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Abstract. Using Caputo fractional derivative of order α we build the
fractional jet bundle of order α and its main geometrical structures. De-
fined on that bundle, some fractional dynamical systems with applications
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1 Introduction

In this paper, using Caputo fractional derivative [1], the fractional jet fibre bundle is
built on a differentiable manifold and its main geometric structures are emphasized.
Some significant examples from economics are presented. The definitions, notations
and the main properties of the Caputo fractional derivative used in this paper may
be explicitly found in [1]. In section 2, the fractional osculator bundle of order k
is described. In section 3, the fractional jet fibre bundle is defined and the frac-
tional Euler-Lagrange equations together with the fractional Hamilton equations are
established. In section 4 two fractional economic models are studied and a numerical
simulation is done, using the method of Adams-Bashforth-Moulton (see [2]).

2 The fractional osculator bundle of order k on a
differentiable manifold

Let α ∈ (0, 1) be fixed and M a differentiable manifold of dimension n. Two curves
c1, c2 : I → R with c1(0) = c2(0) = x0 ∈ M , 0 ∈ I, have a fractional contact α of
order k ∈ N∗ in x0, if for any f ∈ F(U), x0 ∈ U , U a chart on M , it holds that

(2.1) Dαa
t (f ◦ c1) |t=0 = Dαa

t (f ◦ c2) |t=0 ,

where a = 1, k and Dαa
t = 0D

αa
t (Caputo left derivative [1]).

The set of equivalence classes defined by (2.1) is called the k-osculator fractional
space at M in x0 and it will be denoted by Oscαkx0

(M). If the curve c : I → M is
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given by xi = xi(t), t ∈ I, i = 1, n, in the chart U , then the class [c]αkx0
∈ Oscαkx0

(M)
is given by

xi(t) = xi +
k∑

a=1

tαayi(αa), t ∈ (−ε, ε),

yi(αa) =
1

Γ(1 + αa)
Dαa

t xi(t) |t=0 ,

(2.2)

where i = 1, n, a = 1, k and xi = xi(0). The fractional osculator bundle of order
k is the bundle (Oscαk(M), M) where Oscαk(M) =

∪
x∈M Oscαkx (M) and παk :

Oscαk(M) → M is defined by παk([c]αkx ) = x, ∀[c]αkx ∈ Oscαk(M).

For f ∈ F(U), the fractional derivative of order α, α ∈ (0, 1), with respect to the
variable xi is defined by

Dα
xif(x) =

1

Γ(1− α)

∫ xi

ai

∂f(x1, ..., xi−1, s, xi+1, ..., xn)

∂xi

1

(xi − s)α
ds,

where x ∈ Uab = {x ∈ U, ai ≤ xi ≤ bi, i = 1, n}, xi, i = 1, n, are the coordinate
functions on U and

{
∂

∂xi

}
, i = 1, n, is the canonical base of the vector fields on U .

Using the fractional exterior differential [1] dα : F(U) → D1(U) given by

(2.3) dα = d(xj)αDα
xj ,

where (xj)α ∈ F(U) and D1(U) is the module of the differential 1-forms on U with
the canonical base {dxi}, i = 1, n, we get [1]

Proposition 1. (a) With respect to the transformation of coordinates x̄i = x̄i(x1, ..., xn),

i = 1, n, det
(

∂x̄i

∂xj

)
̸= 0, corresponding to the charts U , U ′, U ∩U ′ ̸= f� , we have the

relations

(2.4) d(x̄i)α =
α

J i
j(x̄, x)d(x

j)α, Dα
x̄i =

α

Jj
i (x, x̄)D

α
xj ,

where
α

J i
j(x, x̄) =

1
Γ(1+α)D

α
x̄j (xj)α.

(b) The transformation of coordinates on (παk)−1(U ∩U ′) ⊂ Oscαk(M) are given
by

Γ(α(a− 1))

Γ(α)
ȳi(αa) = Γ(1 + α)

α

J i
j(ȳ

α(a−1), x)yj(α)

+
Γ(2α)

Γ(α)

a−1∑
b=1

α

J i
j(ȳ

α(a−1), yαb)yj((b+1)α) +
Γ(α(a− 1))

Γ(α)
yi(αk),

(2.5)

where a = 2, k and (xi, yi(α), ..., yi(αk)) ∈ (παk)−1(U).
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3 The fractional jet bundle on a differentiable man-
ifold. Geometrical objects

3.1 The fractional jet bundle

The fractional jet bundle of order α on the manifold M is the space Jα(R, M) = R×
Oscα(M), whereOscα(M) is the fractional osculator bundle. The triplet (Jα(R, M), πα

0 , M)
has a structure of differentiable fiber bundle, where πα

0 : Jα(R, M) → M is the
canonical projection. If (xi), i = 1, n, are the coordinate functions on the chart
U ⊂ M , then the coordinate functions on (πα

0 )
−1(U) are given by (t, xi, yi(α)) where

yi(α) = 1
Γ(1+α)D

α
t x

i(t) |t=0 , i = 1, n.

