Optimal approximating function

Virginia Atanasiu

Abstract. In this paper we give the semi-linear credibility theory of some
approximating functions and we try to demonstrate what kind of data
is needed to apply the variational calculus in the semi-linear credibil-
ity model. The semi-linear credibility model is extension of the original
Bihlmann model. So the communication is devoted to semi-linear credi-
bility, where one examines functions of the random variables representing
claim amounts, rather than the claim amounts themselves.
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Introduction

In this article we first give the semi-linear credibility model (see Section 1), which
involves only one isolated contract. Our problem (from Section 1) is the estimation
of po(0) = E[fo(X¢+1)|0] (the net premium for a contract with risk parameter )
by a linear combination of given functions fi, fa,..., f, of the observable variables
X' = (X1,Xa,...,X;). So our problem (from Section 1) is the determination of the
linear combination of 1 and the random variables f,(X,), p=1,n, r = 1, closest to
to(0) = Elfo(X:41)]0] in the least squares sense, where 6 is the structure variable.
The solution of this problem:

n t 2
Min E ¢ | po(0) — ag — Z Z apr fp(Xr) ,  where o= (apr)pr

a0 p=1r=1

is the optimal non-homogeneous linearized estimator (namely the semi-linear credi-
bility result). In Section 2 we discuss the case when taking f, = f for all p, using
the variational calculus, and try to find the unique optimal function f. It should be
noted that the approximation to po based on a unique optimal approximating func-
tion f is always better than the one furnished in the semi-linear credibility model
based on prescribed approximating functions: fi, fa,..., fn . In Section 3 we will
show the usefulness of the first approximation, giving an application of the unique
optimal approximating function f.
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1 Section 1 (The approximation to yy based on pre-
scribed approximating functions:

f17f27"'7fn)

In this section, we consider one contract with unknown and fixed risk parameter: 6,
during a period of ¢ years. The yearly claim amounts are denoted by Xi,..., X;. The
risk parameter 6 is supposed to be drawn from some structure distribution function
U(:). It is assumed that, for given 6, the claims are conditionally independent and
identically distributed (conditionally i.i.d.) with known common distribution function
Fx|9(x,0). The random variables X1, ..., X; are observable, and the random variable
Xi41 is considered as being not (yet) observable. We assume that f,(X,), p = 0,n,
r = 1,t 4+ 1 have finite variance. For fy, we take the function of X;.; we want to
forecast. We use the notation:

(1.1) pp(0) = Elfp(X:)0], (p=0,m;r=1,t+1)

This expression does not depend on r. We define the following structure parame-
ters:

(1.2) myp = Eluy(0)] = E{E[f,(X:)|0]} = E[f,(Xy)],
(1.3) apg = E{Cov [fp(X;), fo(Xr)I0]},

(1.4) bpg = Cov [11p(6), 114(0)];

(1.5) ¢pq = Cov [fp(Xr), fo(Xr)],

(1.6) dpg = Cov [fp(Xr); p1g(0)],

for p,g = 0,n AT =1,t + 1. These expressions do not depend on: r = 1, + 1. The
structure parameters are connected by the following relations:

(1.7) Cpg = Gpq + bpq,

(1-8) dpq = bpqv

for p,q = 0,n. This follows from the covariance relations obtained in the probability
theory where they are very well-known. Just as in the case of considering linear com-
binations of the observable variables themselves, we can also obtain non-homogeneous
credibility estimates, taking as estimators the class of linear combinations of given
functions of the observable variables, as shown in the following theorem:

Theorem 1.1 (Optimal non-homogeneous linearized estimators) The lin-
ear combination of 1 and the random variables f,(X,), p = 1,n; r = 1,t closest to
1o (0) = Elfo(Xe41)]0] and to fo(Xiy1) in the least squares sense equals:

n t n
(1.9) M = ZZPZ%fp(XT) + mg —Zzpmp,
p=1 r=1

p=1
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where 21,22, ..., 2n 18 a solution to the linear system of equations:
n
(1.10) Z[Cpq + (t = 1)dpglzp = tdog (¢ =1,n),
p=1

or to the equivalent linear system of equations:

