Conformally flat 3-7-a manifolds
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Abstract. In this paper, generalizing the results of [5] and [9], we inves-
tigate conformally flat 3-7-a manifolds. We find a new class of contact
metric manifolds whose non-compact examples have already been con-
structed by D. E. Blair ([3]) and we find out compact examples. We also
give a new example of 3-dimensional contact metric manifold in paragraph
8.
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1 Introduction

It is well known that the tensors 7 = L¢g and V¢7 on a contact metric manifold
(M,n,g,9,¢), introduced by S. S. Chern and R. S. Hamilton [4], play a fundamental
role in the study of the geometry of (M,n,g,®,&). The condition

(1) Ver =2at¢, a = constant

where the composition (7¢) (X,Y) has to be interpreted as 7 (¢X,Y), is necessary
condition for a contact metric 3-manifold to be homogeneous. If ¢ = 0 then this
condition is equivalent to the condition that the sectional curvatures of all planes, at
a given point, perpendicular to the contact subbundle, are equal [8]. These manifolds
are said to be 3-7 manifolds [8]. Known examples of 3-7 manifolds are the ones
satisfying the stronger condition that their Ricci operator @) commutes with ¢ (-
Einstein). D. E. Blair [1] gave the first example of contact metric 3-7 manifolds with
Q¢ # ¢Q, where the eigenvalue A of the operator h(:= %Lg(ﬁ) is a non-constant
function. G. Calvaruso and D. Perrone, also, gave examples with A=constant [6].

The classification of conformally flat contact metric manifolds is an interesting
problem which has been investigated by many authors. G. Calvaruso [5] proved
that a conformally flat contact metric 3-manifold satisfying (1) has constant sectional
curvature 0 or 1.

We call 3-7-a manifold a 3-dimensional contact metric manifold satisfying V7 =
2a1¢, where a is an arbitrary smooth function.

A nowhere zero, smooth vector field X on a 3-dimensional manifold M is called
Beltrami field if it satisfies the equation curlX = fX, where f is a smooth func-
tion. If f is nowhere zero, then X is called rotational Beltrami field. Beltrami fields
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arise in several contexts: They are steady (i.e. time-independent) solutions to the
Euler’s equations of motion for an inviscid (i.e. without viscocity or dissipation) in-
compressible (i.e. volume preserving) fluid. They yield steady solutions to the ideal
magnetohydrodynamics equations [7]. They are extrema of the L? energy functional
lzlly = 3 [y |lz||* di under the action of the volume - preserving diffeomorphism
group of M. Eigenfields of curl having the smallest nonzero eigenvalue globally mini-
mize the energy. They also play a role in the analysis of the stability of matter and in
the formation of dynamos [7]. Etnyre and Ghrist in [7] proved that given a Reeb field
¢ on a 3-dimensional contact manifold M3, every vector field o€, o being a smooth
positive function, is a smooth rotational Beltrami field on M3. Blair in [3] proved that
a solution of the equation curlX = |X|X, X being a nowhere zero, smooth vector
field on a 3-dimensional manifold, is equivalent to the existence of a conformally flat
contact metric structure.

In the present paper we investigate conformally flat 3-7-a manifolds, where a and
the scalar curvature S, are smooth functions constant along the flow of £&. We prove
the following

Theorem 1 (MAIN THEOREM) Let M3 be a conformally flat 3-m-a manifold
with a and S smooth functions, constant along the flow of €. Then M? is either flat
or Sasakian with constant curvature 1 or a semi-K contact manifold. Furthermore a
close semi-K contact manifold is a non-trivial torus bundle over the circle.

D. E. Blair in [3] constructed examples of non-compact conformally flat, contact
metric 3-manifolds with non-constant curvature. The analysis involved in [3] is inter-
esting in its own right and gives another solution to the standard ”force free” model
equations of solar physics. In our paper we prove (paragraph 7) that these examples
are semi-K contact manifolds.

We also construct compact examples (based on Blair’s ones) of the same class.

In view of the result of the main Theorem we may ask if the above Theorem is true
without the hypothesis of conformal flatness. The answer is no, because in paragraph
8 we give an example which is 3-7-a manifold and neither conformally flat nor semi-K
contact.

2 Preliminaries

A differentiable (2n+1)-dimensional manifold M is called contact manifold if it carries
a global 1-form 7 such that n A (dn)" # 0 everywhere on M. It is well known that
given 7 there exists a unique vector field £ (called the characteristic vector field or
Reeb field) such that (dn)(¢,X) = 0 and n(§) = 1. Polarizing dn on the contact
subbundle defined by = 0, one obtains a Riemannian metric g and a (1, 1)-tensor
field ¢ such that

(dn)(va):g(¢X7Y)’ W(X)ZQ(X»Q, ¢2:—I+77®§

g is called associated metric of n, and (¢, n,&, g) a contact metric structure ([3] p.17).
A differentiable (2n + 1)-dimensional manifold M equipped with a contact metric
structure is called contact metric (2n + 1)-manifold.
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On a contact metric manifold we have
Vx§=—¢X —¢hX, Vo =0,

where V is the Levi-Civita connection of g.
In the theory of contact metric manifolds there are two tensor fields h and [ which
play a fundamental role. These tensor fields are defined by

where R and L are the Riemannian curvature tensor and Lie derivative respectively.
h is self-adjoint and satisfies:

(1) h=0, Trh=0, Tr(h¢)=0, ho¢=—0¢h, noh=0,
Pl —1=2(¢*+ %), Trl=g(QEE) =2n—Trh’

h = 0 if and only if £ is Killing and M is called K-contact.

The Ricci tensor of type (2,0), the corresponding endomorphism field and the
scalar curvature are respectively denoted by p, @ and S. Moreover, we consider the
tensor 7 = L¢g. The tensors h and 7 are symmetric and satisfy:

(2) (Veh) ¢ = —d(Veh), Veh=¢—l—oh®, (Vch)€=0
T=2g(¢.,h.), Vet =2g(p,Veh).
If the almost complex structure J on M x R defined by

d d
J <X,fdt> - <¢X fem(X) dt)
is integrable, M is said to be Sasakian. A Sasakian manifold is K-contact and the
converse is true for 3-dimensional spaces.

The sectional curvature of a plane section containing £ is called &-sectional curva-
ture. We denote the contact subbundle or contact distribution defined by the subspace
{X e T,M :n(X) =0} by D. If X € D we denote the {-sectional curvature by
K (X,§). The sectional curvature K (X, ¢X) of a plain section spanned by the vector
fields X (orthogonal to &) and ¢X is called ¢-sectional curvature.

