Lightlike hypersurfaces of indefinite Sasakian
manifolds with parallel symmetric bilinear forms

Fortuné Massamba

Abstract. In this paper, we investigate lightlike hypersurfaces of indefi-
nite Sasakian manifold which are tangent to the structure vector field &.
Some necessary and sufficient conditions have been given for lightlike hy-
persurface to be totally geodesic, D L (&)-totally geodesic and D’-totally
geodesic. We prove that, under some conditions, the geometry of light-
like hypersurface M of indefinite Sasakian manifold has a close relation
with the geometry of structure vector field £, the distributions M+ and
H(TM).
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1 Introduction

The general theory of lightlike (degenerate) submanifolds of semi-Riemannian (or
Riemannian) manifolds is one of the interesting topics of differential geometry. Many
authors have studied lightlike hypersurfaces (or submanifolds) of semi-Riemannian
manifold [3], [5] and others. The growing importance of geometry in mathematical
physics and very limited information available on lightlike hypersurfaces of indefinite
Sasakian manifold are the motivation for the study of this topic. The aim of this
note is to study those lightlike hypersurfaces of indefinite Sasakian manifold which
are tangent to the structure vector field. In Section 2 and section 3, we give the
basic information needed for the rest of the note and the decomposition of almost
contact metric, respectively. In Section 4, we prove, under some conditions, that the
geometry of M is closely related with the geometry of structure vector field £, the
distributions TM+* and ¢(TM+). Finally, we end this section by a characterization
of the D L (&)-totally geodesic lightlike hypersurfaces of indefinite Sasakian manifold,
a classification and also discuss the effect of the change of the screen distribution on
different results.
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2 Preliminaries

A (2n + 1)-dimensional semi-Riemannian manifold (M,7) is said to be an indefinite
Sasakian manifold if it admits an almost contact structure (¢,&,n), i.e. ¢ is a tensor
field of type (1,1) of rank 2n, £ is a vector field, and 7 is a 1-form, satisfying

527:7 E+n®§7 n() =1, nog iO, @& =0, n(X) =73, X),

90X, 0Y) =7g(X,Y) —n(X)n(Y),(Vxn)Y =g(¢ X,Y),
(2.1) (Vx0)Y =9(X,Y)¢ —n(Y)X, Vgt = —¢(X), VX,Y e I(TM)),

where V is the Levi-Civita connection for a semi-Riemannian metric g.

A plane section o in TI,M is called a ¢-section if it is spanned by X and ¢ X,
where X is a unit tangent vector field orthogonal to &. The sectional curvature of a
¢-section o is called a ¢-sectional curvature. A Sasakian manifold M with constant
¢-sectional curvature c is said to be a Sasakian space form and is denoted by M(c).
The curvature tensor R of a Sasakian space form M(c) is given by [7]

REXYVZ = S22 0.2)X - (%, 207) + S (iOn@)Y —n(V)n(Z)%
+ 92T - 97 DX +5(6Y. 206X ~ 96X 2)5 Y

(2.2) -

[\

9@ X.Y)6Z), X, Y, Z € I(TH).

Let (M,g) be a (2n + 1)-dimensional semi-Riemannian manifold with index s, 0 <
s < 2n+ 1 and let (M,g) be a hypersurface of M, with g = G- M is a lightlike
hypersurface of M if g is of constant rank 2n — 1 and the normal bundle TM* is a
distribution of rank 1 on M [3]. A complementary bundle of TM~* in TM is a rank
2n — 1 non-degenerate distribution over M. It is called a screen distribution and
is often denoted by S(T'M). A lightlike hypersurface endowed with a specific screen
distribution is denoted by the triple (M, g, S(TM)). As TM~ lies in the tangent
bundle, the following result has an important role in studying the geometry of a
lightlike hypersurface.

Theorem 2.1. [3] Let (M,g,S(TM)) be a lightlike hypersurface of M. Then, there
exists a unique vector bundle N(TM) of rank 1 over M such that for any non-zero
section E of TM* on a coordinate neighborhood U C M, there exist a unique section
N of N(TM) on U satisfying g(N,E) = 1 and g(N,N) = g(N,W) =0, VIV €
D(S(TM)|w).