From the properties of the Caputo fractional derivative and from Proposition 1,
it follows:

Proposition 2. Let us consider the functions (t)α, (xi)α, (yi(α))α of
F((πα

0 )
−1(U)), the 1-forms 1

Γ(1+α)d(t)
α, 1

Γ(1+α)d(x
i)α, 1

Γ(1+α)d((y
i(α))α) of

D1((πα
0 )

−1(U)) and the operators Dα
t , D

α
xi , Dα

yi(α) , i = 1, n. The following relations

hold:

Dα
t

(
1

Γ(1 + α)
tα
)

= 1, Dα
xi

(
1

Γ(1 + α)
(xj)α

)
= δji

Dα
yi(α)

(
1

Γ(1 + α)
yj(α)

)
= δji ,

1

Γ(1 + α)
d(tα)(Dα

t ) = 1,

1

Γ(1 + α)
d(xi)α(Dα

xj ) = δij ,
1

Γ(1 + α)
d(yi(α))α(Dα

yj(α)) = δij .

The module generated by the operators Dα
t , D

α
xi , Dα

yi(α) , i = 1, n, will be denoted

by Xα((πα
0 )

−1(U)). For α → 1 this module represents the module of the vector fields
defined on π−1

0 (U).

Let us consider two charts U , U ′ onM with U∩U ′ ̸= f� , (πα
0 )

−1(U), (πα
0 )

−1(U ′) ⊂
Jα(R, M) the corresponding charts on Jα(R, M) and the coordinate functions (xi),
(x̄i), respectively, (t, xi, yi(α)), (t, x̄i, ȳi(α)). From Proposition 1, we obtain the trans-
formations of coordinates

x̄i = x̄i(x1, ..., xn)

ȳi(α) =
α

J i
j(x, x̄)y

j(α).
(3.1)

3.2 Geometrical objects on Jα(R, M)

On the manifold Jα(R, M), the following canonical structures may be defined:

α

θ1 = d(tα)⊗ (Dα
t + yi(α)Dα

xi),
α

θ2 =
α

θi ⊗Dα
xi ,

α

θi =
1

Γ(1 + α)
(d(xi)α − yi(α)d(tα))

α

S =
α

θi ⊗Dα
yi(α) ,

α

Vi = Dα
yi(α) .

(3.2)
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From (3.1) and from Proposition 1, it follows that the structures (3.2) have geo-
metrical character.

The vector field
α

Γ ∈ Xα((πα
0 )

−1(U)) is called a fractional vector field (FVF) iff

(3.3) d(t)α(
α

Γ) = 1,
α

θi(
α

Γ) = 0, i = 1, n.

In local coordinates, (FVF) is given by

(3.4)
α

Γ = Dα
t + yi(α)Dα

xi + F iDα
yi(α) ,

where F i ∈ C∞((πα
0 )

−1(U)), i = 1, n. The integral curves of (FVF) are the solutions
of the fractional differential equations (FDE)

(3.5) D2α
t xi(t) = F i(t, x(t), Dα

t x(t)), i = 1, n.

The system (3.5), with given initial conditions, admits solution [2].

Let L ∈ C∞(Jα(R, M)) be a fractional Lagrange function. By definition, the

Cartan fractional 1-form is the 1-form
α

θL given by

(3.6)
α

θL = Ld(t)α +
α

S(L).

The Cartan 2-form
α
ωL is defined by

(3.7)
α
ωL = dα

α

θL,

where dα is the fractional exterior differential

(3.8) dα = d(t)αDα
t + d(xi)αDα

xi + d(yi(α))αDα
yi(α) .

In the chart (πα
0 )

−1(U),
α

θL and
α
ωL are given by

α

θL = (L− 1

Γ(1 + α)
yi(α)Dα

yi(α)(L))d(t)
α +

1

Γ(1 + α)
Dα

yi(α)(L)d(x
i)α

α
ωL = Aid(t)

α ∧ d(xi)α +Bid(t)
α ∧ d(yi(α))α +Aijd(x

i)α ∧ d(xj)α+

Bijd(x
i)α ∧ d(yj(α))α,

(3.9)

where

Ai =
1

Γ(1 + α)
Dα

t D
α
yi(α)(L) +

1

Γ(1 + α)
yj(α)Dα

xiDα
yj(α)(L)−Dα

xi(L)

Bi =
1

Γ(1 + α)
Dα

yi(α)(y
j(α)Dα

yj(α)(L))