In what follows, let M3 = (M3, ¢,n,£,g) be a 3-dimensional contact metric man-
ifold (contact metric 3-manifold) and m a point of M3. Let U; be the open subset
of M3 where h # 0 and Uy the open subset of points m € M? such that h = 0
in a neighborhood of m € M3. Then, U; U Uy is an open and dense subset of M?3.
For every point m € Uy U U; there exists a local orthonormal basis {e, ¢e, £} (called
¢-basis) of smooth eigenvectors of h in a neighborhood of m. On U; we put he = Xe,
where A is a non-vanishing smooth function. We can, easily, prove that h e = —\ ¢e.

It is well known that on every 3-dimensional Riemannian manifold the curvature
R(X, Y) Z (E [Vx,Vy] Z — V[X)y]Z) is given by
B) RXY)Z=g(},2)QX -g(X,2)QY +9(QY,2) X —g(QX,2)Y
S

—5 ¥ 2) X -9(X,2)Y]

where X, Y and Z are arbitrary vector fields on M?3.
For a ¢-basis {e, pe, &} we have:
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Lemma 2 On a contact metric 3-manifold we have:

Vee=bge, V.pe=-be+(A+1)E§ V&=—-—(A+1) de
Veee = —cpe+ (A—=1) & Veete=ce, Vyl=(1-N)e
Vee=—dge, Vepe=de

All manifolds are assumed to be connected and smooth.

3 3-7-a manifolds

Using (1) and (2) we can prove: [ = —¢? —h? —2dh. This relation and straightforward
calculation of I for a ¢-basis yield d = —a. So we have [5]:

Proposition 3 Let M? be a contact metric 3-manifold. Then, on M? we have VT =
0 if and only if a = £ (X) =0, while Ve = 2a7¢ if and only if £ (A) = 0.

Lemma 2 can be restated as follows:
Lemma 4 On a contact metric 3-t7-a manifold we have:

Vee =boe, Vepe=—-be+(A+1)¢ V.&=—-(A+1)0e
Vgee = —cpe + (A= 1)§, Vgepe =ce, Vg&=(1-Ne
Vee =age, Viepe= —ae

From £(A) = 0 we obtain that on a 3-7-a manifold we have:
(1) §le(N)=(a+A+1)ge(N), &(Pe(N) = (-a+Ar-1)e(})

Relation (3) and a straightforward calculation of R(X,Y)Z if X, Y and Z belong to
a ¢-basis yield

(2) Qe = <§+>\2—2>\a—1) e+ [2Ab — ge (V)] €
Qoe = <§+/\2+2)\a1) pe + [2Xc —e (V)] €

Q& =[2Ab— ge ()] e+ [2Ac — e (N)] e+ 2 (1 — A?) ¢

(3) 6(6)+¢€(b):§+b2+6272a+)\271

From Lemma 4 we have:

(4) e, =—(a+A+1) ¢e
(5) [pe.é]=(a—A+1)e

(6) [e,pe] = —be+ cpe+2¢
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It is well known that on every contact metric 3-manifold we have:

1
(VeQ) e+ (VeQ) ge + (VeQ) € = ggrad s
The above condition using (2) implies:

(7) Eb)—e(a)+e(N)=(—a+Ar—-1)c

(8) E(e)+de(a)+pe(N)=(a+A+1)d

Definition 5 Let M? be a 3-dimensional contact metric manifold and h = Aht —\h~
the spectral decomposition of h on Uy. If

(9) Vi-xh™ X = [§,hT X]

for all vector fields X on M3 and all points of an open subset W of U1 and h =0 on
the points of M?> which do not belong to W, then the manifold is said to be semi-K
contact manifold.

Remark 6 From Lemma 2 and relations (4), (5), (6) the condition (9) for X = e
leads to [€,e] = 0 while for X = ¢e leads to Vgepe = 0. Hence on a semi-K contact
manifold we have a + A+ 1 = ¢ = 0. If we apply the deformation e — ¢e, pe — e,
E—= =& A= =\, b— ¢, ¢c = b, then the contact structure remains the same. So
the condition for a three-dimensional contact metric manifold to be semi-K contact
1s equivalent to a — A+ 1 =b=0. On the other hand, if on a 3-dimensional contact
metric manifold the relation V+xhtX = [,h~X] holds, then applying Lemma 2
and relations (4), (5), (6) we have a —A+1=0b=0.

4 Some lemmas on conformally flat 3-7-a manifolds

A 3-dimensional Riemannian manifold is conformally flat if and only if the Ricci
operator satisfies:

[X(S)Y — Y(9)X]

| =

(VxQ)Y — (VyQ) X =

for all vector fields X and Y.

In what follows we assume that M? is a conformally flat 3-7-a manifold whose
a and S are smooth functions constant along the geodesic foliation generated by &.
This class of manifolds is denoted by B. If X and Y belong to a ¢-basis, then the
above equation yields:

e(S)

4 =-2Xe(a)—(2a+3X2+3)e(N)+2A(2a+A+3) c

(1)

(2) qﬁeiS) =2X¢e(a) + (20 —3X+3) pe(A\) +2A(—2a+A—-3)b
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(3) e(pe(N)) =2Xxe(b) +3be(A) —2Abe

(4) pe(e(N) =2 e(c) +3coe(A) —2Abc
A+1

(5) e(e(N)) =2Xe(c) +2ce(N) —boe(N) + —5— S+

+ A (4a® + 20> + 2Ma+2a +3)\% +3)1 —3) — 3

(6) de(de(N) = =2 Xe(c) — ce(A) + 2bde(N) + A1

+A4a? +2b* +4c2—2Xa—2a+5 2 —3X—5) -3

S+

Before proving the main theorem, we shall prove some essential Lemmas. The proofs
of the Lemmas 7 and 8 being elementary, are omitted.

Lemma 7 Let M be a smooth manifold and f: M — R be a smooth real function.
Let U be an open subset of M and Uy, Us open subsets of U defined by

Up={meU: f(m)=0 in a neighborhood of m}

Us={meU: f(m)#0 in a neighborhood of m}
Then Uy U Us is open and dense in the closure of U.

Lemma 8 Let M be a smooth manifold and f,g: M — R be smooth real functions.
Let U be an open subset of M and Uy, Us, Us open subsets of U defined by

Up={meU: f(m)=0 in a neighborhood of m}

Uy ={m €U :g(m)=0 in a neighborhood of m}
Us={meU: f(m)g(m)#0 in a neighborhood of m}
Then Uy U Uy U Us is open and dense in the closure of U.

Lemma 9 Let M be a 3-dimensional contact metric manifold. If M has constant
sectional curvature 1 then M is Sasakian. Conversely if M is Sasakian and S = 6 then
M has constant sectional curvature 1. In particular if M is Sasakian and conformally
flat then S = 6.

