Some results on CR-submanifolds
of a Bochner Kaehler manifold
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Abstract. CR-submanifolds of a Kaehler manifold have been studied by
Bejancu [1], [2] and are being studied by many others (see [3] for details).
The Bochner curvature tensor of a Kaehler manifold is considered as a
complex version of a Weyl conformal curvature tensor on a Riemannian
manifold. A Kaehler manifold is called Bochner-Kaehler manifold if its
Bochner curvature tensor vanishes. CR-submanifld of a Bochner-Kaehler
manifold was studied by Shahid [8], [9]. The aim of this note is to study
the properities of Ricci tensor and scalar curvature of CR~-submanifolds of
a Bochner Kaehler manifold.
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§ 1. Preliminaries

Let M be a complex n-dimensional Bochner Kaehler manifold with almost com-
plex structure J, and M a real m-dimensional Riemannian manifold isometrically
immersed in M. A (2p+ q)-dimensional manifold M of M is called a CR-submanifold
if there exists a pair of orthogonal complementary distributions D and D+ such that
JD = D and JD+ C v, where v is the normal bundle of M and dimD = 2p and
dimD+ = q.

We denote by v/, 7 and VL the Riemannian connection on M, M and the normal
bundle respectively. They are related by the Gauss and Weingarten formulas as

(1.1) VxY = vxY +h(X,Y), VxY =-AxX +vxN

forall X,Y € TM, N € v where h(X,Y) and Ay X are the second fundamental form
and second fundamental tensor which are related by

(1.2) g(ANX,Y) = g(h(X,Y),N).
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For any vector field X tangent to M, we put
(1.3) X =PX +QX,

where PX and QX belongs to distribution D and D+ respectively.
The Gauss equation is given by

(1.4)

RX,Y;Z,W) = R(X,Y;Z,W) + g(h(X, Z),h(Y,W)) — g(h(X, W), h(Y, Z)).
The curvature tensor R of a Bochner-Kaehler manifold M is given by [8]

R(X,Y,Z,W) LY, Z)9(X,W) = L(X, Z)g(Y,W) + g(Y, Z)L(X, W)
9(X, Z)L(Y, W) + M(Y, Z)g(JX, W)

- M(X,Z)g(JY,W) + M(X,W)g(JY, Z)

— MY, W)g(JX,Z)—2M(X,Y)g(JZ,W)

(1.5) — 2M(Z,W)g(JX,Y)

where R(X,Y, Z,W) = g(R(X,Y)Z,W),

(16) Ly, 2) = 2n1+ e 2) = 55 2?(27@ 1Y 2);
(1.7) M(Y,Z) = —L(Y, JZ),
(1.8) LY,Z) = L(Z,Y), L(Y,Z)=L(JY,JZ),

Ric and p are the Ricci tensor and scalar curvature of M.

Definition 1.1 A CR-submanifold M is called D-totally geodesic(resp.D*-totally
geodesic) if h(X,Y) = O(resp.h(Z,W) = 0) for all X,Y € D (Z,W € D). M is
called mized totally geodesic if h(X,Z) =0 for any X € D and Z € D+.

§ 2. Ricci tensor and scalar curvature of D-minimal and D+*-
minimal CR-submanifold of Bochner-Kaehler manifold

Let M be an m-dimensional CR-submanifold of a Bochner Kaehler manifold M.
Let {E1, ..., By, } be alocal field of orthonarmal frames on M. Let {Ex, ..., Ep, Epy1 =
JEn, ..., By, = JE,} is a local frame field on D and {F},..., Fy} is a local frame field
on D*.

The mean curvature vector field H of M in M is defined by

q

(2.1) 1= (W B) + 3 h(FL, B
=1 k=1
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If H =0 then M is said to be minimal. Also we have

2p q
1 Z 1 Z
(22) HD = % h(Ei,E/L'), HDL - 5 h(Fk,Fk).
i=1

k=1

Definition 2.1 A CR-submanifold M of a Bochner-Kaehler manifold M is called
D-minimal (resp. Dt-minimal) if Hp = 0 (resp Hp1 = 0).