Aij = Dα
xiDα

yi(α)(L), Bij = −Dα
yj(α)D

α
yi(α)(L).
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Proposition 3. If the fractional Lagrange function is regular i.e.,

det
(

α
gij

)
̸= 0,

α
gij = Dα

yi(α)D
α
yj(α)L, then there is a fractional vector field (FVF)

α

ΓL

such that i α
ΓL

(
α
ωL) = 0. In the chart (πα

0 )
−1(U),

α

ΓL is given by

(3.10)
α

ΓL = Dα
t + yi(α)Dα

xi +
α

M i Dα
yi(α) ,

where

α

M i =
α

gik(Dα
xkL− dαt (D

α
yk(α)L))( α

gik
)

=
(

α
gik

)−1

, dαt = Dα
t + yi(α)Dα

xi .
(3.11)

3.3 The fractional Euler-Lagrange equations

Let c : t ∈ [0, 1] → (xi(t)) ∈ M be a parameterized curve such that Imc ⊂ U ⊂
M . The extension of the curve c to Jα(R, M) is the curve cα : t ∈ [0, 1] →
(t, xi(t), yi(α)(t)) ∈ Jα(R, M) with Imcα ⊂ (πα

0 )
−1(U) ⊂ Jα(R, M). Let L ∈

C∞(Jα(R, M)) be a fractional Lagrange function. The action of L along the curve
cα is

(3.12) A(cα) =

∫ 1

0

L(t, x(t), y(α)(t))dt.

Let cε : t ∈ [0, 1] → (xi(t, ε)) ∈ M be a family of curves, with ε sufficiently small
in absolute value so that Imcε ⊂ M , c0(t) = c(t), Dα

ε cε(0) = Dα
ε cε(1) = 0. The action

of L on the curves cαε is

(3.13) A(cαε ) =

∫ 1

0

L(t, x(t, ε), y(α)(t, ε))dt,

where yi(α)(t, ε) = 1
Γ(1+α)D

α
t x

i(t, ε), i = 1, n. The action (3.13) has a fractional

extremal value if

(3.14) Dα
ε A(c

α
ε ) |ε=0 = 0.

Using the properties of the Caputo fractional derivative, it results

Proposition 4. (a) If the action (3.13) reaches a fractional extremal value then
a necessary condition is that c(t) satisfies the fractional Euler-Lagrange equations

Dα
xiL− d2αt (Dα

yi(α)L) = 0, i = 1, n

d2αt = Dα
t + yi(α)Dα

xi + yi(2α)Dα
yi(α) .

(3.15)

(b) If the fractional Lagrange function is nondegenerated, then the equations (3.15)

are the fractional differential equations associated to the fractional vector field
α

ΓL

given by (3.10).
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(c) If the fractional Lagrange function is nondegenerated, then the system (3.15) may
be written in the form of the fractional Hamilton equations

(3.16) Dα
t p

(α)
i = −Dα

xiH, Dα
t x

i = Dα

p
(α)
i

H,

where

H = p
(α)
i Dα

t x
i − L(t, x(t), y(α)(t))

p
(α)
i = Dα

yi(α)L(t, x, y
(α)), i = 1, n.

(3.17)

(d) If for f, h : J1(R, M)∗ → R the fractional Poisson bracket is defined by

(3.18) {f, h}α = Dα

p
(α)
i

fDα
xig −Dα

xifDα

p
(α)
i

g,

where the local coordinates on J1(R, M)∗ are (x, p(α)), then

(3.19) {H, p
(α)
i }α = Dα

t p
(α)
i , {H,xi}α = Dα

t x
i, i = 1, n.

4 Economic models described by fractional differ-
ential equations

4.1 The fractional model of Liviatan-Samuelson

Let us consider the fractional Lagrange function L ∈ F(Jα(R, M)) given by

(4.1) L(t, x, y(α)) = L1(x, y
(α))Eα(−ρtα),

where Eα is the Mittag-Leffler function, Eα(t) =
∑∞

k=0
tαk

Γ(1+αk) and ρ > 0 is the

discount rate. Using the relation Dα
t Eα(−ρtα) = −ρEα(−ρtα) and Proposition 4 we

obtain

Proposition 5. (a) The fractional Euler-Lagrange equations (3.15) for (4.1) are

yj(2α)Dα
yi(α)D

α
yj(α)L1 + yj(α)Dα

xjDα
yi(α)L1 − ρDα

yi(α)L1

−Dα
xiL1 = 0, i = 1, n.

(4.2)

(b) If L1 ∈ F(Jα(R, R)) is of the form

(4.3) L1(x, y
(α)) = U(g(x)− y(α)),

where U is the utility (welfare) function and c = g(x) − y(α) is the consumption
function, then the fractional Euler-Lagrange equation is

Γ(1 + α)2U ′′(g(x)− y(α))y(2α) − Γ(1 + α)Dα
x g(x)U

′′(g(x)− y(α))y(α)

+ρU ′(g(x)− y(α))Γ(1 + α)− U ′(g(x)− y(α))Dα
x g(x) = 0.