Proof. A calculation of the sectional curvature on a contact metric 3-dimensional
manifold yields K (e, ¢e) = 2 (A —1) + 5, K(e,§) = 1 —2a\ — A2, K (¢e,§) =
1+2aX—M\2. Suppose first that the sectional curvature of M is 1. Then A = 0 hence M
is Sasakian. Conversely if M is Sasakian then A = 0. Hence K (e,&) = K (¢e, &) =1
and K (e, ¢e) = —2+ 5. If S = 6 then K (e, ¢e) = 1. From (5) we have that if M is
conformally flat, then S = 6. O

Lemma 10 If M3 € B and b = ¢ = 0 in an open subset U of M3, then U is flat or
Sasakian with constant curvature 1.
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Proof. From (7) and (8) we have
(7) e(a) =e(A), ge(a) = —ge(})
Because of the above relations and (3), relations (1) and (2) imply:
(8) (a+2Xx+2)e(a) =0, (a—22+2)¢e(a)=0
Consider the following open subsets of U:
Up={meU:a+2X+2=0in a neighborhood of m}

Up={meU:a—2X+2=0in a neighborhood of m}
Us={meU:(a+2X+2)(a—2\+2) # 0 in a neighborhood of m}

From Lemma 8 we have that U; U Uy U Us is open and dense in the closure of U. (7)
implies that a and A are constant on U; and on Us. On Us because of (8) we have
e(a) = ¢e(a) = 0, therefore a and X are constant. Hence a and A are constant on
Uy UU; UUs and hence on U. From [5] (Theorem 3), we know that U has constant
curvature 0 or 1. From Lemma 9 we conclude that U is flat or Sasakian with constant
curvature 1. U

Lemma 11 If M3 € B and Trl =constant on an open subset U of M3, then U is
flat or Sasakian with constant curvature 1.

Proof. The condition Trl =constant is equivalent to A =constant. If A = 0 then
Lemma 9 implies that U is Sasakian with constant curvature 1. Thus we suppose that
A # 0 on U. We will prove that in this case U is flat and hence U is flat or Sasakian
space form. The relations (1) and (2) and A = constant yield:

9) @:2)\ [—e(a) + (2a + X+ 3) (]
(10) ¢eis ) _ 9 [pe(a) — (20— A+ 3)1)

The relations (4) and (5) imply:
§(e(a)) = (a+A+1)de(a), &(ge(a))=—(a—Ar+1)e(a)

Using the above equations, (7), (8), (1) and (2), the differentiations of (9) and (10)
with respect to & respectively yield:

(11) (4a+ 31+ 5) ge(a) =2(a+ A+ 1)(2a + 3)b
(4a —3X+5)e(a) =2(a— A+ 1)(2a + 3)c

Consider the open sets
Uy ={meU:4a+ 3\ +5 =0 in a neighborhood of m}

Uy ={meU:4a—3\+5 =0 in a neighborhood of m}
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Us={meU: (4a+3X+5)(4a — 3\ +5) # 0 in a neighborhood of m} .

From Lemma 8 we obtain that U; U Us U Us is open and dense in the closure of U.
In U; and in Uy a is constant and from [5] we have that U; and Us have constant
curvatures 0 or 1. Since A # 0, U; and U are flat. On Us, the relations (7), (8), (9)
and (10) because of (11) can be written:

(BA+1)(a—A+1) BA—1D(a+A+1)

12) O = mas 0 9T T s
(13) 6(45) = _zgi 520+ A+ 3)(4a — 3N+ 5) — 2(2a +3)(a — A+ 1)]
(14) pelS) 2 [—(2a — A+ 3)(4a+ 3X +5) + 2(2a + 3)(a + A + 1)]

4 4a+3X+5
Differentiating (13) and (14) with respect to £ and using (12) we obtain:

(15) b=0orP=0ora+A+1=0
and
(16) c=0or@Q=0o0ra—A+1=0

where P = 4a® — 2Xa® + 16a® + 21a — 5Xa — 3\ + 9 and Q = 4a® + 2\a® + 16a® +
2la + 5Xa + 3X + 9. Consider the open sets

Ul ={m e Us:b=c=0in a neighborhood of m}

Uy ={meU;s:b=Q =0 in a neighborhood of m}
Uy={meUs:b=a—A+1=0 in a neighborhood of m}
U;={meU;s:P=c=0 in a neighborhood of m}

Ut ={meU;s: P=Q=0 in a neighborhood of m}
Us={meU;: P=a—X+1=0in a neighborhood of m}
U,={meUs:a+X+1=c=0in a neighborhood of m}
Uy={meUs;:Q=a+X+1=0 in a neighborhood of m}

Uy={meUs:a+A+1=a—A+1=0in a neighborhood of m}
9
From Lemma 8 we have that UU{ is open and dense in the closure of Us. Since we

i=1
have already assumed that A # 0 we have that Uj = @. In U/, i = 2,...,8 we can
easily obtain that a is constant, since A is constant. Hence from [5] we conclude that
Ul,i=2,...8 are flat. In U{ we can apply Lemma 10 and thus we conclude that U]
is flat too. Hence Us is flat. Since Uy U Us U Us is open and dense in the closure of U
it follows that U is flat. O
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Lemma 12 If M3 € B and (2a + 3X\ + 3) (2a — 3A + 3) = 0 on an open subset U of
M?3, then U is flat or Sasakian with constant curvature 1.

Proof. Consider the following subsets of U:
Gy ={m €U : XA=0 in a neighborhood of m}

Go={m €U : X # 0 in a neighborhood of m}

Since G1 € B from Lemma 9 it follows that (G; is Sasakian with constant curvature
1. On G5 consider the following subsets:

Ui ={m € Gy:2a+ 32+ 3 =0 in a neighborhood of m}

Us ={m € G2 :2a — 3A\ 4+ 3 =0 in a neighborhood of m}

It is easy to see that U; U Us is open and dense in the closure of G5. We will consider
only the case of Uy because the case of Us is similar. The equations (7) and (8) take
the forms:

(17) 26(b) = —=be(A) + (BA + 1)e,  2£(c) = ge(N) — (A +1)b
The relations (1) and (2) can be written:
(18) e(S) = —4X(4dech —3e(N)), ¢e(S) = 4X (8bX — 9ge (N))

Differentiating the above equations with respect to ¢ and using (1), (4) and (5) we
obtain:

(19)  AB+4N) e (V) =322 (14+X), A(B+25)\) e(N\) =3cA? (1+5))
Consider the subsets of Uy:
Vi ={m € U;:4\+ 3 =0 in a neighborhood of m}

