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Abstract. Let (M,w) be a symplectic manifold and F' be a Finsler struc-
ture on M. In the present paper we define a lift of the symplectic two-form
w on the manifold TM\0, and find the conditions that the Chern connec-
tion of the Finsler structure F' preserves this lift of w. In this situation if
M admits a nowhere zero vector field then we have a non-empty family
of Fedosov structures on M.

M.S.C. 2000: 53D05, 53B05, 53B40, 70G45.
Key words: Finsler structure, Chern connection, Symplectic manifold, Symplectic
connection.

1 Introduction

Connections are important objects in differential geometry. In 1917 a connection in-
troduced on a manifold embedded into R™ by Levi-Civita. One year later H. Weyl
introduced general symmetric linear connections in the tangent bundle. In 1922 E.
Cartan studied non-symmetric linear connection which was applied in general rela-
tivity as a drastic tool([6]).

An interesting field about the connections in differential geometry is the relation be-
tween connections and the other structures on a manifold. One of these structures is
the symplectic structure on the manifolds. A symplectic connection is a symmetric
connection which preserves the symplectic form. Many mathematicians worked on
the symplectic connections. They found many interesting results about the relations
of symplectic connections and the other structures on the manifolds and supermani-
fids (see [2], (3], [5], [6], [7] and [3].).

Let (M,w) be a symplectic manifold. A natural question is: ”Which connections
preserve w?”.

Conversely, let V be a connection on a manifold M, we can ask ourselves: ”Which
nondegenerete closed two-forms w exist such that V preserves them?”.

I. Gelfand, V. Retakh and M. Shubin have obtained some interesting results about
the first question in [6]. In this paper we try to answer to the second question in a
special case.

Let (M, F) be a Finsler manifold also at the same time let (M,w) be a symplectic
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manifold. Suppose that V is the Chern connection arising from the Finsler structure
F. We define a canonical lift of w on the manifold TM\0 to find the conditions for
w, such that V preserves the canonical lift of w. In this case if M admits a nowhere
zero vector field then we have a non-empty family of symplectic connections on M.

2 Preliminaries and notations

In this section we give some important definitions and theorems which we need in
the following. In the first, we review some of general definitions and theorems of
symplectic geometry.

Definition 2.1. A symplectic form (or a symplectic structure) on a manifold M is
a nondegenerate, closed two-form w on M. A symplectic manifold (M, w) is a manifold
M together with a symplectic form w on M (For more details see [1]).

Definition 2.2. Assume (M,w) is a symplectic manifold. Let V be a connection
(covariant derivative) on M. We say that V preserves w if Vw =0 or
Z(w(X,Y)) =w(VzX,Y)+w(X,VzY),
for any vector fields X,Y, Z (For more details see [6].).

Definition 2.3. If V is symmetric and preserve the given symplectic form w then
we say that V is a symplectic connection.

Definition 2.4. Fedosov manifold is a symplectic manifold with a given symplec-
tic connection. We show a Fedosov manifold by (M,w, V), where V is the symplectic
connection such that preserves w.

Theorem 2.5. (Darboux) Suppose w is a nondegenerate two-form on a 2n—
manifold M. Then dw = 0 if and only if there is a chart (U, ¢) at each m € M such
that ¢(m) = 0, and with ¢(u) = (z'(u),--- ,2?"(u)) we have

(2.1) w|U = dei A dx" T

=1

(For more details see [1].)
Now we give some fundamental concepts of Finsler geometry.

Definition 2.6. A Minkowski norm on R" is a nonnegative function F : R" —
[0, 00) which has the following properties:

(i) F is C* on R™\ {0}.
(ii) F(A\y) = AF(y) for all A > 0 and y € R™.

(iii) The n X n matrix (g;;), where g;;(y) := [$F 2] i, (y), is positive-definite at
all y # 0.
Definition 2.7. Let M be an n—dimensional smooth manifold and TM the

tangent bundle of M. A function F': TM — [0, 00) is called a Finsler metric if it has
the following properties:
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(i) F is C* on the slit tangent bundle T'M \ 0.

(ii) For each x € M, F, := F|r, p is a Minkowski norm on T, M.

If the Minkowski norm satisfies 7 (—y) = F(y), then one has the absolutely homo-
geneity F(A\y) = |A|F(y), for any A\ € R. Every absolutely homogeneous Minkowski
norm is a norm in the sense of functional analysis.

