Proper affine vector fields in Bianchi
type I Space-Time
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Abstract. A study of Bianchi type I space-times according to its proper
affine vector field is given by using holonomy and decomposability, the
rank of the 6 x 6 Rieman matrix and direct integration techinques. It is
shown that the special class of the above space-times admits proper affine
vector fields.
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§ 1. Introduction

The aim of this paper is to find the existance of proper affine vector fields in
Bianchi type I static space-times by using holonomy and decomposability, the rank
of the 6X6 Rieman matrix and direct integration techinques. Through out M is
representing the four dimensional, connected, hausdorff space-time manifold with
Lorentz metric g of signature (—,+,+,+) The curvature tensor associated with g
through Levi-Civita connection I'; is denoted in component form by R%p.;. The usual
covariant, partial and Lie derivatives are denoted by a semicolon, a comma and the
symbol L, respectively. Round and square brackets denote the usual symmetrization
and skew-symmetrization, respectively. The space-time M will be assumed nonflat in
the sense that the Riemann tensor does not vanish over any nonempty open subset
of M.

A vector field X on M is called an affine vector field if it satisfies

(1.1) Xaspe = RabeaX .
or equivalently,
Xape = T Xpp =T Xa g = T Xee + TG Xy — (T5) e Xe — T, T8, X,
+T5, 0, Xe + FZfFZ{CXe = RapeaX?.

If one decomposes X,,;, on M into its symmetric and skew-symmetric parts

1
(12) Xa;b = ihab + Fab (hab = hbaa Fab = *Fba)
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then equation (1.1) is equivalent to
(1.3) (i) Pape =0 (i1) Fape = RapeaX?  (iii) Fop.c X = 0.

Such a vector field X is called affine if the local diffeomorphism ¢; (for appropriate
t) associated with X map geodesics into geodesics. If hq, = 2¢gap, ¢ € R then the
vector field X is called homothetic (and Killing if ¢ = 0.) The vector field X is said
to be proper affine if it is not homothetic vector field and also X is said to be proper
homothetic vector field if it is not Killing vector field on M [2]. Define the subspace
Sp of the tangent space T, M to M at p as those k € T, M satisfying

(1.4) Rapeak? = 0.

§ 2. Affine vector fields

In this section we will briefly discuss when the space-times admit proper affine
vector fields for further details see [4].

Suppose that M is a simple connected space-time. Then the holonomy group of
M is a connected Lie subgroup of the idenity component of the Lorentz group and is
thus characterized by its subalgebra in the Lorentz algebra. These have been labeled
into fifteen types Ry — R15 [9, 3]. It follows from [4] that the only such space-times
which could admit proper affine vector fields are those which admit nowhere zero
covariantly constant second order symmetric tensor field hg, and it is known that this
forces the holonomy type to be either Ry, R3, R4, Rg, R7, Rg, R19, R11 or R13. Here,
we will only discuss the space-times which has the holonomy type Rs, R4, R7, Rig or
Ry3.

First consider the case when M has type Ri3. Then one can always set up local
coordinates (¢,z', 22, 2%) on an open set U = U; x Uy, where Uj is a one dimensional
timelike submanifold of U coordinatized by ¢ and U, is a three dimensional spacelike
submanifold of U coordinatized by z!, 22, 3 and where the above product is a metric
product and the metric on U is given by [2]

(2.5) ds? = —dt* + gagdxo‘dxﬁ, (o, 6=1,2,3)

where g,3 depends on z7, (v = 1,2, 3). The above space-time is clearly 1+ 3 decom-
posable. The curvature rank of the above space-time is atmost three and there exists
a unique nowhere zero vector field ¢, = t, satisfying ¢, = 0 and also t*¢, = —1.
From the Ricci Identity R%.qt? = 0. It follows from [4] that affine vector fields in
this case are

0
(26) X = (Clt+02)a +Y

where ¢1,co € R and Y is a homothetic vector field in the induced geometry on each
of the three dimensional submanifolds of constant .

