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Abstract. CR-submanifolds of a Kaehler manifold have been studied by
Bejancu [1], [2] and are being studied by many others (see [3] for details).
The Bochner curvature tensor of a Kaehler manifold is considered as a
complex version of a Weyl conformal curvature tensor on a Riemannian
manifold. A Kaehler manifold is called Bochner-Kaehler manifold if its
Bochner curvature tensor vanishes. CR-submanifld of a Bochner-Kaehler
manifold was studied by Shahid [8], [9]. The aim of this note is to study
the properities of Ricci tensor and scalar curvature of CR-submanifolds of
a Bochner Kaehler manifold.
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§ 1. Preliminaries

Let M be a complex n-dimensional Bochner Kaehler manifold with almost com-
plex structure J , and M a real m-dimensional Riemannian manifold isometrically
immersed in M . A (2p+ q)-dimensional manifold M of M is called a CR-submanifold
if there exists a pair of orthogonal complementary distributions D and D⊥ such that
JD = D and JD⊥ ⊂ ν, where ν is the normal bundle of M and dimD = 2p and
dimD⊥ = q.

We denote by 5, 5 and 5⊥ the Riemannian connection on M , M and the normal
bundle respectively. They are related by the Gauss and Weingarten formulas as

5XY = 5XY + h(X, Y ), 5XY = −ANX +5⊥
XN(1.1)

for all X, Y ∈ TM , N ∈ ν where h(X, Y ) and ANX are the second fundamental form
and second fundamental tensor which are related by

g(ANX,Y ) = g(h(X,Y ), N).(1.2)
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For any vector field X tangent to M , we put

X = PX + QX,(1.3)

where PX and QX belongs to distribution D and D⊥ respectively.
The Gauss equation is given by

R(X, Y ; Z, W ) = R(X, Y ;Z, W ) + g(h(X, Z), h(Y,W ))− g(h(X,W ), h(Y, Z)).
(1.4)

The curvature tensor R of a Bochner-Kaehler manifold M is given by [8]

R(X, Y, Z, W ) = L(Y, Z)g(X,W )− L(X, Z)g(Y,W ) + g(Y,Z)L(X, W )
− g(X,Z)L(Y,W ) + M(Y,Z)g(JX, W )
− M(X,Z)g(JY,W ) + M(X, W )g(JY, Z)
− M(Y, W )g(JX,Z)− 2M(X, Y )g(JZ, W )
− 2M(Z,W )g(JX, Y )(1.5)

where R(X,Y, Z,W ) = g(R(X,Y )Z, W ),

L(Y,Z) =
1

2n + 4
Ric(Y,Z)− ρ

2(2n + 2)(2n + 4)
g(Y, Z),(1.6)

M(Y, Z) = −L(Y, JZ),(1.7)

L(Y,Z) = L(Z, Y ), L(Y, Z) = L(JY, JZ),(1.8)

Ric and ρ are the Ricci tensor and scalar curvature of M .

Definition 1.1 A CR-submanifold M is called D-totally geodesic(resp.D⊥-totally
geodesic) if h(X,Y ) = 0(resp.h(Z, W ) = 0) for all X, Y ∈ D (Z, W ∈ D⊥). M is
called mixed totally geodesic if h(X, Z) = 0 for any X ∈ D and Z ∈ D⊥.

§ 2. Ricci tensor and scalar curvature of D-minimal and D⊥-
minimal CR-submanifold of Bochner-Kaehler manifold

Let M be an m-dimensional CR-submanifold of a Bochner Kaehler manifold M .
Let {E1, ..., Em} be a local field of orthonarmal frames on M . Let {E1, ..., Ep, Ep+1 =
JE1, ..., E2p = JEp} is a local frame field on D and {F1, ..., Fq} is a local frame field
on D⊥.