Vo ={m € Uy : 4\ + 3 # 0 in a neighborhood of m}
Va ={m € Uy : 25X + 3 =0 in a neighborhood of m}
Vi={m €Uy :25XA+ 3 # 0 in a neighborhood of m}

In V7 and in V3 A is constant. Hence from Lemma 11 we obtain that V; and V3 have
constant curvature 0 or 1. Now, in V5 UV, we differentiate (19) with respect to £ and
make use of (4), (5) and (17). Then we obtain

AAZBAE3)BA+1) =0, bIN2A+N)(BA+3)=0

Taking account the above, in V5 UV, we can apply a similar argument to that of the
proof of Lemma 11, especially from equations (15), (16) and beyond. Then we can
see that V5 U V4 has constant curvature 0 or 1. Since Vi3 U Vo U V3 U Vy is open and
dense in the closure of G5 it follows that GG has constant curvature 0 or 1. Now,
G1 UG5 is open and dense in the closure of U. Hence U has constant curvature O or
1 and thus Lemma 9 implies that U is flat or Sasakian with constant curvature 1. [J
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Lemma 13 If M3 € B and one of the following conditions holds on an open subset
U of M3, then U has constant curvature 0 or 1.

(i) ®:=4a%+2(6—T\)a— 1122 — 18\ +9 =0,

(ii) T :=4a® + 2(6 + 7TA\)a — 1122 + 18X\ + 9 = 0,

(iii) A :=2a% + (5+2N)a+ 3N+ A +1) =0,
(iv) U := 20 + (5 — 2\)a + 3(A\2 = A+ 1) = 0.

Proof. We shall prove the first of the above cases. The proofs of the other ones
are similar. Consider the following subsets of U:

G1 ={m €U : XA =0 in a neighborhood of m}

G2 ={m €U : XA # 0 in a neighborhood of m}
Since G1 € B, from Lemma 9 it follows that G is Sasakian with constant curvature
1. On G4 we differentiate the relation (i) with respect to e and ¢e respectively:
(20) (4a —TA+6)e(a) — (Ta+ 11X +9)e(X) =0

(da —TA+6)de(a) — (Ta + 11X+ 9)pe(N) =0

Consider the following subsets of Ga:
Uy ={m € Gy:4a—T7A+6 =0 in a neighborhood of m}

Us ={m € Gy :4a — 7TA+ 6 # 0 in a neighborhood of m}

From Lemma 7 we can see that Uy UUs; is open and dense in the closure of G5. On Uy
a combination of (7) and 4a — 7T\ 46 = 0 yields A (4 — 31\) = 0. Hence A is constant
and thus a is constant too. Therefore Lemma 10 implies that U; is flat because U
is subset of G3. Now we study the case of Us. The equations (7), (8), (1) and (2),
because of (20) take the forms

(21) &) = %ﬁ:é)e()\) —(a—=A+1)c
(22) o) = —HaFAFIS e+ 1)

4a —TA+6

e(S)  2(3+2a)°+3(5+4a) A+ A2

e(A) + 2Xc(2a + A+ 3)

4 6+4a—TA
pe(S)  2(3+2a)® — 3(7+ 4a) A + 43X
= A) + 22b(—2 A —
s 6+ da—7x ge(X) +220(=2a+ 1 - 3)

Differentiations of the above two relations with respect to &, using (1), (21), (22) and
(i) imply:
(da —TA+6)¢(e(5))/4
= (=18 — 42a — 32a® — 8a® — 123\ — 177a\ — 64a* )\ — 7T0A\? — 51a\? — 9N3) e (N)
+20A (da—TA+6)(1+a+A)(3+2a+N)
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(4da — TA+6)E(gpe(S))/4
= (=18 — 42a — 32a® — 8a® + 21\ + 27a\ + 8a*\ — 166)? — 121a)\? + 79\3)e (N
+2cA(da—TA+6)(1+a—A)(3+2a— )

As e(£(S)) = 0 and ¢e(£(S)) = 0 the above two relations because of (1), (4)
and (5) yield:

(23) Klgbe(/\) = 2)\[)[/1
(24) ng()\) = 2>\CL2
where

Ky =2(1+a)(3+2a)?* + 6(10 + a(14 + 5a))\ + (46 + 41a)\?* + 263

Li=(3+2a)(6+4a—T7\) (1+a+\)
Ko =2(1+a)(3 4 2a)* —2(6 + a(6 + a))\ + (76 + 55a)\? — 40\3
Ly=3B+2a)(6+4a—T\)(14+a—N)
Differentiations of (23) and (24) with respect to ¢ yield:
(25) Proe(\) = —24b

(26) Pye(N) = 2Ac

where Py = 2(1 +a)*(3 + 2a)® +2(1+a) (484 a(69+ 25 a)) A+ [~2+ a(33 + 25 a) | A2 —
(=12 4 a)A\® — 40 \*

Py=—2(1+40a)’ (3+2a)” —2(1+a)[30+a(45+17a)] A — (T+5a) (16 + 19 a)\> —
(88 4 57a)A\® + 26)\*

and A=23+2a)(6+4a—TN)(1+a+N)(1+a—A).

Consider the following subsets of Us

Vi ={m €U : P =0 in a neighborhood of m}

Vo ={m € Uy : P, =0 in a neighborhood of m}
Vs ={m € Uy : PP, # 0 in a neighborhood of m}

Lemma 8 implies that V3 U V5 U V3 is open and dense in the closure of Us. On V;
and on Va2, a and A are constant due to (i). Therefore from Lemma 10 we obtain
that V1 and V5 are flat. On V3, solving (25), (26) with respect to e (A)and ¢e (A) and
substituting to (23) and (24) we obtain

K1 o K2 _

Using the above relations, on V3 we can apply an argument similar to that of the proof
of Lemma 11. We conclude that V3 is flat and thus V3 U V5 U V3 is flat. Since this
last set is open and dense in Us it follows that Us is flat. Hence Uy U Uy and Gy are
flat also. Now, GG1 U G5 is open and dense in the closure of U. In G; we have proved
that the sectional curvature equals to 1 and in G5 the sectional curvature equals to
0. Since the curvature is continuous we conclude that U has constant curvature 0 or
1 and hence U is flat or Sasakian with constant curvature 1. O
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5 Proof of main theorem

5.1 Plan of the proof

Before proving the main Theorem, one can see a diagram of the proof in the following
figure. The symbol FC'F'S31a means flat or conformally flat semi-K, 3-7-a manifold.
The arrows denote a decomposition of an open subset of M3 into open subsets such
that their union is open and dense in the closure of this set. For example M? is
decomposed into Q; and Qs where @, U Q2 is open and dense in M3. @, will be
proved to be of constant curvature 1 and Q5 will be decomposed into Uy, Us, Us such
that U; U Us U Us is open and dense in the closure of Q2 and so on.