~—

n
(1.11) > (apg + thpg)zp =thog (g =T,n).
p=1

Proof. We have to examine the solution of the problem:

2

(1.12) Min E S |uo(6) — a0 — > > aprfp(X

ag,o
o p=1r=1

Taking the derivative with respect to ag gives:

n t n t
=3 Elf(X) =0, or: ao=mo— Y > apmy.

p=1r=1 p=1r=1
Inserting this expression for «y into (1.12) leads to the following problem:

2

(1.13) I\/EHE to(0) — mg —ZZapr(fp(Xr) —my)

p=1r=1

On putting the derivatives with respect to o, equal to zero, we get the following
system of equations (¢ = 1,n; ' = 1,¢):

n t
(1.14) Clov [110(6) =33 Cov [1,(X,), fy(X,0)].
p=1r=1
Because of the symmetry in time clearly: a,; = ape = ... = ap = @, so using the

covariance results, for ¢ = 1, n this system of equations can be written as:

(1.15) bog = En:ap[cpq + (t = 1)dpq).

Now (1.15) and (1.13) lead to (1.9) with: a, = ZTP p=Tn.

2 Section 2 (The approximation to 1(f) based on a
unique optimal approximating function f)

The estimator M for 1o(f) of Theorem 1.1 can be displayed as:

(2.1) M= f(X1)+ ...+ f(Xa),
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where f(x ZZP folz) + mo - Zzpmp Indeed, we have:
=1 p 1

p=1 r=1 p=1
1 n t n
= EZZPpr(XT) +mg — Zzpmp =
p=1 r=1 p=1
= %ZZP[fP(Xl)—’_fp(XQ) +fp(Xt)]+ —mot — ; (Zzpmp> t =
p=1 p=1

+. < Zzpfp Xi) + mO Zzpmp> = f(X1) + f(X2) + ...+ f(Xe),

as was to be proven.

Let us forget now about this structure of f and look for any function f such that
(2.1) is closest to po(f) . If are considered only functions f such that f(X;) has
finite variance, then the optimal approximating function results from the following
theorem:

Theorem 2.1 (Optimal approximating function) f(X;) + ... + f(X:) is
closest to po(0) and to fo(Xer1) in the least squares sense, if and only if f is a
solution of the equation:

(2.2) f(Xa) + (t = DE[f(X2)|X1] — Efo(X2)|X1] =0
Proof. We have to solve the following minimization problem:

(2.3) Mgin E{[fo(Xt41) —g(X1) — ... — g(Xp)]*}.

Suppose that f denotes the solution to this problem, then we consider: ¢(X) =
f(X) + ah(X), with h(-) arbitrary, like in variational calculus. Let:

p(a) = B{[fo(Xet1) — 9(X1) — .. — g(Xo)]},
(24)  p(@) = B{[fo(Xe1) = f(X1) — ... = f(Xe) = ah(X1) — ... — ah(X)]*}.
So the problem (2.3) reads:

(2.5) 1\/&11190(04).
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Since (2.5) is the minimum of a positive definite quadratic form, it suffices to find
a solution with the first derivative equal to zero. For this reason we may conclude
that: clearly for f to be optimal, ¢’(0) = 0, so for every choice of h:

