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Abstract. Using Caputo fractional derivative of order o we build the
fractional jet bundle of order @ and its main geometrical structures. De-
fined on that bundle, some fractional dynamical systems with applications
in economics are studied and a numerical simulation is done.
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1 Introduction

In this paper, using Caputo fractional derivative [1], the fractional jet fibre bundle is
built on a differentiable manifold and its main geometric structures are emphasized.
Some significant examples from economics are presented. The definitions, notations
and the main properties of the Caputo fractional derivative used in this paper may
be explicitly found in [1]. In section 2, the fractional osculator bundle of order k
is described. In section 3, the fractional jet fibre bundle is defined and the frac-
tional Euler-Lagrange equations together with the fractional Hamilton equations are
established. In section 4 two fractional economic models are studied and a numerical
simulation is done, using the method of Adams-Bashforth-Moulton (see [2]).

2 The fractional osculator bundle of order k on a
differentiable manifold

Let o € (0,1) be fixed and M a differentiable manifold of dimension n. Two curves
c1,¢2 : I — R with ¢1(0) = ¢2(0) = 29 € M, 0 € I, have a fractional contact o of
order k € N* in x, if for any f € F(U), z9 € U, U a chart on M, it holds that

(2.1) Di(focr)li=0 = Di(f o ) li=0 ,

where a = 1,k and D{® = (D2 (Caputo left derivative [1]).
The set of equivalence classes defined by (2.1) is called the k-osculator fractional
space at M in z¢ and it will be denoted by Osc¢®(M). If the curve ¢ : I — M is
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given by o = 2(t), t € I, i = 1,n, in the chart U, then the class []2F € Osca®(M)
is given by

k
zi(t) = 2" + Zt““yi(“‘l), t e (—¢,¢),
(2.2) a=1
1

i(aa) —
Y T(1 + aa)

Dya'(t) |i=o ,

where i = T,n, a = 1,k and 2' = 2°(0). The fractional osculator bundle of order
k is the bundle (Osc®*(M), M) where Osc®*(M) = U, Osco®(M) and 7o*
Osc®* (M) — M is defined by 7% ([c]2%) = z, V[c]2* € Osc™*(M).

For f € F(U), the fractional derivative of order «, « € (0, 1), with respect to the
variable z' is defined by

D3 f(x) =

1 /x Of (xt, ..., a7t s 2t 2™ 1 ds
)
a

N(l—a) /. ox? (xt —s)e

where © € Uy, = {z € U, a* < ' <b', i =1,n}, 2%, i = 1,n, are the coordinate

functions on U and {a?ci }, i = 1,n, is the canonical base of the vector fields on U.

Using the fractional exterior differential [1] d* : F(U) — D(U) given by

(2.3) d* = d(a7)*D°

x>

where (27)® € F(U) and D!(U) is the module of the differential 1-forms on U with
the canonical base {dz'}, i = 1,n, we get [1]

Proposition 1. (a) With respect to the transformation of coordinates ¥ = 7*(z*, ..., x"),
i=1,n, det (g%) # 0, corresponding to the charts U, U', UNU' # & , we have the
relations

« O(.
(2.4) d(z')* = Jj(z,2)d(«?)*, Dg = J](x,2)Dg,
a. 1 .
where Ji(z,z) = ity P (7).
(b) The transformation of coordinates on (7°*)~L({UNU') C Osc** (M) are given

by

T(a(a—1)) aa) (a1 .

i(aa) _ (1 i(=a(a—1) j(a)
Ta) Y (1+a) Ji(y ;L)Y

(2.5)

a—1 ¢
n I'(2a) i (D) ey i(Ge) | F<a1£aa_) 1)>yi(0zk)’

where a = 2,k and (z*,y"(®), ..,y (@) € (zoF)~1(U).
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3 The fractional jet bundle on a differentiable man-
ifold. Geometrical objects

3.1 The fractional jet bundle

The fractional jet bundle of order o on the manifold M is the space J*(R, M) = R x
Osc® (M), where Osc® (M) is the fractional osculator bundle. The triplet (J*(R, M), &, M)
has a structure of differentiable fiber bundle, where n§ : J*(R, M) — M is the

canonical projection. If (x%), i = 1,n, are the coordinate functions on the chart
U C M, then the coordinate functions on (78)~Y(U) are given by (¢, 2%, 3" ®) where
yz(a) = r(1+a)D T ( ) l¢=0, i =1,n.

From the properties of the Caputo fractional derivative and from Proposition 1,
it follows:

Proposition 2. Let us consider the functzons ), (), (yH)™ of
1

F(§) 1 (U)), the 1-forms s d()°, rbmrd(@)?, rmrd((57®)2) of
DY((n§)~"(U)) and the operators Dy, D%, D° it s 0= 1,1 The following relations
hold:

i (mia)yﬂa)) =4, ﬁd(m([)g) —1

1 [AYeY __ st 1 i)\ a __ st
T o) (@) (P2) =9 md(y( ) (DS ay) = 61

The module generated by the operators Dg*, Dy, D i) i = 1,n, will be denoted
by X%((7&)~*(U)). For a — 1 this module represents the module of the vector fields
defined on 7, H(U).