Now consider the situation when M has type R1g. The situation is similar to that
of previous Rj3 case except that now we have local decomposition is U = Uy x Us,
where U is a one dimensional spacelike submanifold of U and Us is a three dimensional
timelike submanifold of U. The space-time metric on U is given by [2]

(2.7) ds? = dz* + gapdz®dz’, (o, =0,2,3)
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where go3 depends on z7, (v = 0,2, 3). The above space-time is clearly 1+ 3 decom-
posable. The curvature rank of the above space-time is atmost three and there exists
a unique nowhere zero vector field z, = z , satisfying z,4, = 0 and also 2%z, = 1.
From the Ricci Identity R%.qxz® = 0. It follows from [4] that affine vector fields in
this case are

0
(2.8) X =(az + 02)% +Y

where c¢1,c2 € R and Y is a homothetic vector field in the induced geometry on each
of the three dimensional submanifolds of constant x.

Next suppose M has type R7;. Then each p € M has a neighborhood U which
decomposes metrically as U = Uy xUs, where Uj is a two dimensional submanifold of U
with an induced metric of Lorentz signature and Us is a two dimensional submanifold
of U with positive definite induced metric. The space-time metric on U is given by

(2]
2.9 ds? = Pypdz?da® + Qupda®da”,
B

where Pap = Pagp(x¢), forall A, B,C = 0,1and Qug = Qap(z?), forall a, 8,7 = 2,3
and the above space-time is clearly 2 + 2 decomposable. The space-time (2.8) admits
two recurrent vector fields [1] [ and n 1e. lop = lopy and ngyp = nepp, where py is
the recurrent 1-form. It also admits two covariantly constant second order symmetric
tensors which are 2[(,ny) and (zaxb + Yayp). The rank of the 6 x 6 Riemann matrix
is two. It follows from [4] that if X is an affine vector field on M then X decomposes
as

(2.10) X = X1 + X,

where the vector fields X; and X5 are tangent to the two dimensional timelike and
spacelike submanifolds, respectively. It also follows from [4] that X; and X, are
homothetic vector fields in their respective submanifolds with their induced geometry.
Conversely, every pair of affine vector fields, one in the timelike submanifolds and one
spacelike submanifolds give rise to a affine vector field in space-time.

Now suppose that M has type R4. Then each p € M has a neighborhood U which
decomposes metrically as U = Uy x Uz x Us, where Uy and Uy are one dimensional
submanifold of U and Us is a two dimensional submanifold of U. The space-time
metric on U is given by [4]

(2.11) ds? = —dt® + da® + gapdz®dz®, (A, B =2,3)

where gap depends only on ¢ (C = 2,3). The above space-time is clearly 1+ 14 2
decomposable. The curvature rank of the above space-time is one and there exist
two independent nowhere zero unit timelike and spacelike covariantly constant vector
field t, =t , and z, = x , satisfying t,, = 0 and z, = 0. From the Ricci identity
R%peqtq = 0 and R%cqx, = 0. It follows from [4] that affine vector fields in this case
are

0 0
(2.12) X = (clt+02x+03)5 + (C4t+c5x+06)% +Y
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where ¢, ¢, c3,¢4,¢5,c6 € R and Y is a homothetic vector field in the induced geom-
etry on each of the two dimensional submanifolds of constant ¢ and x.

Now suppose that M has type R,. Here each p € M admits a neighborhood
U which decomposes metrically as U = U; x Uy x Us, where U; and Uy are one
dimensional submanifold of U and Uj is a two dimensional submanifold of U. The
space-time metric on U is given by [4]

(2.13) ds® = dy* + dz% + gapdz?dz®, (A,B=0,1)

where gap depends only on ¢ (C = 0,1). The above space-time is clearly 1+ 14 2
decomposable. The curvature rank of the above space-time is one and there exist two
independent nowhere zero unit spacelike covariantly constant vector fields y, = v,
and z, = 2z, satisfying yq;; = 0 and z4;;, = 0. From the Ricci identity R%peqyq = 0
and R%cqz, = 0. It follows from [4] that affine vector fields in this case are

0 0
(2.14) X = (01y+02z+03)8fy +(cay+esztce) g +Y

where ¢, ¢, c3,¢4,¢5,¢6 € R and Y is a homothetic vector field in the induced geom-
etry on each of the two dimensional submanifolds of constant y and z.