(26)  B{lfo(Xes1) = F(X1) = .. — FOX]A(XD) + ..+ h(X,)]} =0,
must hold. To obtain the relation (2.6), we proceed as follows: We have:
p(a) = Blf§(Xew1) + f2(X0) + .o+ F2(X) + 2R3 (X0) + ...+ a?h? (Xy) -
—2fo(Xeg1) f(X1) — o = 2f0(Xe1) f(X2) = 2f0(Xiqr)ah(Xy) — ... —
—2fo(Xeg1)ah(Xy) + 2f(X1) f(X2) + ...+ 2f (K1) f(Xo)+
+2f(X1)ah(Xy) + ...+ 2f(X1)ah(Xe) + ...+ 2f(Xp)ah(Xy) + ...+
+2f(Xp)ah(Xy) + 202h(X1)h(Xa) + ... + 2a2h(X1)h(X¢) + 202 h(X2)h(X3)+
+o 42020 (X)h(Xp) + -+ 20°h( X 1) R(X,)] = E[f§(Xe1)] + BLf2(X0)]+
o BIP(X0)] + 02 BB (X0)] + ... + a2 B[W2(X0)] = 2B[fo(Xe1) F(X1)] -
— oo = 2B[fo(Xpy1) f(Xe)] = 2B fo(Xer1)h(X1)]a — ... = 2E[fo(Xpp1)h(Xy)]at
F2E(X0) S (X2)] + . .+ 2E[f(X0) F(X0)] + 2B[F(X0)h(X D]+ ...+
+2E[f(X1)h(X)] A 2E[f(Xo)h(X1)]a + ... +2E[f(Xe)h(X:)]a+
+202 E[h(X1)h(X. )] -+ 202 E[h(X1)h( X))o + 202 E[h(X2)h(X3)]+
Fo 2a2E[h(X2)h(Xt)} F o4 202E[f (X1 h(XY)].
Taking the first derivative of (2.7) with respect to «, gives:
#(2) = 20B[R(X1)] + ... + 2aB[h? (X,)] — 2E[fo (Xs1)h(X1)]—
— o= 2B fo(Xeg1 )R (X)) + 2E[f(X1)R(X)] + ... 4+ 2E[f (X1)h(Xe) |+
(2.8) 4... 4+ 2E[f(X)h(X1)] + ... + 2E[f(X)h(X})] + 4aE[h(X1)h( X))+
+... +4aEh(X1)h(X:)] + 4aE[h(X2)h(X3)]+
+...+4aEh(X)h(X)] + ... + daE[h(Xi—1)h(X:)].
Hence, for a = 0 we have:
¢'(0) = =2E[fo(Xpr1)n(X1)] — ... = 2E[fo(Xes1) R(Xy)]+
(2.9) FRE[f(X)R(XD)] + ... + 2B[f(X0)h(X)]+
o R 2E[f(X)R(X)] + ..+ 2E[f (Xi) (X))
So the equation ¢’(0) = 0 reads:
B{fo(Xes1)[M(X1) + ...+ h(X)] = FX)[R(XD) + ..+ h(X)]—
— = f(X)X) + ...+ (X))} =0,

or E{[fo(Xt+1) — f(X1) —...— fF(X))[R(X1)+ ...+ h(X¢)]} =0, as was to be proven
(see (2.6)). This can be rewritten as:

(2.10) Elt fo(X2)h(X1) — tf(X1)h(X1) — t(t — 1) f(X2)h(X1)] = 0,
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) P) G ) R P)
(because X1 = Xo; X; = Xy, Vi=2,6 X; = Xo, Vi =3,t and so: fo(Xiz11) =
(P) JR— (P) . .
fo(X2); h(X;) = h(Xy), Vi =2, f(X;) = f(Xa), Vi = 3,1, that is: E{[fo(X2) —

f(X1) = (= 1) f(X2)Jth(X1)} = 0, so

E[tfo(X2)h(X1) — tf (X1)R(X1) — t(t — 1) f(X2)h(X1)] = 0,

that is

tE[fo(X2)h(X1)] = tE[f(X1)h(X1)] — t(t — 1) E[f(X2)h(X1)] =0,
(2.11) E[fo(X2)h(X1)] — E[f(X1)h(X1)] = (t = 1) E[f(X2)h(X1)] = 0.
But

Elfo(X2)h(X1)] = E{E[fo(X2)h(X1)[X1]} = E{h(X1) E[fo(X2)[X1]} (2.12)
and
E[f(X2)h(X1)] = E{E[f(X2)h(X1)|X1]} = E{h(X1) E[f(X2)[X1]}. (2.13)
Inserting (2.12) and (2.13) in (2.11) one obtains:
E{h(X1) E[fo(X2)[X1]} — E[R(X1)f(X1)] = (¢ = DE{R(X1) E[f(X2)|X1]} = 0,
(2.14) ER(X){—f(X1) = (t = DE[f(X2)|X1] + E[fo(X2)|Xa]}] = 0.