The mean curvature vector field H of M in M is defined by

H =
1
m
{

2p∑

i=1

h(Ei, Ei) +
q∑

k=1

h(Fk, Fk)}.(2.1)
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If H = 0 then M is said to be minimal. Also we have

HD =
1
2p

2p∑

i=1

h(Ei, Ei), HD⊥ =
1
q

q∑

k=1

h(Fk, Fk).(2.2)

Definition 2.1 A CR-submanifold M of a Bochner-Kaehler manifold M is called
D-minimal (resp. D⊥-minimal) if HD = 0 (resp HD⊥ = 0).

Now let X,Y ∈ D, Z, W ∈ D⊥ and U, V be any vector field tangent to M . Then
the Ricci tensor and scalar curvature are given by

SD(U, V ) =
2p∑

i=1

g(R(Ei, U)V, Ei),(2.3)

SD⊥(U, V ) =
q∑

k=1

g(R(Fk, U)V, Fk),(2.4)

ρDD =
2p∑

i=1

SD(Ei, Ei), ρDD⊥ =
q∑

k=1

SD(Fk, Fk),(2.5)

ρD⊥D =
2p∑

i=1

SD⊥(Ei, Ei), ρD⊥D⊥ =
q∑

k=1

SD⊥(Fk, Fk).(2.6)

Using Gauss equation (1.4) and equation (1.3) in equation (1.5), the curvature
tensor of M is given by

R(X, Y, Z, W ) = L(Y, Z)g(X,W )− L(X, Z)g(Y,W ) + g(Y,Z)L(X, W )
− g(X,Z)L(Y,W ) + M(Y,Z)g(JPX,W )
− M(X,Z)g(JPY,W ) + g(JPY, Z)M(X, W )
− g(JPX,Z)M(Y, W )− 2M(X,Y )g(JPZ,W )
− 2M(Z,W )g(JPX, Y ) + g(h(X,W ), h(Y, Z))
− g(h(X, Z), h(Y, W )),(2.7)

for X,Y, Z,W ∈ TM .

Now we calculate Ricci tensor and scalar curvature for different choice of vector
fields. For X,Y ∈ D and Z, W ∈ D⊥, equation (2.7) gives
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SD(X, Y ) =
2p∑

i=1

g(R(Ei, X)Y, Ei)

=
2p∑

i=1

{L(X, Y )g(Ei, Ei)− L(Ei, Y )g(X, Ei)

+ g(X, Y )L(Ei, Li)− g(Ei, Y )L(X, Ei)
+ M(X, Y )g(JPEi, Ei)−M(Ei, Y )g(JPX, Ei)
+ M(Ei, Ei)g(JPX, Y )−M(X, Ei)g(JPEi, Y )
− 2M(Ei, X)g(JPY, Ei)− 2M(Y, Ei)g(JPEi, X)
+ g(h(Ei, Ei), h(X, Y ))− g(h(Ei, Y ), h(X,Ei))},

= 2(p + 2)L(X, Y ) +
2p∑

i=1

g(X, Y )L(Ei, Ei)
2p∑

i=1

g(JX, Y )L(Ei, JEi)

+
2p∑

i=1

{g(2pHD, h(X, Y ))− g(h(Ei, Y ), h(X, Ei))}.(2.8)

Similarly, we have

SD(X, Z) =
2p∑

i=1

g(R(Ei, X)Z, Ei)

= 2(p + 1)L(X, Z) + g(2pHD, h(X,Z))−
2p∑

i=1

g(h(Ei, Z), h(X, Ei))(2.9)

SD(Z, W ) =
2p∑

i=1

g(R(Ei, Z)W,Ei)

= L(Z, W )2p +
2p∑

i=1

g(Z,W )L(Ei, Ei) + g(2pHD, h(Z, W ))

−
2p∑

i=1

g(h(Ei,W ), h(Z, Ei)).(2.10)

SD⊥(Z,W ) =
q∑

k=1

g(R(Fk, Z)W,Fk)

= (q − 2)L(Z, W ) +
q∑

k=1

g(Z, W )L(Fk, Fk)

+ g(qHD⊥ , h(Z, W ))−
q∑

k=1

g(h(Fk, W ), h(Z,Fk))(2.11)
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SD⊥(X, Z) =
q∑

k=1

g(R(Fk, X)Z, Fk)