§ 3. Main results

As mentioned in section 2, the space-times which can admit proper affine vector
fields having holonomy type R, R3, R4, Rg, R7, Rs, R1p, R11 or Ri3. It also follows
from [1] that the rank of the 6 x 6 Riemann matrix is atmost three. Here in this paper
we will consider the rank of the 6 x 6 Riemann matrix to study affine vector fields
in spherically symmetric static space-time. Consider a spherically symmetric static
space-time in the usual coordinate system (¢, x,y, z) with line elememt [8]

(3.15) ds* = —dt® + f(t)dr® + k(t)dy* + h(t)dz>

where f, k and h are some nowhere zero functions of ¢ only. It follows from [6], the
above space-time admits three independent Killing vector fields which are

9 9 9
0x’ Oy’ 0z’

The non-zero independent components of the Riemann tensor are [6]

12ff — f2 1 2kk — i?
Rip10 = —zifff I~ a;  Rap20 = 1 r ™
12hh — h? kf
(3.16) R3030 = R e Ra191 = Zf =0y
hf kh
R3i31 = 7w Rai21 = Vi
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Writing the curvature tensor with components Rgpeq at p as a 6 X 6 symmetric matrix
in a well known way [7]

(3.17) Rapea = diag(ay, ag, oz, a4, s, )

where a1, as, a3, ay, as and ag are real functions of t. The 6-dimensional labeling is

in the order 01, 02, 03, 12, 13, 23 with z° = t. We are only interested in those cases

when the rank of the 6 x 6 Riemann matrix is less than or equal to three (excluding

the flat cases). We thus obtain the following possibilities:

(Al)Rank =3,f € R—{0},k = k(t),h = h(t)

A2)Rank =3,k € R— {0}, f = f(t),h = h(t)
), f=f(t

A3)Rank =3,h € R— {0}, k=k(t), f = f(t) o o
A4)Rank =3, f = f(t),k = k(t),h = h(t),2kk — k* = 0,2hh — h> = 0,2ff — f2 =0
Rank =2, f € R—{0},k = k(t),h = h(t),2kk — k* = 0
Rank =2,k € R— {0}, f = f(t),h = h(t),2hh — h? =
Rank:2ah€Rf{o}vf:f(t)vk:k(t)72ff7f2:
Rank =2, f € R—{0},k = k(t), h = h(t), 2hh — h? =
Rank =2,k € R— {0}, f = f(t),h = h(t),2ff — f2 =0
(t), k = k(t), 2kk — k% =

=
Q
3
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Il
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-
>
m
=
\
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o
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I
&H
=

Rank =1, f,k € R—{0},h = h(t)

Rank =1,f € R—{0},k = k(t),h = h(t),2kk — k* = 0,2hh — h?> = 0

Rank =1,k € R—{0}, f = f(t),h=h(t),2ff — f>=0,2hh — h? =0
D3)Rank =1,h € R— {0}, k =k(t), f = f(t),2kk — k* =0,2ff — f2=0
We will consider each case in turn.
Case Al

In this case f € R — {0}, k = k(t),h = h(t) and the rank of the 6 x 6 Riemann
matrix is 3 and there exists a unique (up to a multiple) nowhere zero spacelike vector
field z, = z, satisfying x4 = 0 (and so, from the Ricci idenity R%jcqz, = 0). The
line element can, after a recaling of x, be written in the form

(3.18) ds® = dz® + (—dt* + kdy® + hdz?).