MP — QiUQs —2 SASAKIAN

N
ViuVy

U, UU,UUs —2Z viuvauVy 29%  praAr

UIUUQl VSl
Wi

FLAT WiuW, ——— FLAT

|

Z
Zl U Z2 —1> same as ZQ

ZQJ/
X1

X1UuXy —— FLAT

|

F’LAT(S—1 S1 U Sy — YiuUY,

5| v

FCFS3ra Ri{UR,y E— PUP,

) l

WU T, FLAT

.|

T UT,

l

FLAT
As we shall prove in the last subsection Sy is not flat. These are the cases where
b=0(c=0)anda+A+1=0(a—A+1=0)on Sy. In particular Blair’s examples
[3] fall in this case, i.e. in the case where Sy is not flat. Hence M? is either flat or
Sasakian or a semi-K contact manifold.
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5.2 Proof

Consider the following open sets of M?3:
Q1= {m € M3 : X\ =0 in a neighborhood of m}

Q2 = {m € M3 : X\ #0 in a neighborhood of m}

By Lemma 9 we obtain that )7 has constant sectional curvature 1 and Lemma 7
implies that Q; U Q- is open and dense in M?3. From now on we will work in Q5.
This means that whenever an open subset of () is proved to have constant curvature
0 or 1, the value 1 will be excluded due to Lemma 9 and hence the subset will be flat.
Consider the following open sets of @Qs:

Ui ={m € Qz:2a— 32+ 3 =0 in a neighborhood of m}

Us ={m € Q2:2a+3X+ 3 =0 in a neighborhood of m}
Us={m € Qa: (2a + 3\ +3)(2a — 3\ + 3) # 0 in a neighborhood of m}

From (1) and (2) we obtain that U; U Us has constant sectional curvature 0 or 1
(Lemma 12), hence U; U Us is flat. In Us we have (2a 4+ 3X 4 3)(2a — 3\ + 3) # 0.
Differentiations of (1) and (2) with respect to £ and use of (1), (4), (5), (7), (8) lead
us to:

M4a + 3)\ + 5)pe(a) + (3 + 5a + 2a® 4+ 6 + 4ha + A?)pe(N)
=2Ma+X+1)(2a+3)b

(1) M4a — 3\ + 5)e(a) + (3 + 5a + 2a% — 6) — 4 a + A\?)e(N)
=2Xa—A+1)(2a+3)c

Relations (1), (2) and (1) imply:
(34 5a+2a% — 6X — 4 a+A\?)e(S) = 4ATe(a) + 8N\ 2c(—15 — 22a — 8a” + 6 + 4 a + \?)

(2)
(34+5a+2a*+6 A +4 a+ ) gpe(S) = —4ADpe(a) —8A2b(15+22a+8a* +6A+4 a—\?)

where T' and ® are those of Lemma 13. From (4) and (5) we obtain {(e(a)) =
(a+ A+ 1)¢e(a) and £(de(a)) = —(a — A + 1)e(a).These relations, (1) and (2) yield:

Ve(S) = 8\%¢(—15 — 22a — 8a” + 3)\?),

(3) Age(S) = 8\2b(—15 — 22a — 8a? + 3\?)
where W and A are those of Lemma 13. Consider the following open sets of Us:
Vi ={m € Us: ¥ =0 in a neighborhood of m}

Vo ={m € Uz : A =0 in a neighborhood of m}
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Vs ={m € Us: VA # 0 in a neighborhood of m}

The V7 and V;, have constant sectional curvature 0 or 1, (Lemma 13, (iii), ( )) hence
V1 and V; are flat. In V3, from (5) and (6) we have: [ge,&](b) = (a — A + 1)e(b),
le, pe](a) = —be(a) + cpe(a). These equations, (7), (8), (3), (4), (1) and (2 ) imply:

(4) (34 2a) A* (U2Ae(b) — UA¢e(c)) = (3 + 2a) A’ Ps,
A (T2 Ae(b) + UA%ge(c)) = N*Qs

where

Py = 2be (3 + 2a) {(1 +a)? (34 20)2 — (3+ 2a) (15 + 14a) A2 + 3>\4}

Q3 = —2bc [5 (1+a)®(3+2a)® + (a—4) (a+1) (34 2a)° A2 — (3+ 2a) (18 + 19a) A* — 27>\6}
Consider the following open sets of Vs:
Wy ={m € V3 :3+ 2a =0 in a neighborhood of m}

Wy ={m € V3:3+4 2a # 0 in a neighborhood of m}

W1 has constant sectional curvature 0 or 1, hence Wi is flat [5]. In Ws solving the
system (4) with respect to e(b) and ¢e(c) we get:

P. — P
) e)= BT ey = LD

Substituting e(b), ¢e(c) from (5) in (3) we obtain
(3 +2a)ber =0
Consider the following open sets of W:
Z1 ={m € W5 : b =0 in a neighborhood of m}

Zy ={m € Wy : ¢ =0 in a neighborhood of m}

We shall study only the case of Z; because Z; is similar. Equations (3), (7) and (8)
can be written

(6) 2¢e(b) = S +2b% — 4a +2(\* — 1)
de(a) = (a+ A+ 1)b — de(N)
§(b) = e(a) —e(A)

Differentiation of the second of (6) with respect to & and use of (1) and (5) yield
(7) (@ +1ea) = Ae(N)
Consider the following open sets of Zs:

X1 ={m € Zy:a+1=0 in a neighborhood of m}
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Xo={m € Zy:a+1+#0 in a neighborhood of m}

From [5] we can see that X; has constant sectional curvature 0 or 1 hence X is flat.
In X5, differentiating (7) with respect to £ and using (1), (4) and the second of (6)
we obtain

(a+X+1)%[(a+1)b—¢e(N)] =0

CASE I. Consider the following open sets of Xa:
Y1 ={m € X5 :a+ XA+ 1=0 in a neighborhood of m}

Yo={m € Xz :a+ A+ 1#0 in a neighborhood of m}

In Y5 we have
pe(N) = (a+1)b

From (5) we have:
[de,€](b) = (a = A+ 1)e(b)
Using (6) and (6) the above equation yields:

—a+3\+1
a+1

(8) pe(e(a)) = be(A) + (2a — XA + 2)e(b)

Differentiation of the second of (6) with respect to e implies:
e(pe(a)) = be(\) + Ae(b)
Subtracting the last equation from (8) we obtain:
(a—A+1)[(a+1)e(b) —be(N)]=0
Consider the following open subsets of Y5:
Ri={meYy:a—A+1=0 in a neighborhood of m}