Now let X,Y € D, Z,W € D* and U,V be any vector field tangent to M. Then
the Ricci tensor and scalar curvature are given by

(2.3) Zg (E;,U)V, E;),
q
(2.4) Spo(U,V) =Y g(R(Fy, U)V, Fy),
k=1
2p q
(2.5) pop =Y Sp(Ei, Ei), pppr =Y Sp(Fi, Fr),
i=1 k=1
2p q
(26) pDJ_D:ZSDJ_(Ei,Ei), PpDLpDL :ZSDJ-(F]C,F/C)
=1 k=1

Using Gauss equation (1.4) and equation (1.3) in equation (1.5), the curvature
tensor of M is given by

R(X,Y,Z, W) LY, Z)9(X,W) — L(X, Z)g(Y,W) + g(Y, Z)L(X, W)
9(X, Z)L(Y,W) + M(Y, Z)g(JPX, W)

— M(X,2)g(JPY,W) + g(JPY, Z)M(X, W)

— g(JPX,Z)M(Y,W) — 2M(X,Y)g(JPZ,W)

— 2M(Z,W)g(JPX,Y) + g(h(X,W),h(Y, Z))
(2.7) = g(h(X,Z),h(Y, W),

for X,Y,Z,W € TM.

Now we calculate Ricci tensor and scalar curvature for different choice of vector
fields. For X,Y € D and Z,W € D+, equation (2.7) gives
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Sp(X,)Y) =

o+ o+

(2.8) +

Zg R(E;, XY, E;)

2p

> {L(X,Y)g(Ei, E;) — L(E;, Y)g(X, E;)

i=1

9(X,Y)L(E;, L;) — g(E;, Y)L(X, E;)
M(X,Y)g(JPE;,E;)) — M(E;,Y)g(JPX, E;)
M(E;,E;)g(JPX,Y) - M(X,E;)g(JPE;,Y)
oM (E;, X)g(JPY, E;) — 2M(Y, E))g(JPE;, X)
g(h(Ei, Ei), M(X,Y)) — g(h(E;,Y), h(X, E;))},

2p+ VLYY + S (X V)L(ELE) S g(JX.V)L(E, JE)

> _{9CpHp, h(X,Y)) = g(h(Ei, Y), h(X, Ei))}.

Similarly, we have

Sp(Z,W)

(2.10)

Sp.(Z,W) =

(2.11)

Zg R(E;, X)Z, E;)

2(p+ VI(X, Z) + g(2pHp, h(X, Z)) = Y _ g(h(Es, Z), h(X, E;))

= Zg (E;, Z)W, E;)

= L(Z,W)2p+ zp:g(Z, W)L(E;, E;) + g(2pHp, h(Z,W))

i=1

2p
— Y g(h(Bi, W), h(Z, E)).
i=1

M=

9(R(Fk, Z)W, Fy)

>
Il

1

— (q—2)LZW)+ Y g(Z.W)L(FL, Fy)
k=1

+ g(qHp,W(Z,W)) =Y g(h(Fy, W), h(Z, Fy,))
k=1
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q
Spr(X,Z) = Y g(R(Fy, X)Z, Fy)
k=1
= L(X’Z)(q_1)+g(qHDiah(XaZ))
q
(2.12) — > g(h(Fy, 2), h(X, F})).
k=1
q
Spo(X,Y) = Y g(R(Fy, X)Y, Fy)
k=1
q
= L(X,Y)q+ Y {9(X,Y)L(Fy,Fy) — g(JX,Y)L(Fy, JFy)}
k=1
q
(2.13) + glgHpo, M(X,Y)) = g(h(Fy,Y), (X, F},))}.
k=1

Now for scalar curvatures of CR-submanifold M, we have

(2.14)

(2.15)

pPDD =

PDLD

2p 2p
> Sp(EinEi) = Y {2(p+2)L(E;, E)
i=1 i,j=1

(Em E;)L(E;, E;) — g(JE;, E;) L(E;, JE;) }

§ {9(h(E;, i), h(E;, E;) — g(h(Ei, Ej), h(Ej, E;))}
i,7=1
2p

(4p +4) Z L(E;, E;) + 4p*g(Hp, Hp)

2p

> 9(h(Ei, Ej), h(E;, Ey)},

ij=1

2p

= Y Spi(Ei E)

=1

= ZZ{L(Ei7Ei)q+9(Ei7Ei)L(FkaFk)
i=1 k=1
- g(JE;, E;) L(Fy, JFy)
+  g(h(Fk, Fi), h(Es, By) — g(h(Fk, Ei), h(E;, Fi))}

= > {L(E: Ei)g+ 2pL(Fy., Fy)

1=1 k=1
+ 2pqg(HDi7HD)7g(h(FkaEl)ah(E1aFk))}
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k
2

"X

+ g(h
2p q

= Z Z{L(Fkak)2p + qL(EnEi)