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

The space-time is clearly 1+ 3 decomposable and its holonomy type is R1g. The affine
vector fields in this case [4] are

(3.19) X = (c3z + 04)3% +X

where c3,c4 € R and X " is a homothetic vector field in the induced geometry on
each of the three dimensional submanifolds of constant . The completion of case A
necessities finding an homothetic vector fields in the induced geometry of the sub-
manifolds of constant x. The induced metric go3 (where o, 8 = 0,2, 3) with nonzero
components is given by

(3.20) goo = —1, g2 =k(t), gs3=h(t).

A vector field X is a homothetic vector field if it satisfies L x'GaB = 2Cgap, Where
¢ € R. One can expand by using (3.20) to get

(3.21) X% =c

)
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(3.22) EX?9—-X%5=0
(3.23) hX35—-X"3=0
(3.24) EXO 4+ 2kX? 5 = 2ke
(3.25) EX?3+hX%5,=0
(3.26) hX° +2nX3 3 = 2he.

Equation (3.21), (3.22) and (3.23) give

dt
X0 =ct 4 Al(y, 2), XZ:A;,(%Z)/z‘f‘AQ(yaZL

X0 = Al s) [ F+ A0,

where Al(y, z), A%(y,z) and A3(y, z) are functions of integration. If one proceeds
further after a strightforward calculation one can find that proper homothetic vector
fields exist if and only if

(3.27) k= (at +c)*, h=(bt+d)?

where a,b,c,d € R(a,b # 0). Substituting (3.27) in (3.16) one finds that the rank
of the 6 x 6 Riemann matrix is reduces to one thus giving a contradiction (since we
are assuming that that the rank of the 6 x 6 Riemann matrix is three). So the only
homothetic vector fields in the induced gemetry are the Killing vector fields which are

(3.28) X'=0, X?’=¢, X’=0
where ¢1,c2 € R. The affine vector fields in this case are (from (3.19) and (3.28))
(3.29) X0=0, X'=zec34c, X’=c1, X?=¢

The above space-time (3.18) admits four independent affine vector fields in which
three are Killing vector fields and one is proper affine vector field. Cases (A2) and
(A3) are exactly same.
Case A4 . . . . . .

In this case f = f(t),k = k(t),h = h(t),2kk—k? = 0,2hh—h? =0 and 2f f — f? =
0. Equations 2kk — k% = 0,2hh —h% = 0 and 2f f — f2 = 0 imply k = (a1t +az)?, h =
(ast+ays)? and f = (ast+ag)?, respectivily, where ay, as, a3, a4, as, ag € R(a1, a3, a5 #
0). We first suppose that a; # as, a1 # as, ag # as, az # a4, a2 # ag and a4 # a.
The rank of the 6 x 6 Riemann matrix is 3 and there exists a unique (up to a multiple)
solution t, =t , of equation (1.4) satisfying but ¢, is not covariantly constant. The
line element is

(3.30) ds® = —dt* + (ast + ag)*dz® + (a1t + az)?dy® + (ast + a4)?d2>.
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Affine vector fields in this case are
(3.31) X0=0, X'=c3, X’=c1, X’=oc

where c¢1, co,c3 € R. Affine vector fields in this case are Killing vector fields.
Now a1 = a3 = a5 = a(say) € R(a # 0) and as = a4 = ag = b € R. The line element
is

(3.32) ds® = —dt* + (at + b)?(d2? + dy? + dz?).
It follows from [10] that affine vector fields in this case are

X0 = teq, X' = —yco + zc3 + 4,

(3.33) X2 =zcy —yes + g, X2 = —xes +ycs + e,

where ¢, ¢o, ¢3, ¢4, 5, c6, 7 € R. The above space-time (3.32) admits seven indepen-
dent affine vector fields in which six are Killing vector fields and one is proper affine
vector field.
Case B1

In this case f € R—{0},k = k(t), h = h(t) and 2kk—k? = 0. Equation 2kk—k? = 0
imply k& = (at + b)?, where a,b € R(a # 0). The rank of the 6 x 6 Riemann matrix is
two and there exists a unique (up to a multiple) nowhere zero spacelike vector field
To = T4 satisfying z.p = 0 (and so, from the Ricci idenity R%cqz, = 0). After a
suitable recaling of x, the line element takes the form

(3.34) ds® = dz? + (—dt* + (at + b)*dy® + hdz?).