= L(X, Z)(q − 1) + g(qHD⊥ , h(X, Z))

−
q∑

k=1

g(h(Fk, Z), h(X,Fk)).(2.12)

SD⊥(X, Y ) =
q∑

k=1

g(R(Fk, X)Y, Fk)

= L(X,Y )q +
q∑

k=1

{g(X,Y )L(Fk, Fk)− g(JX, Y )L(Fk, JFk)}

+ g(qHD⊥ , h(X, Y ))−
q∑

k=1

g(h(Fk, Y ), h(X, Fk))}.(2.13)

Now for scalar curvatures of CR-submanifold M , we have

ρDD =
2p∑

i=1

SD(Ei, Ei) =
2p∑

i,j=1

{2(p + 2)L(Ei, Ei)

+ g(Ei, Ei)L(Ei, Ei)− g(JEi, Ei)L(Ei, JEi)}

+
2p∑

i,j=1

{g(h(Ei, Ei), h(Ej , Ej)− g(h(Ei, Ej), h(Ej , Ei))}

= (4p + 4)
2p∑

i

L(Ei, Ei) + 4p2g(HD, HD)

−
2p∑

i,j=1

g(h(Ei, Ej), h(Ej , Ei)},(2.14)

ρD⊥D =
2p∑

i=1

SD⊥(Ei, Ei)

=
2p∑

i=1

q∑

k=1

{L(Ei, Ei)q + g(Ei, Ei)L(Fk, Fk)

− g(JEi, Ei)L(Fk, JFk)
+ g(h(Fk, Fk), h(Ei, Ei)− g(h(Fk, Ei), h(Ei, Fk))}

=
2p∑

i=1

q∑

k=1

{L(Ei, Ei)q + 2pL(Fk, Fk)

+ 2pqg(HD⊥ ,HD)− g(h(Fk, Ei), h(Ei, Fk))}.(2.15)
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ρDD⊥ =
q∑

k=1

SD(Fk, Fk)

=
2p∑

i=1

q∑

k=1

{L(Fk, Fk)2p + g(Fk, Fk)L(Ei, Ei)

+ g(h(Ei, Ei), h(Fk, Fk)− g(h(Ei, Fk),H(Fk, Ei))}

=
2p∑

i=1

q∑

k=1

{L(Fk, Fk)2p + qL(Ei, Ei)

+ 2pqg(HD, HD⊥)− g(h(Ei, Fk), h(Fk, Ei))}.(2.16)

ρD⊥D⊥ =
q∑

k=1

SD⊥(Fk, Fk)

=
q∑

k=1

{L(Fk, Fk)(q − 2) + g(Fk, Fk)L(Fk, Fk)}

+
q∑

k,j=1

{g(h(Fk, Fk), h(Fj , Fj)− g(h(Fk, Fj), h(Fj , Fk)}

=
q∑

k=1

{L(Fk, Fk)(2q − 2)

+
q∑

k,j=1

q2g(HD⊥ ,HD⊥)− g(h(Fk, Fj), h(Fj , Fk))}.(2.17)

From (2.15)and (2.16) we observe

ρDD⊥ = ρD⊥D.

Thus we have

Proposition 2.1. Let M be a D-minimal submanifold of a Bochner-Kaehler mani-
fold M . Then

(i) SD(X, Y )−2(p+2)L(X, Y )−∑2p
i=1 g(X,Y )L(Ei, Ei)+

∑2p
i=1 g(JX, Y )L(Ei, JEi)

is negative semi-definite for X, Y ∈ D.

(ii) SD(Z, W ) − 2pL(Z,W ) − ∑2p
i=1 g(Z,W )L(Ei, Ei) is negative semi-definite for

Z, W ∈ D⊥.

(iii) ρDD ≤ (4p + 4)
∑2p

i=1 L(Ei, Ei).