Every Riemannian manifold (M, g) by defining

F(z,y) ==V 9:(y,y) reMyeT,M

is a Finsler manifold.
Also we use of the following relations:

1

Gij = (§F2)ylyj = FFylyj + Fyiij,
Fogy F
Aijie = an;g = Z(F Jyigiyt
5:91' 1 i i3

where the N ; are collectively known as the nonlinear connection.

Theorem 2.8. (Chern) Let (M, F') be a Finsler manifold. The pulled-back bundle
m*T M admits a unique linear connection, called the Chern connection. Its connection
forms (9;) are characterized by the structural equations:

* Torsion freeness: d(dz') — da’ A 0;» = —da’ A 9} =0,
* Almost g—compatlblhty dgzj — gk]ﬂf — gzkﬂf = 2Aijs%-

(For more details see [4].)

Also we use of the following notations.

Let (z°) and (2%),i = 1,--- ,n be local coordinates, we use of the following notations:
(1) 81 = Er and 82 = %

(2) Wij = w((’)i, 8J)

(4) (Christoffel symbols Ffj), Vi0; = Ffjﬁk for symplectic connections.

(5) (Christoffel symbols f‘fj), Vi0; = f‘fjék for the Chern connection V.



102 Ebrahim Esrafilian and Hamid Reza Salimi Moghaddam

3 Symplectic connections induced by the Chern con-
nection.

For Christoffel symbols of a symplectic connection we have the following theorem.

Theorem 3.1. Let (M,w,V) be a Fedosov manifold. In Dorboux coordinate
(xi)?gl forany k=1,---,2n we have:

= T dsiseoisisn

an _ _Fii—" 1<i<n, n+1<j5<2n,
gt o= T meisisaigjse
an _ F?;Zn n+1<i<2n,n+1<j<2n.

Proof. 1t is suffices to use the equation w = > | da’ Adz™"* and use of it in the
following equation:

0= 8kw(6i,8j) = w(Vk&»ﬁj) + w(@i, Vkaj).

Now we define a canonical lift of forms on the manifold T'M\0.

Definition 3.2. Suppose that w is a k—form on a manifold M of dimension n.
In this case we define a k—form @ on the manifold T'M\0, associated to pulled-back
bundle 7*T'M, in the following way and call it the canonical lift of w on w*TM:

k—times
UNJ(L,U) : (T(*TM)(JC’,/) X oo X (W*TM)(I’U) — R
a}(:v,y)(zlv e azn) = ww(zla T 7Zn)~

For any x € M,y € T,M\0 and 2y,--- , 2, € T, M.

Definition 3.3. Let X € X (M) be a vector field on M. We define a section X
of m*T'M in the following way and call it the canonical lift of X:

Xy = Xo-

For any z € M and y € T, M\0. We use of the notation 9; with sense 5,

Definition 3.4. Let (M,w) be a symplectic manifold with a Finsler structure F'
on it. In this case we call the triple (M,w, F') a Finslerian symplectic manifold.

_ Definition 3.5. Suppose that (M,w, F) is a Finslerian symplectic manifold and
V is the Chern connection of (M, F). We say that V preserves w if V preserves @,
the canonical lift of w, in the other words if for any X,Y,Z € X (M) we have

Z(0(X,Y)) =a(V;X,Y) +@(X,V,;Y).
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Where X,Y, Z are the canonical lift of X,Y, Z and Z(@(X,Y)) == Z(w(X,Y)). Sup-
pose that @;; := @(0;,0;) then for X = 0,,Y = 0;,Z = 0} we have

5 ~ ~ B~ T
Opwij = wyl'y; —wjly,;.

Theorem 3.6. Let (M, w, F) be a Finslerian symplectic manifold and V be the
Chern connection of (M, F) such that V preserves w. Suppose that M admits a
vector field W € X (M) such that for any © € M we have W, # Or,_ps. Then there
is a nonempty family of symplectic connections on M such that preserves w, in the
other words there is a nonempty family of Fedosov structures on M.

Proof. By using Christoffel symbols ffj of the Chern connection V on T'M \O
and vector field W we define new Christoffel symbols Ffj on M in the following way:

Ffj(x) =Tr (2, W,).