Throughout the paper, all manifolds are supposed to be paracompact and smooth.
We denote T'(E) the smooth sections of the vector bundle E. Also by L and &
we denote the orthogonal and nonorthogonal direct sum of two vector bundles. By
Theorem 2.1 we may write down the following decomposition [3]

(2.3) TM =S(TM) LTM*, TM=S(TM) L (TM* & N(TM)).

Let V be the Levi-Civita connection on (M, ), then by using the second decomposi-
tion of (2.3), we have Gauss and Weingarten formulae in the form

(2.4) VxY = VxY +h(X,Y), VX,Y eT(TM),
(25) and VxV = —-AyX+VxV, VX,Y eI(TM),V e T(N(TM)),
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where VxY, Ay X € I'(TM) and h(X,Y), V%V € I(N(TM)). V is a symmetric
linear connection on M called an induced linear connection, V= is a linear connection
on the vector bundle N(T'M). h is a T'(N(TM))-valued symmetric bilinear form and
Ay is the shape operator of M concerning V.

Equivalently, consider a normalizing pair {E, N} as in Theorem 2.1. Then (2.4)
and (2.5) take the form

(26) VxY =VxY+B(X,Y)N and VxN = —AyX + 7(X)N.

It is important to mention that the second fundamental form B is independent of the
choice of screen distribution, in fact, from (2.6), we obtain B(X,Y) = g(VxY, E) and
7(X) =g(V%N, E).

Let P be the projection morphism of TM on S(TM) with respect to the orthogonal
decomposition of TM. We have

(2.7) VxPY =V%PY + C(X,PY)E and VxE = —ALX — 7(X)E,

where V% PY and A% X belong to I'(S(T'M)). C, A} and V* are called the local
second fundamental form, the local shape operator and the induced connection on
S(TM). The induced linear connection V is not a metric connection and we have

(2.8) (Vxg9)(Y,Z) = B(X,Y)0(Z)+ B(X,2)0(Y), VX, Y e I(TM|y),

where 6 is a differential 1-form locally defined on M by () := g(N, -). Also, we have
the following identities, g(AL X, PY) = B(X, PY), g(ApX,N) = 0, B(X,E) = 0.
Finally, using (2.6), R and R are the curvature tensor of M and M are related as

R(X,Y)Z = R(X,Y)Z+ B(X,Z)ANY — B(Y,Z)AnX
(2.9) + {(VxB)(Y,2) = (VyB)(X,Z) + 7(X)B(Y, Z) — 7(Y)B(X, Z)} N,
(2.10) (VxB)(Y,Z) = X.B(Y,Z) — B(VxY,Z) — B(Y,VxZ).

3 Lightlike hypersurfaces of indefinite Sasakian man-
ifolds

Let (M, ¢, £,7,9) be an indefinite Sasakian manifold and (M, g) be its lightlike hy-
persurface, tangent to the structure vector field ¢ (¢ € TM ). If E is a local section of
TM+*, then g(¢E, E) = 0, and ¢F is tangent to M. Thus ¢(T ML) is a distribution
on M of rank 1 such that ¢(TM~+)NTM* = {0}. This enables us to choose a screen
distribution S(T'M) such that it contains ¢(T'M*) as vector subbundle. We consider
local section N of N(T'M). Since g(¢ N, E) = —g(N, ¢ E) = 0, we deduce that ¢ N is
also tangent to M and belongs to S(T'M). On the other hand, since g(¢ N, N) = 0, we
see that the components of ¢ N with respect to E vanishes. Thus ¢ N € T'(S(TM)).
From (2.1), we have g(é N, #E) = 1. Therefore, ¢(T ML) @ ¢(N(TM)) (direct sum
but not orthogonal) is a nondegenerate vector subbundle of S(T'M) of rank 2.

IMany geometers use to consider £ tangent to the manifold because in the theory of C R subman-
ifolds the condition M normal to £ leads to M anti-invariant submanifold (see [8]; Proposition 1.1,
p. 43) and the condition £ oblique gives very complicated embedding equations
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It is known [2] that if M is tangent to the structure vector field &, then, £ belongs to
S(TM). Using this, and since g(¢F, &) = g(¢N, &) = 0, there exists a nondegenerate
distribution Dg of rank 2n — 4 on M such that

(3.1) S(TM) = {$(TM+)® ¢(N(TM))} L Do L (£),

where (£) = Span{¢}. The distribution Dy is an invariant under ¢, that is, ¢(Dp) =
D.
Moreover, from (2.3) and (3.1) we obtain the decomposition

(3.2) TM = {$(TM*) & ¢(N(TM))} L Dy L (§) L TM*.