The space-time is clearly 1+ 3 decomposable and its holonomy type is R1g. The affine
vector fields in this case are of the form (3.19). The completion of case B1 necessities
finding an homothetic vector fields in the induced geometry of the submanifolds of
constant x. The induced metric gog (where o, 5 = 0,2, 3) with nonzero components
is given by

(3.35) goo =—1, g2 = (at+b)* g3 = h(t).

If one proceed further exactly on the same lines as we did in case Al, one can find
that the homothetic vector fields in the induced geometry are the Killing vector fields
which are given in (3.28). Affine vector fields in this case are given in (3.29). Cases
(B2), (B3), (B4), (B5) and (B6) are exactly same.
Case C1

In this case f,h € R—{0}, k = k(t) and the rank of the 6 x 6 Riemann matrix is one.
There exist two independent nowhere zero spacelike vector fields z, = = 5 and 2z, = 24
satisfying ., = 0 and 2, = 0. From the Ricci idenity R*pcqzq = R%ea2q = 0. The
line element can, after a suitable recaling of x and z, be written as

(3.36) ds* = da? + dz* + (—dt* + kdy?).
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The space-time is clearly 1+ 1+ 2 decomposable and its holonomy type is R1g. Affine
vector fields in this case are [4]

(3.37) X = (cla:—l—czz—i—c;),)é% + (0437—&—0527—1—06)% +X

where ¢y, co,c3,¢4,¢5,c6 € R and X " is a homothetic vector field in the induced
geometry on each of the two dimensional submanifolds of constant x and z. The next
step is to find the homothetic vector fields in the induced geometry of the submanifolds
of constant z and z. The induced metric gap (where A, B = 0,2) with nonzero
components are given by

(338) goo = 71, goo = k(t)

A vector field X is a homothetic vector field if it satisfies L x'9AB = 2cgap, where
¢ € R. One can expand by using (3.38) to get

(3.39) X% =c
(3.40) EX?0—X2=0
(3.41) EXO — 42kX?% 5 = 2ck

Equation (3.39) gives X° = ct + A'(y), where A'(y) is a function of integration. Us-
ing X° in equation (3.40) we get X2 = Al(y) [ 4 + A%(y), where A%(y) is a function
of integration. If one proceeds further, after a straightforward calculation one finds
that proper homothetic vector field exist if and only if k = at?, where a € R — {0}.
Substituting the value of k into (3.16), one finds that the rank of the 6 x 6 Riemann
matrix reduces to zero thus giving a contradiction (since we are assuming that the
rank of the 6 x 6 Riemann matrix is one). So homothetic vector fields in the induced
geometry of constant x and z are Killing vector fields. If one proceeds further one
finds there exist two possibilities:

where n € R.
Case Cla
In this case further three possibilities exist

(i)n>0, (ii)n<0, (iii)n=0

‘We will consider each case in turn.
(i) Affine vector fields in this case are

X0 = c¢rsiny/ny + cscosy/ny,
X' = cy+eztoe,
dt
X2 = /n(crcosv/ny — cgsiny/ny) / " + co,

(3.42) X3 cay + 52 + cg,
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provided that k(%) = n, where ¢7,cg,c9 € R.
(ii)  In this case n < 0. Put n = —N, where N € R(N > 0). Affine vector fields in
this case are

X0 = wsinhx/ﬁy—«—q;cosh\/ﬁy,

X' = cy+ceztoes,

X% = V/N(crcoshV'Ny + cgsinhvV/Ny) / % + ¢o,
(3.43) X3 = cuy+esz+ s,
provided that k(%) = —N, where ¢7,cg,¢9 € R.