1=1 k=1
(2.16) + 2pqg(Hp,Hp1) — g(h(E;, Fy.), h(Fy, E;))}

q
popr = Y Sp(Fi, Fi)
=1
P
=1

q
> {L(Fy, Fr)2p + g(Fx, Fy)L(E;, E;)
k=1
(E;,

i i), h(Fk, Fy) — g(h(Ey, Fy,), H(F, E;))}

q
PpLpt = Z Spr(Fg, F)
k=1

= Z{L(Fk>Fk)(q = 2) + g(Fy, Fi) L(Fy, Fr) }

+ Z{g (Fk, i), h(Fj, Fy) — g(h(Fy, Fy), h(Fy, Fy,)}

k,j=1
= Z{L(Fk,Fk)@q—m
k=1
(2.17) + Y g(Hp, Hpr) — g(h(Fy, Fy), h(Fy, Fi))}-
k,j=1

From (2.15)and (2.16) we observe

PDD+ = PDLD-
Thus we have

Proposition 2.1. Let M be a D-minimal submanifold of a Bochner-Kaehler mani-
fold M. Then

(i) Sp(X,Y)=2(p+2)L(X,Y) =2, g(X,Y)L(E:, E)+370, g(JX,Y)L(E;, JE;)
is negative semi-definite for X, Y € D.

(i) Sp(Z,W) — 2pL(Z, W) — Zl 19(Z, W)L(E;, E;) is negative semi-definite for
Z,W € D+,

(111) ppp < (4p+4) Zfﬁl L(E;, E;).

() pppr < Y pey 20L(Fr, Fr) + q Zfil L(E;, E;).
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Proof. From (2.8) and (2.10) we have
SD(Xv Y) - 2(p + 2)L(X7 Y) - Z{Q(X7 Y)L(Eu E’L) + g(JXa Y)L(Eu JEZ)}

= —Zg (E;,Y), h(X, E;)).

Sp(Z,W) —2pL(Z, W) — ZgZW (E;, E;) Zg (E;,W),h(Z, E;))

Also from equation (2.14) we have

2p 2p
PDD = (4]7 + 4) Z L(Ela El) - Zg(h(Eu Ej)a h(Eja El))
i=1 i
Hence
2p
pop < (4p+4) ZL(Eia E;).
i=1
Similarly from equation (2.16), we have
2p 2p g
pppL = 2pZL Fio, Fe) + 4 L(EL E) =Y g(M(Ei, Fy), h(Fi, ;).
k=1 i=1 i=1 k=1
Hence
2p
pope < 2pZL Fi, Fy) +a)  L(E;, ).
k=1 i=1

Proposition 2.2. Let M be D+ -minimal CR-submanifold of a Bochner-Kaehler man-
ifold M. Then

(i) Spr(Z,W)—L(Z,W)(q—2)—g(Z,W) > 4_, L(Fk, F},) is negative semi-difinite
for Z,2W € D+,

(i) Spr(X,Y)=L(X,Y)q—g(X,Y) 374 L(Fk, Fy) +9(JX,Y) 374y L(Fk, JFk)
is negative semi-definite for X, Y € D.

(iti) pprpr < (2 —2)>F_, L(Fy, Fr).

(iv) pPpip < QZ?; L(Eszi) + 2172%:1 L(Fk7Fk)-



Some results on CR-submanifolds 129

Proposition 2.3. Let M be a D-minimal CR-submanifold of a Bochner-Kaehler
manifold M. Then M is D-totally geodesic if and only if M satisfies one of the
following condition :

(i) Sp(X,Y) =2(p+2)L(X,Y) + 7 {g(X,Y)L(E;, E;) — g(JX,Y)L(E;, JE;)}
for XY € D

(ii) ppp = (4p+4) X220 L(E;, E;).

Proof. Suppose that M is D-totally geodesic i.e, h(X,Y) =0 forall X,Y € D.
So from (2.8) and (2.14) we get

2p
Sp(X,Y) =2(p+2)L(X,Y) + > {9(X,Y)L(E;, E;) — g(JX,Y)L(E;, JE,)},
i=1
2p
pop = (4p+4) Y L(E;, E)).
i=1
Converse part follows easily from equation (2.8) and equation (2.14). O

Proposition 2.4. Let M be D+ -minimal CR-submanifold of Bochner-Kaehler man-
ifold M. Then M is D*-totally geodesic if and only if M satisfies one of the following
condition :

(i) Spi(Z,W) = L(Z,W)(q = 2) + Xi_, 9(Z, W)L(Fy, Fy,), for Z,W € D*,
(i) pprpr = (2¢—2) > 4_; L(Fy, Fy).

Proof. Suppose that M is Dt-totally geodesic. i.e h(Z, W) =0 for all Z,W € D+
Also we have Hp. = 0. So from (2.11) and (2.17), we have
Spi(Z,W)=L(ZW)(q—2)+>5_, 9(Z,W)L(Fy, F,)

pprpt = (20 —2) 37—y L(Fy, Fr).

Converse part follows easily from equation (2.11) and equation (2.17). O
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