Ry={me€Yy:a—XA+1=#0 in a neighborhood of m}

In R, we have
b
b =
e(b) a+1e

Using this relation, (6), (3) and (4) we have:

(A

2a+A+2
—be(\) =0

pEEaLA O
Consider the following open sets of Ry:
Ty ={m € Ry :2a+ A+ 2 =0 in a neighborhood of m}

Ty = {m € Ry : be (\) = 0 in a neighborhood of m}

and the following open sets of Ts:

T{ ={m € Ty : b =0 in a neighborhood of m}
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Ty ={m €Ty :e()\) =0 in a neighborhood of m}

Suppose that at a point p of T; we have be (\) # 0. Then be (A) # 0 in a neighborhood
A, C Ty of p. From (7) we have a contradiction. Therefore at p we must have
be (A) = 0. Suppose that on a point ¢ € A, we have be (A) # 0. Then at ¢ we have a
contradiction because of (7). Hence be (A\) = 0 in a neighborhood of p. Thus p € Ty
and therefore T3 C T5. T7 has constant sectional curvature 0 or 1, (Lemma 10) hence
Ty is flat. In 77 U T3, (4) can be written

[e,](A) = —(a+ A+ 1) ge(N)

which implies ¢e (A) = 0, therefore A = constant and 77 U T3 has constant sectional
curvature 0 or 1, (Lemma 11) hence 77 U T3 is flat. Therefore 15 is also flat.

Now we study the subset Ry, i.e. we assume that a — A+ 1 = 0, where a and A are
not constant. Then, (7) and (8) yield & (b) = 0 and ¢e (A) = Ab. From these relations,
(3) and (6) we get

20e (b) = S 4207 +2(A — 1)%, (2A —1)S = 2(—2Xb% — 673 + 9\ + 3)
Differentiation of the last equation with respect to ¢e and comparison of the result
with (2) give

Ab[3b% 4+ 10A(A —2) —6] =0
Consider the following open sets of R;:
P, ={m € R; : b= 0 in a neighborhood of m}
P, = {m € Ry : 3%+ 10A(A — 2) — 6 = 0 in a neighborhood of m}

The P; has constant sectional curvature 0 or 1, (Lemma 10) hence P; is flat. In Py
differentiation of 3b% + 10A(\ — 2) — 6 = 0 with respect to ¢e implies A = constant,
therefore P, has constant sectional curvature 0 or 1, (Lemma 11) hence P, is flat.

Therefore P; U P>, Ry and Y5 are flat.

CASE 11

In Y7 we have a+ A+ 1 = 0. In this case the equations (1) and (2) can be written:

9) e(S)=4(A—1)e(N)

(10) ¢e(S) =4[(1 = TA\)pe (N) +2X(3A —1)b
Differentiating (10) with respect to £ and using (1) and (6) we have
£(¢e(5)) = 8A(3 = 13A)e (M)
Since ¢e (€ (S)) = 0, the above relation because of (5) implies:
e(S)=4(3-13\)e(N)
The above relation and (9) yield:

(TA—2)e () =0
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Consider the following open sets of Y7:

S;={meY,:7\—2=0 in a neighborhood of m}

(11) Sa={m €Yy :e(\) =0 in a neighborhood of m}

Since a + A + 1 = 0 it follows from [5] that S; has constant sectional curvature 0 or
1, therefore Sy is flat. In S5 we have:

(12) e(\)=0

A simple calculation yields the sectional curvatures of So: K (e, pe) = 5(—4+S+4 A\?),
K(e, &) = (1 +N)?, K(¢e, &) = (1 +A)(1 — 3X). There are two cases:

(A) Ss has constant curvature, say K,

(B) Sz has not constant curvature.

In case (A), the relation (1 + \)? = K yields A=constant. Since a + A +1 =0 it
follows that a is constant too and hence [5] implies that Sy has constant curvature 0
or 1. But the value 1 is excluded, hence S5 must be flat.

In case (B), relations (10), (6), (7) and (9) yield:

c=¢(b) =e(b) =e(S) =¢(5) =e(a) =&(a) =e(A) =&(A) =0
2bde () = (A +1)S +2X(20% + 5 2 + TA —1) — 6

(13) pe (b) = g +02+ (A +1)?

boe (S) = 2[—16A20% — (TA2 + 61 — 1)S — 7T0A* — 88X3 + 28)\2 + 40\ — 6]
e (a) = —de(N)

Taking account the result of [10] which states that every closed semi-K-contact man-
ifold is a non-trivial torus bundle over the circle, the main Theorem is proved.

Remark 14 The manifolds of case (B) given by (11) are exactly the conformally flat,
3-1-a, semi-K contact manifolds.

Concerning the structure of a conformally flat, semi-K contact, 3-7-a manifold we
state the following result:

Proposition 15 Let M3 be a conformally flat, semi-K contact manifold. If S > 0
then M3 cannot be compact.

Proof. Suppose that M3 is compact and S > 0. Then S, (the closure of S5)
is compact. In Sy we have gradb = e (b)e + ¢e (b) pe + £ (b) £ = ¢e (b) pe. Hence
for every p € Sy we have gradb(p) = 0 iff ¢e (b) (p) = 0. But ¢e(b) (p) = 0 iff
S(p) =b(p) = A(p) +1=0. There are two cases:

(1) Sy = M>.

(2) ?2 c M3,
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In the first case, at every local maximum m and every local minimum g of b
we must have gradb(m) =gradb(u) = 0, i.e., ¢e(b) (m) = ¢e(b) () = 0. Then
0=>b(m)>b(p)>b(n) =0 for all p € Sy. Hence b must be zero everywhere on Sy
hence on M3 too. Thus M? is flat. This is a contradiction because So, a subset of
M3, is non-flat.

In the second case we have already proved that the set Q = S; UY, U X7 U Z; U
ViUV UU, UU, is flat hence b = 0 on . The set QU S5 is open and dense in M3.
Moreover 2 and Ss have the same boundary points. Applying the proof of case (1)
for the local minima and maxima of b in S» we conclude that b = 0 in S5. Hence
b=0on Sy, UQ and thus in M3 too. Therefore M? is flat. This is a contradiction
because S, a subset of M3, is non-flat.

In both cases we have a contradiction, namely that M3 is flat. Hence M?> cannot
be compact and therefore it has S > 0. O

6 Blair’s non-compact examples

In the present paragraph we prove that Blair’s examples ([3] p. 108) are conformally
flat, semi-K contact, 3-7-a manifolds.

Proposition 16 In all conformally flat, semi-K contact, 3-7-a manifolds, the quan-
tities a, b, A, S vary only along ¢e or e (if c =0 or b =0 respectively).