Now we have a symmetric linear connection V, generated by Christoffel symbols Ffj,
on M such that preserves w because for 9;,0; and Ji we have:

{w(V5,0:,0;) +w(0:, V9,0 e = {wTh01,05) +w(0i,T5;0) }a
= {@(T}i01,05) + @0, T4;00 } w0
= {0h2(0:,0))} W)

{0kw(0;, 05) }a-

So V is a symplectic connection on M. |

Corollary 3.7. In Theorem 3.6, if (M, F) is of Berwald type then the induced
symplectic connection is unique.

Proof. By using the definition of Berwald spaces, Christoffel symbols of the Chern
connection are functions only of variable z € M so the induced symplectic connection
is not associated to vector field W. Therefore the induced symplectic connection is
unique. ([l

Theorem 3.8. Let (M, w, F') be a Finslerian symplectic manifold. Suppose that
F is locally Minkowskian. Then the Chern connection preserves w if and only if

Opwi; = 0,
8h;i‘l.5k31xh.wlj + 6hfl.ék(§j1}h.w“=(§kwij.

Where (2%)27, is the natural coordinates for the locally Minkowskian manifold M and

(#9)2n, is an arbitrary local coordinate on M.
Proof. In any Finsler manifold M we have

(3.1) TP = ;P Dy’ + 0,71y Dyl O,

(See [4] p.43) In locally Minkowskian manifolds in natural coordinates we have 1:‘; =
0, so by using 3.5 and equation 3.1 we obtain the result.
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Now let us use the Randers metrics to obtain the Fedosov structure.
Let F(x,y) = a(z,y) + B8(z,y) be a Randers metric on a manifold M such that dj
be nondegenerate. Therefore (M, df) is a symplectic manifold. Now we calculate the
conditions that the Chern connection preserves dg.
Suppose that 8(z,y) = b;(z)y® or in other words B(x) = b;(x)dz® and let w = df3, so
we have

w = d(bidx’) = db; A da’.
Therefore
wpg = (db; Adx")(0yp,0y) = Opby — Oybp.
The Chern connection arising from F = « + 3, preserves w if and only if
(ThiOub; — Tk ;0ubs) + (T 0y — T5,0;b1) + (019;b; — Oxiby) = 0
and also in Darboux coordinate we have

(T}:0ib; — Tl 0ubs) + (T} 05k — T,;0;b1) = 0.

4 Results from the curvature tensor

Let (M,w, F) be a Finslerian symplectic manifold such that the Chern connection
preserves w and M admits a vector field W € X (M) such that for any x € M we
have W, # O, ar. Suppose that V is the induced symplectic connection on M by
the Chern connection and vector field W. We have the following relations for the
curvature tensor of V:

R(X,Y)Z =VxVyZ —VyVxZ -V xyZ,

R(9;,0)0; = R.;.00.

Therefore by using the Christoffel symbols we have:

Rij(z) = 9;T)(x) — hlij(x) + Tfi(2) T, () — T7j (2) .1}, (2)
= Ol (x, W(2)) — T (2, W ()
+ fz(x, W(x))fém(x, W(z)) — f;’;(a?, W(x))ffcm(x, W(z))
= (DT} (@, W (@) + (DL (@, W (2)).0;WP ()
(DiLy;) (2, W () — (Dply;) (2, W (). 0, WP ()
+ TP, W(x)).I,, (z,W(x))
(4.1) — Tz, W(x)).Th, (z, W(x)).

Where in local coordinate (x*) we have

W = W?o,,
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and also D, is derivative associated to component p.

Theorem 4.1. For any symplectic connection we have:

(4.2) Rijri = Rjikt-

Proof. See [6]. O

Theorem 4.2. Let (M,w, F') be a Finslerian symplectic manifold. If the Chern
connection V preserves w then for any nowhere zero W € X (M) we have the following
two conditions:

(1)
{ {DiT}y + DI04 WP — DIy, — DI 0W? + 17, T, — T, T}

+ AD; TR + Dply . 0;WP — DI}y — Dyl 0 WP + I, 17, — T7. 1%V win =0,

(2)
{ Dyl + DpL}s.0,WP — DTy, — DL OW? + I7,. T3, — T8, T7 Ywin
— {DWI}, + D,I}.0, WP — DI, — DL WP +T7 T3 — T T7 hw;y, = 0.

Proof. For (1) it is suffices to use equation 4.1 and the first Bianchi identity for
symmetric connections. We can obtain (2) by using equations 4.1 and 4.2. O
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