(iv) ρDD⊥ ≤ ∑q
k=1 2pL(Fk, Fk) + q

∑2p
i=1 L(Ei, Ei).
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Proof. From (2.8) and (2.10) we have

SD(X,Y )− 2(p + 2)L(X,Y ) −
2p∑

i=1

{g(X,Y )L(Ei, Ei) + g(JX, Y )L(Ei, JEi)}

= −
2p∑

i=1

g(h(Ei, Y ), h(X,Ei)).

SD(Z, W )− 2pL(Z,W )−
2p∑

i=1

g(Z,W )L(Ei, Ei) = −
2p∑

i=1

g(h(Ei,W ), h(Z, Ei))

Also from equation (2.14) we have

ρDD = (4p + 4)
2p∑

i=1

L(Ei, Ei)−
2p∑

i=1

g(h(Ei, Ej), h(Ej , Ei)).

Hence

ρDD ≤ (4p + 4)
2p∑

i=1

L(Ei, Ei).

Similarly from equation (2.16), we have

ρDD⊥ = 2p

q∑

k=1

L(Fk, Fk) + q

2p∑

i=1

L(Ei, Ei)−
2p∑

i=1

q∑

k=1

g(h(Ei, Fk), h(Fk, Ei).

Hence

ρDD⊥ ≤ 2p

q∑

k=1

L(Fk, Fk) + q

2p∑

i=1

L(Ei, Ei).

ut

Proposition 2.2. Let M be D⊥-minimal CR-submanifold of a Bochner-Kaehler man-
ifold M . Then

(i) SD⊥(Z, W )−L(Z, W )(q−2)−g(Z,W )
∑q

k=1 L(Fk, Fk) is negative semi-difinite
for Z, W ∈ D⊥.

(ii) SD⊥(X, Y )−L(X, Y )q−g(X, Y )
∑q

k=1 L(Fk, Fk)+g(JX, Y )
∑q

k=1 L(Fk, JFK)
is negative semi-definite for X, Y ∈ D.

(iii) ρD⊥D⊥ ≤ (2q − 2)
∑q

k=1 L(Fk, Fk).

(iv) ρD⊥D ≤ q
∑2p

i=1 L(Ei, Ei) + 2p
∑q

k=1 L(Fk, Fk).
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Proposition 2.3. Let M be a D-minimal CR-submanifold of a Bochner-Kaehler
manifold M . Then M is D-totally geodesic if and only if M satisfies one of the
following condition :

(i) SD(X, Y ) = 2(p + 2)L(X,Y ) +
∑2p

i=1{g(X, Y )L(Ei, Ei)− g(JX, Y )L(Ei, JEi)}
for X, Y ∈ D

(ii) ρDD = (4p + 4)
∑2p

i=1 L(Ei, Ei).

Proof. Suppose that M is D-totally geodesic i.e, h(X, Y ) = 0 for all X, Y ∈ D.
So from (2.8) and (2.14) we get

SD(X,Y ) = 2(p + 2)L(X, Y ) +
2p∑

i=1

{g(X, Y )L(Ei, Ei)− g(JX, Y )L(Ei, JEi)},

ρDD = (4p + 4)
2p∑

i=1

L(Ei, Ei).

Converse part follows easily from equation (2.8) and equation (2.14). ut

Proposition 2.4. Let M be D⊥-minimal CR-submanifold of Bochner-Kaehler man-
ifold M . Then M is D⊥-totally geodesic if and only if M satisfies one of the following
condition :

(i) SD⊥(Z, W ) = L(Z, W )(q − 2) +
∑q

k=1 g(Z, W )L(Fk, Fk), for Z, W ∈ D⊥,

(ii) ρD⊥D⊥ = (2q − 2)
∑q

k=1 L(Fk, Fk).

Proof. Suppose that M is D⊥-totally geodesic. i.e h(Z, W ) = 0 for all Z, W ∈ D⊥

Also we have HD⊥ = 0. So from (2.11) and (2.17), we have
SD⊥(Z, W ) = L(Z, W )(q − 2) +

∑q
k=1 g(Z, W )L(Fk, Fk)

ρD⊥D⊥ = (2q − 2)
∑q

k=1 L(Fk, Fk).
Converse part follows easily from equation (2.11) and equation (2.17). ut
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