Proof. Let M3 be a conformally flat, semi-K contact, 3-7-a manifold. Using
a = —\ — 1, equations (2) and (1) take the forms

(1) 2b)\(71+3/\)7¢)6is)+(1—7>\) de(\) =0
and
2) 6(45)+e()\)7>\e()\):0

Consider the following subsets of M?3:

. 1
FEy = {m eM?:\= = in a neighborhood of m}

1
Ey = {m eM3:\+# - in a neighborhood of m}

Since a = —A — 1, on Ey, a is a constant and [5] implies that F; is flat. Consider the
following subsets of FEo:

2
Es = {m cEy: A= - in a neighborhood of m}

2
By = {m € Fy: \# - in a neighborhood of m}
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Using the same argument as above we conclude that Fs is flat. Consider the following
subsets of Fy:
Es; ={m € E,: A =1 in a neighborhood of m}

Es ={m € E4: A # 1 in a neighborhood of m}
Using the above mentioned method we obtain that Ej is flat. In Eg (1) and (2) imply:

_ 8HA—24bA2 + e (S)

ve (M) 4(1-7N
and
3 cW = 102

Also (5) acting on A yields

A (=24 7A) e(S)
(14N (—L+7N)

Since A # 2, the above implies e(S) = 0. Consider the following subsets of Eg:
E; ={m € Es : A =0 in a neighborhood of m}

Es ={m € Eg : A # 0 in a neighborhood of m}

and also the following subsets of Fj:
Eq = {m € Eg : b= 0 in a neighborhood of m}

Eyi9 ={m € Eg : b # 0 in a neighborhood of m}

From previous considerations we have that Eg # @ and Ey is flat. The subset Fjq is
neither flat nor Sasakian. In Ejg, (3) implies that e(\) = 0. The fact that a = =X\ —1
gives e(a) = 0 and (7) gives £(b) = 0. Thus on Ej, the functions a, b, A, S vary only
along ¢e.

On the other hand, on F;, ¢« = 1,3,5,7,9 the functions a, b, A, S are constant.
Hence their derivatives along e and £ vanish. Since F;_; U F; is open and dense in
the closure of E; 5, i = 2, 4, 6, 8, 10, (Ey := M?), it follows that the derivatives
of a, b, \, S vanish along e and ¢. From hypothesis M3 is conformally flat, semi-K
contact, 3-7-a manifold and hence it is not flat. Thus a, b, A, S are not constant on
M3. Hence they vary only along ¢e.

For completeness of the proof we shall give the derivatives of a, b, A, and S along
¢e. From (5) we get

64+ S+ (2440 +5) A+ 14024107

ey 5

= —¢e(a)
and from previous equations we get

65 —40A+6S5A— 2822+ 1602 A2 + 7S A2 + 83 A3 + 70 \?)

() = 24 ;
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pe(b) = b* + g +(142)?

Also, simple calculation yields the sectional curvatures: K (e, ge) = 1(—4+S+412),
K(e, &) = (1+ )% K(¢e, &) = (L + M) (1= 3\). 0

Proposition 17 Blair’s examples are conformally flat, semi-K contact, 3-7-a mani-

folds.

Proof. As in [3] p. 108, we introduce cylindrical coordinates in an open subset U
of R3, namely 7,0, z. The vectors %, %% and % constitute an orthonormal basis

for the metric

ds* = dr? +r? d? + dz*
The most general form of a conformally flat metric in U is given in cylindrical coor-
dinates by

1
(4) ds® = 1626 (dr? + r? d9* + dz?)

where o is some smooth function. Let
1
n=g (adr + prdf + vdz)

be a 1-form, where «, 3, v are smooth functions. 7 is a contact form if n Adn # 0
everywhere on U. Provided that the metric (4), is an associated contact metric, the
characteristic vector field £ can be calculated using g (£, X) = n (X) for every vector
field X. It is found to be

_ 0 B 0 0
_ 20 e [l _
(5) §=2e <a3r+ r89+732>

The condition 7 (£) = 1 leads to €?* = a2 + 32 + +2. From equation g (¢X,Y) =
dn (X,Y) we get the following expression of the (1, 1)-tensor ¢ in cylindrical coordi-
nates

0 ry —pf
(6) p=c | -2 0o =
B8 —ra 0
We will also need the Christoffel symbols. These are
F%l = Op, F%Q = 0¢, F%3 = Oy, P%2 = —T (1 +TUT), F%S = O, F.il))S = —O0p, F%l =
_%’ F%2 = %"1'07“7 F%S =0, F%Q = 09, F%B =0z F%S = _%7 lej’l = —0z 1—‘:132 =0,
3, =0, 13, = —r?o,, I3, =0y, ['33 = 0..

From the formula Vx& = h¢ X — ¢ X we get
0 0
(7) h¢$ =Val+ ¢$
Using the Christoffel symbols and computing directly we get

0 —20
(8) g (Vaaz@ 87‘) = 2e (o, — ao, — o)
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0
(9) g (Véazf, (’99) = —%2 (26_2" (—rB, +rfo, + fyag))
10 v 0 _ 1 (ge-20
(10) 9( 515’8,2)7”( e (509+P(’7z—70z+040r)))
From (6) we get
0 v _,a
(11) % 5 Ste o

Now, as in [3] p.109, we suppose that the functions «, £, v depend only on r. From
(7) and (11) we have

o B 0 0 ad
(12) Vo= —Bh( >+ﬁ (80) e
On the other hand from (8), (9) and (10) we have

o —0 0 —0o 0
(13) e’V =—2e vara—i—% aoy5-

Comparing (12) and (13) we get

0 0 0 0 « 0 a 0
14) 200, (4L 40l )= (L) 452 + % _eg
(14)  2e7%0 < 78r+0‘az> b (07‘)+ﬂ(‘3r+ (ae) - 90
Let B=aZ + 22 + 42, Then g(B,B) = 1e?”. The equations dn (¢, X) = 0,
$? = —I+n®¢&and nAdn# 0 yield curlB = 24/g (B, B)B, where

(e 0 1 0 I5] 0
C“ﬂB_(T_BZ)E+¥(O‘Z )89( BT_)az

Since the functions a, 8, v depend only on r, equation curlB = 2,/¢g (B, B)B gives
a = 0. Then (14) becomes

J\ 2¢e %0,y O
15) )= (0 5) 5

We obtain immediately that the vector % is an eigenvector of h. Since a = 0, the

vector % is normal to £. Hence the unit vector 2 e*"% can be used as e or ¢e. Let

us choose ¢e = 26*"8@. Then
‘

s 0 s 0 NG
Vpepe = V(ze,(,%) (26 87“) = —20,€ o + 2e UT% =0

From (6) we get

B O\ 5 o O 2\
¢(¢5e)—¢(2e m>—2e 2 (—T(%+ﬂ&>——e
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After some calculations we obtain