Now, we consider the distributions on M, D := TM* L ¢(TM*) L Dy, D' :=
¢(N(TM)). Then D is invariant under ¢ and

(3.3) TM =D®D' L (€).

Now we consider the local lightlike vector fields U := —¢ N, V := —¢E. Then,
from (3.3), any X € I'(T'M) is written as X = RX + QX +n(X)¢, QX =u(X)U,
where R and @Q are the projection morphisms of TM into D and D’, respectively,
and v is a differential 1-form locally defined on M by wu(-) := g(V,-). Applying ¢ to
X and (2.1) (note that 52]\7 = —N), we obtain ¢ X = ¢ X + u(X) N, where ¢ is a
tensor field of type (1,1) defined on M by ¢ X := ¢ RX and we also have ¢*>X =
— X +n(X)¢+u(X)U, VX € I'(TM). Now applying ¢ to ¢? X and since ¢U = 0,
we obtain ¢3 + ¢ = 0, which shows that ¢ is an f-structure [7] of constant rank.
By using (2.1) we derive g(¢X,¢Y) = g(X,Y) —n(X)n(Y) — w(Y)v(X) — u(X)v(Y),
where v is a 1-form locally defined on M by w(-) = g(U,-). From direct calculations,
we have the following useful identities

(3.4) Vx§ = —0¢X,

(3.5) B(X,§) = —u(X),

(3.6) (Vxu)Y = —B(X,¢Y)—u(Y)r(X),

(3.7) (Vx@)Y = g(X,Y)é—n(Y)X —B(X,Y)U +u(Y)AxX.

Proposition 3.1. Let M be a lightlike hypersurface of an indefinite Sasakian manifold
M with & € TM. The Lie derivative with respect to the vector fields V is given by,
forany X, Y e T(TM),

(3.8) (Lyg)(X,Y) = Xau(Y)+Yau(X)+u(X,Y]) - 2u(VyY).

Proof. The proof follows by direct calculation. O

4 Lightlike real hypersurfaces with parallel sym-
metric bilinear forms

Let } M (c) be an indefinite Sasakian space form and M be a real lightlike hypersurface
of M(c). Let us consider the pair {E, N} on U C M (see Theorem 2.1) and by using
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the (2.9), we obtain the local expression

E(E(X7Y)27E> = (VXB)(YvZ)_(VYB)(XﬂZ>+T(X)B(Y7Z)
(4.1) - 7(Y)B(X, 2),

for any X, Y, Z € I'(TMy). From (4.1) and by using (2.2), we have
(VxB)(Y,2) — (V¥yB)(X,2)=71(Y)B(X,Z2) - 7(X)B(Y, Z)
4.2 + S g6V, 2)u(X) - 9EX, Z)u(Y) - 29(6X,V)u(2)}

Definition 4.1. (a) A distribution = on M is a Killing distribution (respectively D L
(&)-Killing distribution ) if (Lxg¢)(Y,Z) =0, for any X € I'(E) and Y, Z € I'(T'M)
(respectively YV, Z € T'(D L (£))).

(b) A distribution = on M is parallel (respectively D L (¢)-parallel) if VxY € I'(2),
for any X € T'(T'M) (respectively X € I'(D L (£))) and Y € T'(5).

Theorem 4.2. Let M be a lightlike hypersurface of an indefinite Sasakian space form
M (c) of constant curvature c. Then, the Lie derivative of the second fundamental form
B with respect to & is given by

(4.3) LeB(X,Y)=—-71(§)B(X,Y), VX, Y e I'(TM).
Proof. By replacing Z with £ into (2.10) and using (3.4), we obtain
(4.4) (VeB)(X,Y) = (LeB)(X,Y) + B(¢X,Y) + B(X, ¢Y).