Because this equation has to be satisfied for every choice of the function h one obtains,
the expression in brackets in (2.14) must be identical to zero, which proves (2.2).

3 Section 3 (An application of the unique optimal
approximating function f)
If Xq,...,X¢41 can only take the values 0,1,...,n and py, = P[X; = ¢, X5 = r] for:

q,7 = 0,n, then f(X1)+ ...+ f(X) is closest to po(0) and to fo(X;y1) in the least
squares sense, if and only if for ¢ = 0,n, f(g) is a solution of the linear system:

n

(3.1) F@Y par+ =1 f(r)pgr = Y fo(r)par-
r=0 r=0

r=0

Indeed, Theorem 2.1 affirms that: ” f(X7)+...+ f(X;) is closest to fo(X;+1) (and
to po(f) in the least squares sense, if and only if f is a solution of the equation:

(3-2) f(X1) + (t = DE[f(X2)[X1] = El[fo(X2)[X1] = 0.7
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Here we have:

flq f(aq) _
33 ﬂx“(mewqmn>_<mm=@>’q:’"

and
f(r) f(r)
F(X)|X _ _
SR (P[f(XQ)f(T)Xl(ﬂ) (P(X27“|X1Q)>
(3.4) f(r)
_ P(Xlzan2_r) - w
P(X1 =) o
But
(35) pQT:P[Xl =4q, XQZT], QaT:7
and
P(Xi=q)=P(X1=¢, Q=P |X1=¢, [J(Xa=7)| =
@o) o . oL
=P|Jxi=q X27’)] =Y P(Xi=¢, Xo=7)=) pu; q=0.n
r=0 r=0 r=0
(see the hypothesis of the application). The relations (3.5) and (3.6) imply:
f(r)
(37) FRIX: | 52— | r=0m

> par
r=0

(see (3.4)). So

(3.8) Ef(X2)|X1) =Y f(NP(Xa=r|Xi=q) = f(r) 2L
r=0 r=0

Also, we have:

o) 0] fo(r) _ folr) B
O P = X =q) ) T\ P =rXi=q) )

(3.9) fo(r) Jo(r)
| PXa=qXo=7) | | per T
- P(Xl :q) o ’ o
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(see (3.5) and (3.6)). So:
(3.10) Elfo(X2)|X1] = Y fo(r)P(Xe = X1 = q) = 3 folr) 22

=0 =0 E
r r Dyr

r=0

Inserting (3.3), (3.8) and (3.10) in (3.2) one obtains:

Z f(r)pgr Z Jo(r)pgr
flg)+ (t—1)= - = =0, VYg=0,n,

n n
Z Dqr Z Dqr
r=0 r=0

or
n

F@Y pgr+ (=1 f(r)pgr =Y fo(r)par, Vo=
r=0 r=0

r=0

0,n

as was to be proven (see (3.1)).

References

[1] M.J. Goovaerts, R. Kaas, A.E. Van Herwaarden and T. Bauwelinckx, Insurance
Series, volume 3, Efective Actuarial Methods, University of Amsterdam, The
Netherlands, 1991, 187-211.

[2] T. Pentikédinen, C.D. Daykin, and M. Pesonen, Practical Risk Theory for Actu-
aries, Université Pierré et Marie Curie, 1990, 22-54.

[3] B. Sundt, An Introduction to Non-Life Insurance Mathematics, Veroffentlichun-
gen des Instituts fiir Versicherungswissenschaft der Universitdt Mannheim Band
28 , VVW Karlsruhe, 1984, 189-194.

Author’s address:

Virginia Atanasiu

Department of Mathematics, Academy of Economic Studies,
15-17 Calea Dorobantilor st., Bucharest, 010552, Romania.
E-mail: virginia_atanasiu@yahoo.com