Let us consider two charts U, U’ on M with UNU’ # &, (z§)~*(U), (7)1 (U’) C
J*(R, M) the corresponding charts on J%(R, M) and the coordinate functions (xt),
(z%), respectively, (t,z¢,y"®), (t,z°, 7). From Proposition 1, we obtain the trans-
formations of coordinates

=z (xt, . 2"
(3.1) @ % (o
g = J}(m,x)y] @)

3.2 Geometrical objects on J*(R, M)
On the manifold J*(R, M), the following canonical structures may be defined:

0, = d(t*) ® (D + D2, 0y = _ g ®D2;,
1

(3.2) 9 = m(d(xz)a _ yi(a)d(ta))

S = 91 ®Da7,(a)7 Vq D2 yie) -
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From (3.1) and from Proposition 1, it follows that the structures (3.2) have geo-
metrical character.

The vector field I € X*((mg)~1(U)) is called a fractional vector field (FVF) iff

(3.3) dt)*(T) =1, 6/(T) =0, i=T,n.

In local coordinates, (F'VF) is given by

(3.4) I'= D +¢ D% + F' Do,

where F* € C°((n§)~Y(U)), i = 1,n. The integral curves of (FVF) are the solutions
of the fractional differential equations (FDE)

(3.5) D22 (t) = Fi(t,z(t), D¥x(t)), i=1,n.

The system (3.5), with given initial conditions, admits solution [2].
Let L € C®°(J*(R, M)) be a fractional Lagrange function. By definition, the

Cartan fractional 1-form is the 1-form 90; given by
(3.6) 0y, = Ld()™ + S(L).
The Cartan 2-form Wy, is defined by

(3.7) Sy = d* 0y,
where d“ is the fractional exterior differential

(3.8) d* = d(t)* D + d(2")* D3 + d(y"*)* D

[e7
In the chart (7§)~1(U), 6, and 7, are given by

GaL =(L- Ti+a) :_ ) yi(a)DZim) (L))d(t)* + (1 i_ ) Dyjice (L)d(")"
(3.9) W = Ad(t)® Ad(x®)® 4 Bid(t)* A d(y" ) 4+ Agjd(zH)® A d(a)+
Byd(a')™ Ad(y’' )",
where
A= _ Dy¥D% . (L) + L Y/ DS DY oy (L) — DS (L)
T(1+a) t7Y I'(l+a) v ’
B = Sy Do 7 Do (1)

Aij = DgiDyia) (L), Bij = =Dy Dyica (L).
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Proposition 3. If the fractional Lagrange function is regular i.e.,
(0%
det (g?j) 40, gij = DYy Dy L; then there is a fractional vector field (FVF) I'g

such that e (Wr) = 0. In the chart (xg)~(U), FaL is given by
L

(3.10) Ly = Df +y" D% + M D,
where
M= g*(D3 L — dif (Dyicar L))
(3.11) o o
: o .
<gzk> = (di)  df =Dy +y D3

3.3 The fractional Euler-Lagrange equations

Let ¢ : t € [0,1] — (2%(t)) € M be a parameterized curve such that Ime C U C
M. The extension of the curve ¢ to J*(R, M) is the curve ¢® : ¢t € [0,1] —
(t,z'(t),y" (1)) € J¥R, M) with Tme® C (x§)"Y(U) C J¥(R, M). Let L €
C>(J*(R, M)) be a fractional Lagrange function. The action of L along the curve
c is

(3.12) A(®) = /O Lt (), 4 () dt.

Let c. : t € [0,1] — (2'(t,e)) € M be a family of curves, with ¢ sufficiently small
in absolute value so that Imc, C M, ¢o(t) = ¢(t), D&ce(0) = D&ce(1) = 0. The action
of L on the curves cZ is

(3.13) Ae®) = /0 Lt a(t ).y (k)

where 3 () (t,e) = ﬁD?xi(t,s), i = 1,n. The action (3.13) has a fractional

extremal value if
(3.14) DEA(S) |e=0 = 0.
Using the properties of the Caputo fractional derivative, it results

Proposition 4. (a) If the action (3.13) reaches a fractional extremal value then
a necessary condition is that c(t) satisfies the fractional Euler-Lagrange equations

DL —di* (D L) =0, i=T/n

(315) « «a i(a) Mo i(2a) Mo
d;* = D +y" DG 4 ¢ )Dyua)-

(b) If the fractional Lagrange function is nondegenerated, then the equations (3.15)

(a3
are the fractional differential equations associated to the fractional vector field T,
given by (3.10).
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(c) If the fractional Lagrange function is nondegenerated, then the system (3.15) may
be written in the form of the fractional Hamilton equations

(3.16) Dip®) = —D%H, Difa' = D% H,

where

H = p\™ Dga’ — L(t,z(t), (1))

(3.17) ’
pz('a) = D;ji(u)L(taxay(a))v i=1,n.