(4.4)
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For U(x) = e−ρ1x and g(x) = xγ , from (4.4) we get

y(2α) =
xγ−αΓ(1 + γ)

ρ1Γ(1 + γ − α)Γ(1 + α)
y(α) − ρ

ρ1Γ(1 + α)

− xγ−αΓ(1 + γ)

ρ1Γ(1 + γ − α)Γ(1 + α)2
.

(4.5)

Proposition 6. If L1 ∈ F(Jα(R, R)) is given by

(4.6) L1(x, y
(α)) = −a1(y

(α))2α − a2(y
(α))αxα − a3x

2α, a1, a2, a3 ∈ R,

then the fractional Euler-Lagrange equation is

a1Γ(1 + α)Γ(1 + 2α)y(2α) − (a2Γ(1 + α)2 + ρa1Γ(1 + 2α))(y(α))α

+a2Γ(1 + α)3y(α) − (a3Γ(1 + 2α) + ρa2Γ(1 + α)2)xα = 0.
(4.7)

If a1 = a3 = 1
2 , a2 = a and α → 1, then the function L1 and the corresponding

Euler-Lagrange equation for L = e−ρtL1 become, respectively

L1(x, ẋ) = −1

2
ẋ2 − axẋ− 1

2
x2

−ẍ+ (ρa+ 1)x+ ρẋ = 0,
(4.8)

and we obtain the classic model of Samuelson [3].

4.2 Fractional economic models with restrictions

Let us consider the Lagrange function L ∈ C∞(Jα(R, M)) and the function F ∈
C∞(Jα(R, M)). The fractional Euler-Lagrange equations of L on the restriction
F (x, y(α)) = 0, (x, y(α)) ∈ (πα

0 )
−1(U), are given by the fractional Euler-Lagrange

equations of the fractional Lagrange function

(4.9) L2(t, λ, x, y
(α)) = L(t, x, y(α)) + λF (x, y(α)),

where λ(t) is a Lagrange multiplier. From Proposition 4, we obtain

Proposition 7. (a) The fractional Euler-Lagrange equations of (4.9) are:

Dα
xiL+ λDα

xiF − d2αt (Dα
yi(α)L)− λyj(α)Dα

xj (Dα
yi(α)F )

−λyj(α)Dα
yj(α)(D

α
yi(α)F )−Dα

t λD
α
yi(α)F = 0, i = 1, n.

(4.10)

(b) If the Lagrange function is given by (4.1) then the fractional Euler-Lagrange equa-
tions (4.10) become

Eα(−ρtα)(Dα
xiL1 + ρDα

yi(α)L1 − yj(α)Dα
xj (Dα

yi(α)L1)

−yj(2α)Dα
yj(α)(D

α
yi(α)L1)) + λ(Dα

xiF − yj(α)Dα
xj (Dα

yi(α)F )

−yj(2α)Dα
yj(α)(D

α
yi(α)F ))−Dα

t λD
α
yi(α)F = 0,

(4.11)

for i = 1, n.
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The fractional model of investments with restriction is described by the function
L1(K, I,N) where K(t) = x1(t), I(t) = x2(t), N(t) = x3(t) represent the capi-
tal stock, the investment and the labor, respectively. The restriction is given by
F (K(α),K, I,N) = ϕ(K, I,N)−K(α) = 0, K(α) = Dα

t K. From (4.11) we obtain the
fractional Euler-Lagrange equations

Eα(−ρtα)Dα
KL1 + λDα

Kϕ = −Dα
t λ

Eα(−ρtα)Dα
I L1 + λDα

Kϕ = 0

Eα(−ρtα)Dα
NL1 + λDα

Nϕ = 0.

(4.12)

If L1 and ϕ satisfy the relations

KαDα
KL1 + IαDα

I L1 +NαDα
NL1 =

1

Γ(1 + α)
rL1, r ∈ R

KαDα
Kϕ+ IαDα

I ϕ+NαDα
Nϕ =

1

Γ(1 + α)
ϕ,

(4.13)

from (4.12) we get

(4.14) rEα(−ρtα)L1 = −λK(α) − Γ(1 + α)Kαλ(α).

For α → 1 the classic model of investments [3] is obtained.
The figure represents a numerical simulation of the equation (4.5), for ρ = 0.1,

ρ1 = 0.2, γ = 0.5, and α = 0.6, using Adams-Bashforth-Moulton algorithm (see [2]),
in Maple 11.
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Fig.1.(j*h,x[j]),alpha=0.6
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