2

Vee = (—263”7 — 2600'7-) 2e 7
T

9
or

Recalling Vgepe = ce and V.e = boe, and setting pe = 2e~7 8 we are led to the case
¢ = 0. It is not hard to prove that setting e = 2e~7 ‘9 and gf)e = 2e" 2% (r 50 Baz)
we obtain b = 0. These two cases are completely Symmetrlc but studing the case
where ¢ = 0 we will continue on the choice

_ —02 _ —20 .
pe = 2e a{raunde—Qe (7’89 B— )

From (15) we see that A = — (1 + 26_6%) Now recall that Vege = —ae. A simple
calculation shows that

(B B O e
Vege = 2e ( + 0r> 89+2€ 105

2779 Qo we obtain a + A+ 1 = 0.

Finally the scalar curvature of the metric (4) equals to

hence a =

2
o 20 20
2+ 4,2 +2aw>
T T

S =-8e72%° (o—f +20.. +

r
Since €2 = 32 + 42, and S, v are supposed to depend only on r, we conclude that
0, =0g =0hence S = —8¢2° (2% +o.2+ QUTT). Since a = 0, (5) yields £(S) =0
The same holds for a and A, i.e. {(A\) = &(a) = 0. Since Blair’s examples are non flat,
it follows that they are conformally flat, semi-K contact, 3-7-a manifolds. (]

Remark 18 From Proposition 16 the functions a, b, A and S, depend on r only.
Hence, they vary only on the direction of ¢e = %. In [3] p.109 it is proved that the
existence of 3-dimensional conformally flat contact metric manifolds corresponds to
the solutions of

(16) curl B = |B|B

with B = ozar —|—57 B0 +’yaz, and |B| = /a2 + B2 +~2 = €. Blair in [3] p.109
imposed the restriction for the o, B and v to be functions of r only, in order to
simplify the calculations. Main Theorem and the previous considerations shows that
this restriction is essential. Violation of this restriction will furnish via the solution
of (16) a contact structure which is either Sasakian, or flat, or out of the class of
conformally flat, semi-K contact, 3-1-a manifolds. Examples of the first two categories
are already found in [8] p.109. It seems to be an open problem the existence of an
example of the third category. This observation is related to the open problem of finding
all the solutions of the system curl B = |B|B, divB = 0. Note that divB = 0 is
satisfied for the particular B introduced in [3] p.109, since divB = aﬁ—%a—l—%,@e +.,
a =0, and B, v are functions of r only.
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7 Compact example

The example of Blair is non compact. It would be very interesting from the physical
point of view (paragraph 1), to construct compact examples of conformally flat contact
metric 3-manifolds. In this paragraph we will prove that the solid torus, S' x D? is
a conformally flat, semi-K contact, 3-7-a manifold.

Blair in [3] p.109, proved that a solution of the following ordinary differential
equations on [0, 00)

1) Beyvpiz -l O iy

with 8 (0) = 0 and 7 (0) # 0, implies the existence of a conformally flat semi-K contact
3-7-a structure on R?. He also showed [2] that (1) has a regular solution (3 (r), (r))
on [0,7g]. Introduce polar coordinates (r,0) on the disk D* C R? with center 0 and
radius ro. Here R? is endowed with cylindrical coordinates 7, # and z. In [3] p.109,

(see also 5) g is given by
—20 ﬁ (1) 0 0

The components of £ depend only on r, therefore £ is invariant under translations of
the form z — z+1, on the space R x D2. Hence, we may take the identification space

(RxD?) /(z~z+1)

without affecting &, g and 7 given by (4) and (5). The above manifold is the solid
torus. Thus, we obtain a conformally flat, semi-K, 3-7-a structure on the solid torus
Sl x D2,

Using the Runge-Kutta method of 8th order to solve the system (1) with initial
conditions 5 (0) = 0, v(0) = 1, we find that o = 3.511838... is the first value of
the parameter r for which 7 (ro) = 0 and 8 (r9) > 0. For r = rg, £ is tangent to the
meridian of the boundary of S* x D?. In particular this contact structure on S* x D?
is overtwisted ([3] p.25). The qualitative behavior of (1) for various initial conditions,
is that of a spiral converging slowly to the origin.

8 Example of a 3-7-a manifold which is neither semi-
K contact nor conformally flat

In the present paragraph we shall give an example of 3-7-a manifold which is neither
semi-K contact nor conformally flat.

Consider the usual 3-dimensional Euclidean space R? with Cartesian coordinates
x,y and z. Let n be the 1-form defined by

n=dr—e Ydz

The form 7 is a contact form since n Adn = e Ydx Ady Adz. The characteristic vector
field £ of the contact manifold (R3, 17) is %. The contact distribution is generated by
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the globally defined vector fields

0 0 0 7]
= v— 62:267111

The vector fields e, es and € satisfy the following relations:

1
[61762} = _261 + Teg + 2€a [elaf] = _5627 [62,5] =0

Introduce in R? the Riemannian metric g (e1,e2) = g (e1,€) = g (e2,&) =0, g (e1,e1) =
g(ea,e2) = g(£,€) =1, and the tensor field ¢ defined by

ger = ez, pex = —e1, ¢ =0

The tensors 7, g and ¢ satisfy
dn(§,ei) =0=g (& dei), dnlei,ei) =0=g(e;, pe;)

dn(e1,e2) = —1 =g (e1, pez)

Hence (7, ¢, g) is a contact metric structure on (RS, 77). Moreover we can prove that
h(e1) = te1 and h(e2) = —1es. Thus A = 1 and {ey, 2, ¢} is an orthonormal ¢-basis.

Denoting by V the Levi-Civita connection we get

5 5
Velel = 262, Veleg = —261 + 157 Velf = —162

3 3
Ve,1 = —xe3 — Zf’ Ve,e2 =x€1, V&= Zel

3 3
Vgel = 7162, V§€2 = 161, ng =0

Using the above relations we have finally

In particular we obtain & (A) = 0 and hence (R?’,n, ¢7g,£) is a 3-7-a manifold. Also
a—A+1=0andb#0, thus (R3, n,0,9, §) is not a semi-K contact. On this manifold
we can prove that £(A\) = 0, Q¢ # ¢Q, Ve # 0 and £(S) = {(a) = 0. Also if
we denote by C the Weyl-Schouten tensor, we obtain C (e, e, pe) = —%, hence the
manifold is not conformally flat.
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