(d) If for f,h: JYR, M)* — R the fractional Poisson bracket is defined by
(3.18) {£.h} = D%y D%g — D3 D%,

where the local coordinates on J'(R, M)* are (z,p'®)), then

(3.19) (H,p}> = Dep™,  {H,2'}* = D', i=T,n.
4 Economic models described by fractional differ-
ential equations

4.1 The fractional model of Liviatan-Samuelson

Let us consider the fractional Lagrange function L € F(J*(R, M)) given by

(4.1) L(t, 2,y ) = Ly (z,y ) Eq (—pt®),

tak:

where E, is the Mittag-Leffler function, Eq(t) = Y, Tigar and p > 0 is the
discount rate. Using the relation D¢ E,(—pt®) = —pE,(—pt*) and Proposition 4 we
obtain

Proposition 5. (a) The fractional Euler-Lagrange equations (3.15) for (4.1) are

yj(m)D;i(a)D;j(a)Ll + yj(a)ng DZim)Ll - pD;“le

(4.2)
—D%Ly =0, i=1,n.

(b) If Ly € F(J*(R, R)) is of the form
(4.3) Ly (z,y) = U(g(x) — y'),

where U is the utility (welfare) function and ¢ = g(x) — y'®) is the consumption
function, then the fractional Euler-Lagrange equation is
L(1+a)*U"(g(x) =y )y® = T(1 + a) D3 g(x)U" (g(x) — y )y

(44) ! (o) ! (a) @
+pU'(g9(z) —y'“)I'(1 +a) = U'(g9(x) — y'*)Dgg(x) = 0.



68 Mihai Boleantu

For U(z) = e "% and g(x) = 27, from (4.4) we get
(20) _ 27 °T(1+7) y(@) p
pI'1+~v—a)(1+a) (14 )
B 27 7T(1 4 7)
pT(1+v—a)l(1+a)?
Proposition 6. If L1 € F(J*(R, R)) is given by

y
(4.5)

(4.6) Ll(sc,y(o‘)) = fal(y(a))%‘ — ag(y(‘”‘))aaﬂo‘ — a3z, ai,as,a3 € R,
then the fractional FEuler-Lagrange equation is

(14 a)L(1 + 2a)y3®) — (aD(1 + @) + par T(1 + 2a)) (y(*))*

4.7
(47) +aoT(1 + )y — (a3T(1 + 20) + pasT(1 + a)?)z™ = 0.

Ifag = a3 = %, as = a and a — 1, then the function L; and the corresponding
Euler-Lagrange equation for L = e~?*L; become, respectively

1 1
(48) L1($7_(1;) = _5-7'52 —arT — 5;1;2
—i + (pa + 1)z + pi = 0,

and we obtain the classic model of Samuelson [3].

4.2 Fractional economic models with restrictions

Let us consider the Lagrange function L € C*°(J*(R, M)) and the function F' €
C>*(J*(R, M)). The fractional Euler-Lagrange equations of L on the restriction
F(z,y®)) = 0, (z,y™) € (x§)~Y(U), are given by the fractional Euler-Lagrange
equations of the fractional Lagrange function

(4.9) Ly(t, A\, 2, y') = L(t, 2,y)) + AF(2,y*),

where A(t) is a Lagrange multiplier. From Proposition 4, we obtain
Proposition 7. (a) The fractional FEuler-Lagrange equations of (4.9) are:

DL+ ADSF — di* (DS oy L) = My D35 (Do) F)

(4.10) .
—)\y](a)D;f(w (Dyiar ') = DEAD i F =0, i =1,n.

(b) If the Lagrange function is given by (4.1) then the fractional Euler-Lagrange equa-
tions (4.10) become

Eo(=pt*)(Dg: L1 + pDyicar L1 — ¥ DY (Dyicar L1)

(4.11) —yj(za)D;ﬂa) (D;(a)Ll)) + MDD F — yj(a)ng (D;va)
—y ) yite) (Dyicar F)) = DEAD o F' = 0,
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The fractional model of investments with restriction is described by the function
Li(K,I,N) where K(t) = z'(t), I(t) = 2%(t), N(t) = 23(t) represent the capi-
tal stock, the investment and the labor, respectively. The restriction is given by
F(K@® K,I,N)=¢(K,I,N) - K =0, K(*) = D*K. From (4.11) we obtain the
fractional Euler-Lagrange equations

Eo(=pt*)D% Ly + AD%¢ = —Dg\
(4.12) Eo(—pt*)D$Ly + AD%¢p = 0
Eo(—pt*)D% Ly + AD%¢ = 0.

If L, and ¢ satisfy the relations

1
K*D%L I“D$L NDS L = ———— L R
Kl + 7L+ ~vL1 F(1+a)r 1, TE
(4.13) X

from (4.12) we get
(4.14) rEq(—pt®)Ly = =AK® —T(1 + a) KO\,

For ao — 1 the classic model of investments [3] is obtained.

The figure represents a numerical simulation of the equation (4.5), for p = 0.1,
p1 =0.2,v=10.5, and o = 0.6, using Adams-Bashforth-Moulton algorithm (see [2]),
in Maple 11.

Fig.1.(j*hx[j]),alpha=0.6

xlil
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