motion and defines a projective N-curvature inheritance
inN P — F,,. The covariant derivative of (3.54) with respect to 2! and using (3.65), we
get

(3.67) VN 0" + eNiy = 65Vipr + 6, Vip;,

where we have taken into account (1.6a).
Commutating (3.67) with respect to indices [ and j, we get

(3.68) 2V NG k0" + 2eNjp, = aNjy, — 2pITE .,

where we have made us of equations (1.6a) and (2.27).
Contracting (3.68) with respect to indices ¢ and j and using the equations (1.3d),
(1.3e), (1.7a) and (1.7b), we get

i n—1 i
(3.69) alNy = —{v"(ViNui + ViNiy,) + 2¢Ny, + (7)PGint
Hence we can state:
Theorem 3.8. In an NP — F,, admitting projective N-curvature and projective

Ricci-like N-curvature inheritance, if the vector field v'(z) determines a concurrent
field then the relations (3.68) and (3.69) necessarily hold.

Let us assume that the space under consideration is a RN P — F,, and the trans-
formation (3.66) defines a projective N-curvature inheritance in it. In this case the
relation (3.67) assumes the form

(3.70) NN 0" 4 eNfy = 65V ipr + 0, Vip;.

Commutating (3.20) with respect to indices | and j, we get

(3.71) A[lMﬁl,j]kvh + eNjj = 01 Vapr + 6.V upy)-
In view of (2.27), (3.71) reduces to
(3.72) 2Au N iv" + 2eN{p 1 = aNjy, — 2pITiy,.

Contracting (3.72 with respect to indices ¢ and j and thereafter using the equations
(1.3d), (1.7a) and (1.7b), we obtain

(373) alNy, = —{’Uh()\lNhk + )\ZNlilk) + QCle}.

Accordingly we can state:
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Theorem 3.9. In an RNP — F,,, admitting Projective N-curvature and projective
Ricci-like N-curvature inheritance, if the vector field v*(x), determines a concurrent
field then the relations (3.72) and (3.73) hold good.

Next, we assumes that the transformation (3.66) defines a projective N-curvature
inheritance in SN P — F,,.Then the equation (3.68) and (3.69) can be written in the
form

(3.74) OéN;zk = 2CN[ilj]k- + 2prjl]k‘

Contracting (3.74) with respect to indices i and j and thereafter using the equations
(1.3d), (1.3e), (1.7a) and (1.7b) gives

n—1 i
(3.75) aNy = —{2eNy, + (m)pGilk}'

Thus, we can state:

Theorem 3.10. In an SNP — F,, admitting projective N-curvature and projective
Ricci-like N-curvature inheritance, if the vector field v*(x) determines a concurrent
field then the relations (3.74) and (3.75) hold good.
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