Likewise, by replacing Z with X and X with ¢ into (2.10) and also using (3.4) and
(3.5), we have

(4.5) (VxB)(E,Y) = —Xu(Y)+ B(¢X,Y) +u(VxY).
Subtracting (4.4) and (4.5), and using (3.6) we obtain

(4.6) (VeB)(X,Y) = (VxB)(§,Y) = (LeB)(X,Y) — u(Y)7(X).
From (4.2), the left hand side of (4.6) becomes

(4.7) (VeB)(X,Y) = (VxB)(£,Y) = —u(Y)7(X) — 7(§) B(X,Y)

The expressions (4.6) and (4.7) implies (L¢B)(X,Y) = —7(§)B(X,Y). O
A lightlike hypersurface M is totally geodesic (respectively D L (£) or D’-totally
geodesic) if the local second fundamental form B satisfies B(X,Y) = 0, for any X,
Y e I'(T'M) (respectively X, Y € I'(D L (€)) or I'(D")).
From the Theorem 4.2, we have the following corollary.

Corollary 4.3. Let M be a lightlike hypersurface of an indefinite Sasakian space
form M(c) of constant curvature ¢, with & € TM. Then & is a Killing vector field
with respect to the second fundamental form B if and only if 7(§) = 0 or M is totally
geodesic.
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The second fundamental form h of M is said to be parallel if (Vzh)(X,Y) =
0, VX,Y, Z e I(T'M). That is, (VzB)(X,Y) = —7(Z)B(X,Y). This means that,
in general, the parallelism of A does not imply the parallelism of B and vice versa.
We note that (Vzh)(X,E) = (VzB)(X, E)N.

Theorem 4.4. Let M be a lightlike hypersurface of an indefinite Sasakian space form
M (c) of constant curvature c. If the local second fundamental form B of M is parallel,
then,

(4.8) (Lyg)(X,Y) = 7(&)B(X,Y), VX, Y € D(TM).

Moreover, if T(€) # 0, then M is totally geodesic if and only if (T ML) is a Killing
distribution on M.

Proof. Using (4.3), (4.4), (3.4), (3.5) and (3.6), after some computations we have,
for any X,Y e I'(TM),

0 = (VeB)(X,Y)=LB(X,Y) + B(¢X,Y) + B(X,¢Y)
(4.9) = —71(€BX,)Y) = (Lvg)(X,Y) — u(X)7(Y) — u(Y)7(X).

On the other hand, using (2.10), we obtain

0=(VyB)(X) = —YulX)+ B(X,0Y)+u(VyX)
(4.10) = —(Lvg)(X,Y) —u(Y)T(X),
and 0= (VxB)(Y,§) = X.B(Y)-B(VxY,§)— B(Y,Vx¢)
(4.11) = —(Lyg)(X,Y) —u(X)7(Y).

So substituting (4.10) and (4.11) in (4.9), we obtain (4.8). If 7(£) # 0, the equivalence
follows. O

Lemma 4.5. There exist no lightlike hypersuface of indefinite Sasakian space forms
M (c)(c # 1) with parallel second fundamental form.

Proof. Suppose ¢ # 1 and second fundamental form is parallel. Then, if we take

Y =F and Z =U in (4.2), we obtain “ftu(X) = 0. Taking X = U, we have ¢ = 1,

which is a contradiction. 0O

Lemma 4.6. Let M be a lightlike hypersurface of an indefinite Sasakian space form
M(c) of constant curvature ¢ such that its local second fundamental form B is parallel.

If 7(E) #£0, then c =1 if and only if M is D’-totally geodesic.

Proof. Suppose B is parallel. Then, takingY = E in (4.2), we obtain 3 u(X)u(Z) =

7(E)B(X, Z). Taking X = Z = U, we have 371 = 7(E)B(U,U) and if 7(E) # 0,
the equivalence follows. O

Lemma 4.7. Let M be a lightlike hypersurface of an indefinite Sasakian manifold
(M,g), with & € TM. If the second fundamental form h of M is parallel, then,

H(TM>) is a D L (£)-Killing distribution and

(4.12) (LpB)(X,Y) = —r(E)B(X,Y), VX, Y € D(TM).
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Proof. Taking Z = ¢ in (Vzh)(X,Y) =0, we have (Lyg)(X,Y) = —u(X)7(Y) —
w(Y)7(X) and for any X, Y € T'(D L (£)), (Ly )(X Y) = 0. Also by taking Z = F
n (Vzh)(X,Y) = 0, we have (LE )(X,Y) = —7(E)B(X,Y) + 2B(A5X,Y). On
the other hand 0 = g((Vxh)(Y,E),E) = B(ALX,Y). So, we have (LgB)(X,Y) =
—7(E)B(X,Y). O