(iii)  In this case n = 0 implies k = e**?, where a,b € R(a # 0). Affine vector fields
in this case are

XO = cry +cs,
X' = ayterta,
X2 = _T-(atth) 4 co,
a
(3.44) X3 = ¢y +csz+ e,

where ¢y, cg,c9 € R.
(C1b) Affine vector fields in this case are

(3.45) X0 = C7,X1 = c1y+022+03,X2 = 07X3 = cqy + c52 + cq,

where ¢; € R. This completes case C1. Cases C2 and C3 are exactly same.
(D1)

In this case f € R — {0},k = k(t),h = h(t),2kk — k% = 0 and 2hh — h% = 0.
Equations 2kk — k2 = 0 and 2hh — h? = 0 imply k = (at + b)? and h = (ct + d)?
respectivily, where a,b,¢,d € R(a # ¢,a,c # 0). The rank of the 6 x 6 Riemann
matrix is one and there exist two independent nowhere zero solutions ¢, = ¢, and
za = x4 of equation (1.4) with ¢ timelike and x spacelike vector fields, respectivily
and x4, = 0. After a rescaling of = the line element is

(3.46) ds? = —dt? + dz® + (at + b)?dy® + (ct + d)*dz?.

The space-time is clearly 1 + 3 decomposable and the rank of the 6 x 6 Riemann
matrix is one. Substituting the above information into affine equations and after a
strightforward calculation one find affine vector fields in this case are

(3.47) X0 =0, X' =cst+cyx+e5, X2 =1, X? =,

where c¢q, ca,c3,¢4,05 € R.
Now suppose that a = ¢,b = d € R(a,c # 0). The line element is

(3.48) ds® = —dt* + dz? + (at + b)?(dy* + dz?).
We know from [7, 5] that affine vector fields in this case are
(3.49) X% =cy(at +b), X' = sz + 6, X2 = —c32+ ¢, X3 = c3y + c2,

where ¢1, ¢a, ¢3, ¢4, ¢5,c6 € R. Cases (D2) and (D3) are exactly the same.
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Summary

In this paper a study of Bianchi type I space-times according to their proper affine
vector fields is given. An approach is developed to study proper affine vector fields in
the above space-times by using the rank of the 6 x 6 Riemann matrix and holonomy.
From the above study we obtain the following results:

(i) The case when the rank of the 6 x 6 Riemann matrix is three and there exists
a nowhere zero independent spacelike vector field which is the solution of equation
(1.4) and is not covariantly constant. This is the space-time (3.30) and it admits
affine vector fields which are Killing vector fields (for details see Case A4).

(ii) The case when the rank of the 6 x 6 Riemann matrix is one and there exist
two nowhere zero independent solution of equation (1.4) but only one independent
covariantly constant vector field. This is the space-time (3.48) and it admits proper
affine vector fields (see Case D1).

(iii) The case when the rank of the 6 x 6 Riemann matrix is two or three and
there exists a nowhere zero independent spacelike vector field which is the solution of
equation (1.4) and also covariantly constant. This is the space-time (3.18) and (3.34)
and it admits proper affine vector fields (see Cases Al and B1).

(iv) In the case when the rank of the 6 x 6 Riemann matrix one there exist two
nowhere zero independent spacelike and timelike vector fields which are solutions of
equation (1.4) and are covariantly constant. This is the space-time (3.36) and it
admits proper affine vector fields (see Case C1).

(v) The case when the rank of the 6 x 6 Riemann matrix is three and there exists a
nowhere zero independent spacelike vector field which is the solution of equation (1.4)
and is not covariantly constant. This is the space-time (3.32) and it admits proper
affine vector fields (see equation (3.33)).
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