Theorem 4.8. Let M be a lightlike hypersurface of an indefinite Sasakian manifold
M with € € TM. Then, M is D L (&)-totally geodesic if and only if, for any
X el'(D L)), ALX =u(ANX)V

Proof. By direct calculation, the shape operator A}, is given by

ApX = Yin B E, 4+ B(X, €€ + B(X,U)V + B(X,V)U, ¥ X € T(TM) and

the equivalence follows from the latter. O
It is well known that if the lightlike hypersurface (M, g) is totally geodesic, the induced
connection V on M is torsion-free and g-metric. Also, the shape operator A}, vanishes
identically on M (see Theorem 2.2. [3] p. 88). This vanishing property failed when
the lightlike hypersurface M, with & € TM, is D L (&)-totally geodesic. That is,
only some privileged conditions on the screen distribution of M may enable to get
the D L (¢)-version of the Theorem 2.2 in ([3], p. 88).

Now, say that the screen distribution S(T'M) is totally umbilical if on any coordi-
nates neighborhood U C M, there exists a smooth function p such that C(X, PY) =
pg(X,PY), VX, Y € I'(TMy,). If we assume that the screen distribution S(T'M) of
the lightlike hypersurface M with £ € T'M is totally umbilical, then it follows that C'is
symmetric on I'(S(T'M)y;) and hence according to Theorem 2.3 in [3], the distribution
S(T'M) is integrable. Also, we have Ay X = pPX and C(FE,PX) = 0. Since ¢¢ = 0
and by using n(AnX) = —v(X), we have n(An¢) = pg(&, &) = —v(§) = 0 which
implies that p = 0, so the screen distribution S(T'M) is totally geodesic. Therefore,
we have the following result.

Theorem 4.9. Let (M, g, S(TM)) be a lightlike hypersurface of an indefinite Sasakian
manifold (M,q), with &€ € TM, such that S(TM) is totally umbilical. If the second
fundamental form h is parallel, then, M is D L (€)-totally geodesic if and only if the
distribution ¢(TM=) is D L (£)-parallel.

Proof. Since the screen distribution S(T'M) is totally umbilical, S(T'M) is to-
tally geodesic, that is, for any X,Y € I'(S(TM)), C(X,Y) = 0. In particular, for
any X € ['(¢(TM=*) L Dy L (&), C(X,V) = u(AxyX) = 0. Since C(E,V) = 0
for any Xo € T'(D L (£)), u(AnvXo) = 0. From the Theorem 4.8, M is D L
(§)-totally geodesic if and only if, for any Xo € T'(D L (§)1y), AzXo = 0. So
A%EXO = ¢(A5Xo) —u(A%Xo)N = 0. Also, if A%EXO = 0 and using (3.5), it is easy
to check that AL Xo = —u(Xo)é + u(ARX0)U = u(ARXo)U = —B(A5X0,H)U =
—(Vx,B)(&, E)U = —g((Vx,h) (& E),E)U = 0, since Xg € I'(D L (£)) and h is
parallel. Now, we want to show that A%EXO = 0 if and only if Vx,Yy € T(¢(TM1)),
for any Yy € T'(¢(TM=*). Suppose, for any Xo € I'(D L (&), AiEXo = 0.
Since the normal bundle ¢(T' M=) is a distribution on M of rank 1 and spanned
by ¢F, then, for any, Vx, Yy = (Xo.v(Yo) — v(Yo)7(X0))pE € T(S(TM™)), since
Yy = v(Yy)¢FE. So, the distribution ¢(TM=) is D L (¢)-parallel. Conversely, sup-
pose the distribution ¢(T M=) is D L (¢)-parallel. Then, for any Xo € T'(D L (£))
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and Yy = v(Yp)¢E € I(¢(TM* ) ), Vx,Yo € T(G(TM*Y)y). Since ¢(TM>*) is
spanned by ¢, there exist a smooth functions on M X # 0 such that Vx, Yy = A ¢FE.
We have A = g(Xo.v(Y0)9E + v(Y0)Vx,0E,¢N) = Xo.v(Yy) — v(Yo)7(Xo), since
¢N L (TM*+ 1 Dgy) and A%EXO € I'(TM* L Dy). On the other hand, Vx,Yy =

(Xol}(}/o) - U()/())T(Xo))gE - U(YO)A%EXO SO, we have VXOYO = (Xo.’U(Yo) -

”(YO)T(XO))aE_U(Yb)A%EXO = (Xo.0(Yo) —v(Yo)7(X0))E, that is, v(Yo) A% Xo =

0. Taking Yy = V, we have AZEXO = 0. This completes the proof. a
From the Theorems 4.2, 4.8, 4.4 and 4.9, we have the following characterization

of D L (£)-totally geodesic of lightlike hypersurfaces M of an indefinite Sasakian
manifold M.

Theorem 4.10. Let (M, g, S(TM)) be a lightlike hypersurface of an indefinite Sasakian
manifold (M,g), with & € TM, such the S(TM) is totally umbilical. If the local sec-
ond fundamental form B is parallel and 7(§) # 0, then the following assertions are
equivalent:

(i) M is D L (§)-totally geodesic.

(1)) ApX =0,V X eT(D L ().

(111) AL X =0,V X eT'(D L ().

(iv) The connection V = V|pi(e induced by V on M is torsion-free and metric.

(v) Q(TM™) is a D L (€)-parallel distribution with respect to V.

(vi) 9(TM™) is a D L (€)-Killing distribution on M.

The Theorem 4.10 can be extended by using Theorem 2.2 in [3] (p.88) in order
to know more about the geometry of lightlike hypersurface M. Finally, we have the
following classification for lightlike hypersurface of an indefinite Sasakian manifold
such that V' (respectively U) and h are parallel.

Theorem 4.11. Let (M, g, S(TM)) be a lightlike hypersurface of an indefinite Sasakian
manifold (M,q) with & € TM such that V (respectively U) is parallel. If the second
fundamental form h is parallel, then,

(i) € and E are Killing vector fields with respect to B.

(ii) p(T M) is Killing distribution on M.

Proof. V is parallel, VxV =0, then 7(X) = 0and (Vzh)(X,Y) = (VzB)(X,Y)N.
If h is parallel, from (4.3), (4.8) and (4.12), the proof is complete. O

Concluding remarks. It is known that the second fundamental form of a light-
like hypersurface M on U is independent of the choice of the screen distribution [3].
Thus, the results of Theorems 4.2, 4.4, 4.9, 4.10 and 4.11 are stable with respect to
any change of the screen distribution. The relationship between the second funda-
mental forms C' and C’ of the screen distribution S(T'M) and S(TM)’, respectively,
is given by C'(X,PY) = C(X,PY) — iw(VxPY + B(X,Y)W), VX, Y € I(TM).
where W = 21221_1 c;W; is the characteristic vector field of the screen change and
w is the dual 1-form of W with respect to the induced metric g of M, that is,
w(-) = g(W,-). The Theorem 4.8 is independent of the screen distribution S(TM)
if and if w(VxV +B(X, V)W) =0,VX € T'(D L (£)). On the other hand, the effect
of the change of the screen distribution on the Lie derivative (3.8) is given by the
following results.
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Proposition 4.12. The Lie derivatives Ly and L}, of the screen distributions S(TM)
and S(TM)', respectively, are related as: (Li,g)(X,Y) = (Lyg)(X,Y) — H(X,Y),
where H is a bilinear form defined by H(X,Y) = u(X)B(Y,W) + u(Y)B(X,W).

Proof. The proof follows from 7/(X) = 7(X) + B(X,W). O
From this Proposition, we have the following result

Theorem 4.13. Let (M, g,S(TM)) be a lightlike hypersurface of an indefinite Sasakian
manifold (M, g) with € € TM. Then, the Lie derivative Ly is unique, that is, Ly is
independent of S(TM), if and only if, the second fundamental form h (or equivalently
B) of M wvanishes identically on M.

Proof. (Lyg)(X,Y) = (Vxu)Y + (Vyu)X and using Theorem 2.2 in [3], we com-
plete the proof. O
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